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KOHCTPYKTUBHU I'EAEJI-XWJIBEPTOBU TIAPOBHA

Hujeoan cucmem ne morce nHOMNyHO 0a 0c6emiu camoz ceoe;
anu y pehaexcuju jeoan cucmem modrice 0ceemaumu opyzu.

AIICTPAKT

['enenoBe Teopeme HemoTIYHOCTH [12] uecTo Cy TymMadeHe Kao KOHauHa ped 0 XuiabepToBoM nporpamy [15,
16]. Meljytum, mruxoBa ay0sba HMILTHKAIM]a MO/ HUje HEeMOTYNHOCT JI0Ka3uBamba KOH3UCTEHTHOCTH, Beh
CTPYKTypHa acuMeTpHja came npasraHocTd. OBaj pax pa3BHja KOHCTPYKTHBHO OPHjEHTHCAHO MPOIINPEHE
I'eneax—Xuna6eprosor (GH) okBupa, ysoaechu Axkcuomy peduiekcuBHe koHcTpykTHBHOCTH (ARC), jenan
NPUHLUI KOjU TeHepann3yje XWIOepTOBCKY BepH(UKaIHjy Kpo3 CUMETPUYHO YKPIITEHO pedepeHuupame.
YnMecTo Tparama 3a TojequHavYHuM camo-Bepudukyjyhum cuctemom, GH-npucTyn KOHCTpyHIle ymapeHe
dopmante cucreme — GH-napose [7], o1 KOjux cBakd MOXe pedICKTOBATH KOH3UCTEHTHOCT Apyror 6e3
camopedepennyjaaHoctd. OBaj oHOC hopMann3yjeMo Kpo3 KOHCTPYKTHBHHU OINepaTop KOju je JeUHHUCaH
Ha NMapoBHMa PeKyp3MBHO NMPeOPOjUBHX cUCTEMa, TIOKa3yjyhu 1a OH caM MPOM3BOAN HETPUBHjATHU TPOCTOP
cUMeTpHYHe npaBaaHocTu. Kao cryaujy ciydaja, pasmMaTpamo 4eTUpW KaHIAMJAT-TIapa KOjU MPEACTaBIbajy
oproroHainHe (GopMe KOHCTPYKTUBHE U3pakajHOCTH. OBako NOOMjeHH OKBHP pEHHTEpHpeTupa XuidepToB
nporpam Kao MoTpary, He 3a arcoJlyTHOM KoH3ucTeHTHourhy Beh, 32 enucTeMUuKkuM eKBUInOprjyMoM Mehy
(dbopManHUM MEepCIeKTUBaMa, OJHOCHO MOMAaKOM O] MOHOJIOLIKOT JIOKa3a Ka JMjaJIOIIKOj KOXEPEHTHOCTH.
Onpelyjyhu ycioBe noj KojuMa TakaB eKBHJIHOPHjyM TIOCTaje KOHCTPYKTHBHO J103BOJbeH, caMm GH-momen
Ipy’ka OCHOBY 33 MOHOBHO YjeANIbeH-e HeMOTIYHOCTH U KOH3MCTEHTHOCTH KPO3 PEalioHy MpaBIaHOCT
YMECTO CaMO-CaIpKAHOCTH.

KU/bYYHE PEUYM: Tenen—XwunOeproBu mnapoBu; pedeKCMBHA KOHCTPYKTHBHOCT; JIOTHMYKA CHMETDH]a;
KOH3UCTEHTHOCT; HEMOTITYHOCT; KaTeropujcka ayarHocT; XmwidepTos nporpam; ['enemnose Teopeme.

AMS KIACH®UKALMIA (2020):

03A05 —OcHOBU MaTEMaTHKE;

03F03 —Teopuja moka3a 1 KOHCTPYKTHBHA MaTEeMaTHKa,
03F15 —Teopuja pekyp3uBHUX (YHKIH]a,

03B70 —Jloruka y ¢unocopuju MaTeMaTHKE.

1. YBOJ

XuioeproB nporpam [15, 16]je u npousainao U3 yBepema Jia MaTeMaTuka MOXKe IMOCTATH TPaHCHAPEHTHA
cama cebu. CBozehu cBoje pe3oHOBamke Ha pUHUTApHE J0Ka3e 0 GOpMaTM30BaHUM TBpAmhamMa, XUioepT ce
Hazao na he moka3aTu ancoiyTHY KOH3UCTEHTHOCT MaTeMaTHKE M TO Oe3 Mmo3MBama Ha MHTYMIM]Y WIH Ha
cemanTuky. Y csom paxy Uber das Unendliches 1926.roause, oH je cynTHiIHO HOPMYIIHCA0 KPajiH b
MaTeMaTHKa 04 TpedaJjio Aa Oyae caMOI0CTATaH, KOHAYHO MperjeIaH CHCTeM YHja ce KOH3MCTEHTHOCT
MO:Ke 10Ka3aTH GUHATAPHUM cpeacTBuMa. OBa TeXmbha HUje M3pakaBalia caMo TEXHUUYKH 1podieM, Beh u
eMMCTEMOJIOIIKY HJeal. caMo-yTeMesbeme pasyma. Anu 'emesioBe TeopemMe HEMOTIMYHOCTH 3ajaje Cy
pasopan ynapaii Toj Busuju [12]. CBaku KOH3HCTEHTaH JOBOJBHO jak (DOPMAHH CHCTEM CITOCO0aH J1a u3pas3u
eJIEMEHTApHY apUTMETHKY HEe MOXe JIOKa3aTH CONCTBEHY KOH3UCTEHTHOCT, HUTH CaM MO)K€ OOYXBaTHTH CBE
MareMaTudke uctuHe. 3a Xuia0epToB MPorpaM, oBO ce YHHWIO (paTalHUM PE3yaTaToM: caMu (popMalin3am
IM3ajHAPAH Ja TapaHTyje CUTYPHOCT OTKPHO j€ HEYHHIITHBY TPAHUILY (OpPMATHE caMO-BepU(pHKaIIH]e.
Wnak, ['enenoBe TeopemMe MOTYy ce TYMAuuTH Mamke Kao OIOBPraBame, a MHOTO BUIIIE Kao peaupeknuja. One
OTKPHBA]jy Jia TPAaBAAHOCT HE MOXKE OCTaTH MHTEPHA jEJTHOM CHCTEMY; YMECTO TOra, OHa Mopa mnpousahu u3
oxHOca Mel)y cuctemrMa. AKO HUjelHA TEOpHja HEe MOXKE Jla CaJIp’Ku COTICTBEHY TapaHIIM]y, OHIAa MOXKIA U
KOXEPEHTHOCT MaTeMaTHKe JIeKHU HE y jeTHOj jeAnHO0j OCHOBH, Beh y ekBunnOpujymy mely Bumie mux. OBaj
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MOMaK — OJ] MOHOJIOLIKOT J0Ka3a Ka Jujanomkoj peduekcuju — yoksupyje I'enen—Xunoeproy (GH)
NnepcneKTUBY Pa3BHjeHy y OBOM paiy.

HcTopujcku TenaHo, CIMYHE PEeNalMOHd MOTE3U 00ENeKIWIN CYy eBOIYIH]Y JIOTUKE U (ritocopuje HayKe.
Xwujepapxuja MeTajesuka [9], PedepmanoBu npunimnu pediuexcuje [10], moaepHo npoyyaBame melycoOHe
uHTepnpeTaduIHOCcTH [29] Ty 3aMebyjy MOTpary 3a arncoiyTHOM 3aTBOPEHOIINY CTPYKTYpUpaHUM GopMama
MHTEP-CUCTEMCKE 3aBUCHOCTH. Y €MHCTEMOJIOTHjU, KOXEPEHTHE TEOpHUje MPaBAaHOCTH [5], Ka0 M MPHHIUII
KOMIUIEMEHTapHOCTH y Gu3uuy [4], orienajy McTy Hiejy: KOH3UCTEHTHOCT Kao PaBHOTEXKA MEPCIICKTHBA
YMECTO Kao M30JI0BaHa CUTYPHOCT.

OBaj peranmoHu CTaB MOXKE C€ pasyMeTH M Kao HacTaBak KapHamoBor yBuaa /a HUjeIaH je3NYKA OKBUP HE
MO€ M3pa3HTH COINCTBEHA MpaBHia (OpPMHUparma M MCTHHUTOCTU 0e3 HUpKyinapHOocTH. CBaku (opMasHU
cucTeM, fa Ou OMO CMUCIICH, 3aXTeBa METAjE3UK Y KOME CE HheroBa CHHTaKCa M CEMaHTHKA MOTY OIHCATH.
dedepman je mpouIMPHO OBaj yBH Y Teopuju aokasa [9, 10],jacHo mokasyjyhu na xujepapxuja MpHHITUIA
pedraekcuje Moxe 1a 0OyXBaTH CBE BHILE HMBOE CHAare KOH3MCTCHTHOCTH, MAKO c€ HUKaJa He Kojabupa y
KOHA4HH, camo-nipaBaajyhu cucrem. Y Tom cmuciy, @edepmanos paa antununupa GH-okBup: npasraHoct
HampeJyje He camo-caapxkanonihy, Beh pedaekcCuBHOM UTEPAIIHjOM.

IMpennor GH-maposa [7], mehytum, yBoau orpanuucie — cumetpHjy. ok dedepmanoBe xujepapxuje
octajy ypehene, GH-mapoBu Tpake eKBUIMOpHjyM: JiBa cucTeMa y pedIeKCUBHOj €KBUBAICHITUjH, O] KOjUX
CBaKH OrJie/la MCIPABHOCT JIpyror Ha (UHHUTapaH M KOHCTPYKTHBaH HauuH. GH-0KBHp renepanusyje oBaj
yBua. enea—XuadeproB map (GH-map) cactoju ce ox aBa ayTOHOMHA, ald KOMIATHOWIHA, (opMaHa
crcTeMa, O KOjHX CBaKM MOXE MPENO3HATH KOH3UCTEHTHOCT JIPyror 0e3 Koarica y camopedepeniy. Tako
je, opmanno rnemxano, GH-nmap nornyHo AepUHUCAH CHMETPUYHOM OJHOCOM JIOMYIITEHOCTH M3Mely nBe
pexyp3uBHO npedpojuBe Teopuje T1 U T, MO YCIOBOM J1a HUjeHA O/ lbUX HE MOXE JIa MHTEPIPETUPa OHY
JpyTy Ha JIOKa3HO-TEOPUjCKU jaun HauuH. PUIocoCKu, TakaB map OTEIOTBOPYje MOTYhHOCT KOXEpEeHTHE
MHTEP3aBUCHOCTH: OJTHOC OIJieJajia Y KOMe MPaBIaHOCT HUPKYJIUpPa ymecTo 1a npectaje. OBo, Moxkaa,
yKa3yje Ha YHI-eHHIY A2 je MUPKYJIAPHOCT J0KA3a HNAK BAJTHIHA Y MATEeMATHIU aJIU OM ce TO MOTJIO
Y3eTH y pa3MaTpame aKko M caMo aKo je Moryhe qoka3zatu ga ¢y CMCTeMH KOJHU J0KAa3yjy jedaH Apyror
GH-nap. Mo:xna 1o Huje Hemoryhe HM y Ipyrum ycJioBuMa ajii y 0BUMA 3HaAMO jia jecre!

OBaj pan mpommpyje Ty unejy KOHCTPYKTHBHO. [0k cy paHuje (opmynanuje, Kao HIIPp. AKCHOMA JOTHYKe
moryhnoctu (ALP) [7, 8], yrBpaune n1a GH-napoBu HuCY HMCKJbYYCHH HHUjEIHOM O]l MeTa-Teopema [7], y
OBOM pajiy Ipesia3uMo Ha ONEPaTHUBHU MPHUHIMIT; HA AKCHOMY pedJiekcuBHe KoHCTPYKTUBHOCTH (ARC).
ARC TtBpau 5a je cuMeTpu4Ha MpaBJaHOCT He caMo Moryha Beh je W KOHCTPYKTHUBHO JIOMYIITCHA: CBaKU
yiian GH-mapa mopa 6utu cioco0aH koaupaTi GUHUTAPHY pedIEKCH]y UCTIPABHOCTH OHOT APYrOT YHYTap
COIICTBEHOT CHCTEeMa JI0Ka3a, 0e3 moHOBHOT yBohemwa mapanokca. Ca cTaHOBHINTA TEOpHje J10Ka3a, OBO OU
3HAUWIIO PEUHTEepHpeTanujy XuiaOepToBor wnaeana. AKO HEroBo (GHUHHTAPHO pe30HOBame Tpeba na
ocurypaBa 0ecKOHau4HO, a OH/Ia peieKCHBHA KOHCTPYKTUBHOCT 006e30el)yje puHUTapHO pe30HOBame, KPo3
y3ajaMHy, a He YHWJIATepalHy Baluaanujy. XuiIOepTOB 3aXTEB 3a alCONyTHOM KOH3HUCTeHTHomhy [25] u
onya 'emenoBa nemMoHcTpanuja mwene Hemoryhuoctu [13] Ty KoHBeprupajy y Tpehn Moayc: KOXepeHTHOCT.
GH-oxBup [7] mpeanaxke aa OHO IITO HE MOKE OWTH J0Ka3aHO MHTEPHO HIAK MOXE OUTH CTaOHIM30BAHO
peNaluOHUM Iy TEM.

U y oBom paay mocBetuhemo jenan aeo 0A0paHu O KPYKHOCTH, HAKO CMO TO 00paiin y MPeTXoJHOM [7].
Pasnor jecte pyrmamenTamHoct og0paHe 0J1 OBOT IPUTOBOPA, alld M HE3aBHCHOCT CBAKOT pajia OBE TPHjaJe.
[TpBeHCTBEHM IIMJB OBOT paja je Aa AeTajbHHje pa3panu kanauaate 3a GH-mapoBe Koju cy TpeayioKeHH Y
nperxoHoM paay [7] GH-Tpujage u KoHaUYHO HAC OmMpeneNiu KOju O TO map u3adepalii 3a CKCIUTHIUTHY
KOHCTpYKIHjy. M3abpann map mokymahemo xoHcTpyncat y cienchem paxy GH-Tpujane, yBepenn na he
HaMm ce Tpya ucriatuti! Ma koju map ia onabepeMo, To HE Y KOM ClTydajy He 3HAud J]a OCTalld KaHAWIaTh
He mory outn GH-map, anu je Hama, 3a KOHAYHY MIPOBEPY TEOPH]j€, JOBOJbHA CAMO jeHa KOHCTPYIIH]a.
Ocratak pana ce passuja Ha cieaehu vauwns. [lormasibe 2 popmanuzyje GH-onepartop u nedunmme pasne
KPUTEPHjyMe 32 CHMETPUYHY IomymTeHocT. [lornasike 3 mpuMemyje OKBUP Ha KOHKPETHY CTYIHjy CIydaja
3a KaHIUaaTe Koju cy nedunucanu y [7]. [lornasibe 4 yBoau Akcnomy pedieKCHBHE KOHCTPYKTHBHOCTH
(ARC) u cmemita je y caBpeMeHH JOKa3HO-TCOPHjcKH H (punocopckr KoHTEKcT. [lornaeibe 5 m3nake
J0Ka3e ¥ CeMaHTHUKy uHTepnperanyjy. [Tornasmbe 6 name pekoncrpyuiie GH-penanmjy y kaTeropujckum
tepmuanma. Konauno, [Tornasiee 7 pa3marpa orpaHudera 1 OTBOPEHA MUTaba, HAKOH Yera cy 3aKkJbydak
[Mpuio3u, mocne kojux cnean Emmiaor koju pe3auMupa Kako TO KOXEPEHTHOCT 3aMembyje KOHCTPYKIH]Y Kao
nomupuTesbcku npuHiun nzmehy Xundepra u ['egena.




2. DPOPMAJIHO OKPYKEIBE U IE®OUHUIINJE

Llwb oBoOr moriaeika je na ycrnocraBu GopmanHy nosanuny 3a I'enea—XuiadoeproB okBup [7], u nedunumre
KOHCTPYKTHUBHH OTIepaTop, KOjH U yIpaBjba CHMETPHYHOM JonymrreHomthy n3mely n1Ba opmaiHa cucrtema.
Tamo rae ['emenoBu pe3ynraTh HEMOTIYHOCTH OTKPHBAjy TpaHMIle MHTEpHE mpaBaaHoctH, GH-onmepartop
(dhopMann3yje Kako MpaBAaHOCT MOXe IUpKyiIucatu udmely teopuja 6e3 camopedepenne. Heka cy T; u T,
7IBa PEKyp3MBHO MpeOpojuBa, KOH3UCTEHTHA cUcTeMa (popMyircaHa y JIOTHIH TpBOT pexaa. [IpeTmocrasiba
Ce J1a CBaKW CHCTEM MOCeIyje NPUMUTHBHO peKyp3uBHE mpeaukare pokasza Prfq(X) u Prf,(X), pecriekTuBHO,
KOjH 3aI0BOJbaBajy CTaHAapIHE YCIOBE U3BOAbUBOCTH [19].

2.1 lepunnumje
Nedpununuja 2.1.1 (GHomneparop). [ap (T, T2) bopmupa I'enen—Xua6epToB nap ako u camo ako 06a
CHCTEMa 3aJI0BOJbABAjy YCIOB CUMETPUYHE JOMYIITCHOCTH:
T,  Confi™(T,) u T, - Confi™(T))
rae Con™(T,) o3nauasa durETapHy pedieKcHBHY TBPImY K0ja TBPIM KOHCTPYKTHBHY KOH3HCTEHTHOCT

cucrema Tj, re HUjemaH cuCTEM HUje TOKA3HO-TEOPHUjCKH jauH OJ1 IPYTOT Y CMHUCIY HHTEPIPETAOUIHOCTH.
Omnepatop GH(T 4, T,) = (T4, T,) nakie o3HauaBa penalMoHO CTakbe MpaBIaHOCTU: ypeheHu map obaapeH
y3ajaMHOM JIOMTyIITeHOM Y. 3a pa3iuKy OJ] CTaHAapIHE HHTEPIPETaOMITHOCTH, KOja HHIYKY)e aCHMETPUIHY
xujepapxujy (T = T,), GH-penanuja namehe ekBuIMOpPUjyM — mojam Koju oryiea ['emesioB moMak ca
CHHTAKTHYKE U3BOAJbUBOCTH Ha CEMAHTUYKY €KBUBAJICHIIN]Y, aJll YHYTap (UHUTAPHOT JJOMEHA.
OsBaj exBUIMOPHjyM HM3pakaBa OHO IITO OW Ce MOTJIO Ha3BaTH eMMCTEMHYKOM CHMETPHjOM: CBaka Jpyra
TeopHja OBY cMaTpa KOHAYHO KOXEPEHTHOM, y31p:kaBajyhu ce o camo-acepiyje.
dopmaiHo, 3aXTeBaMO J[Ba OTpaHUYCHA:
OuyBame KOH3MCTEHTHOCTH: AKo cy T, u T, GH-noBe3ane, muxoB 3ajeqanuku pparment Tq N T, onga
j€ KOH3UCTEHTaH:

GH(T4, T3) F Con™(T, N T,).
Ynopeausoct: Hujenan cuctem He T0Kas3yje HUTH HHTEPIPETUPA MOTIYHY pe(IeKCUBHY HIEMY JPyTOr:
OBu ycnoBu rapantyjy na ce GH-penanuja He konabupa y TpuBHjaJIHy €KBUBAJICHIIN]Y WA HEKY pelalujy
nojaTeopuje.
Hexka Ref(T) o3nauaBa pediekcuBHy memy cuctema T, Tj. CKyn cBux peuenura ooauka Prir(™ ¢ 7) — o,
rae Prfp(X) je mpemukar nokasuBoctd y T. OBe pedeHHIe H3pakaBajy Jia je CBe ITO | J0Ka3yje HCTHHUTO.
IMosnaro je ma T + Ref(T) noxazyje Conf™(T), amu T camo He moxe mokasarn Ref(T) Ges mocenuma mo
I'enenoBy Teopemy [13, 19].
[Ton 3ajenuumuxum ¢parmentom T4 N T, moapazymeBamMo CKyIl pedeHHIIa KOje pUMajajy mpeceKy je3nuka
L(T1) u L(T3) u xoje cy nokasuse y oba cucrema. @opmanuo: Ty N T, ={@ |0 € LT) NL(T)uT, o
u T, F @ }. OBaj pparMeHT YMHH 3ajeTHUYKO je3rpo OKO Kojer ce rpaau MeljycoOHa Banumanuja.

Jepununuja 2.1.2 (PuantapHa pedieKCHBHA TBPAHA).
3a Heku cucteM Tj - ca NPUMUTUBHO PEKYP3UBHHMM MPEIUKATOM J0Ka3a Pl‘fi(x), ¢unuTapHa pedraekcuBHA

TBp/Hha Con™}(T,) ce dhopmanHo nedunuIe Ha cinenehn HAUYKH!

Con™(T)) = Vo € Sent(l;) (Pr;(" ¢ ) — Tri(p))
Ogne Tr; o3HauaBa OrpaHMYEHH MPEIUKAT HCTHHE 3a je3uk L;, oaHocHO cucteM Tj, Koju je criocoban na
eKCIUTMIIUTHO BepH(PHKYje CEeMaHTHUYKY TAYHOCT J0Ka3aHUX (hopmyra 6e3 ynacka y mapanokce. [Ipeaukar je
nedunucan 3a (opmyne ompeheHe ciaoxeHoctu (HOp. 3a X, (opmylie) U KOHCTpyHCAaH je 1a m3berasa
camopedepeHily U Tmapajokce. Y mpakcu, 3a noTpebe GH-mapa, moBosbHO je y3etu ga Try Oyme X4-
NpeAnKaT TAYHOCTH WM Je(UHULNja HCTHHE TapcKor orpaHNueHa Ha PeIyKOBaHH je3UK 0e3 HeorpaHuueHe
kBauTH(uKanymje [13, 29].
AJITePHATHBHO, 2 OMCMO M30ErIH eKCIUMIUTAH TPEINKAT HCTHHe, MoxeMo nedunucatn Confim(T) u
TO TUPEKTHO MPEKO MpearKaTa J0Ka3a, ca OrpaHNYCHhIMa KOje OCHTYPaBajy HeroBy (pMHUTAPHOCT:

Con{fi“}(Ti) =—3In<N (Prfi(n_.— 0=1 —.)).

rze je Prfji,g) 3Haun , 7 je xox nokasa 3a @ y Ty, a keantudukanmja In < N orpannuasa u mperpary Ha
JI0Ka3e OrpaHuueHe KOMIUIEKCHOCTH (HIp. MakcuMainHe nyxuHe N). OBo ocurypasa jia u Jata TBpImba Oyie
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KOHCTPYKTHBHO NMPOBEP/bHBA YHYTap CUCTEMa, YMME C€ y MOTIYHOCTH H30eraBa morpeba 3a MOTIYHOM
METa-TEOPHjCKOM CHAroOM.
Conf™(T,) o3mauaBa uuUTApHY TBPIEY KOH3UCTEHTHOCTH cucTeMa T;, OrpaHHUYCHy HA OHE JOKA3e KOjU
cy Makcumaine nyxune N (wiu Ha kiacy qokasa oapeljeHe KOMIUIEKCHOCTH).
Nedpununuja 2.1.3 Crenen cumerpuje GH-napa).
3a GH-nap (T4, T,) nepunuimemo mepy merose cumerpuje 6(T 1, T) Kao:
(T4, T2) = | (T4, T2) - (T2, T1) |/ max(w(T4, T2), k(T2, Tq) ),
rae k(T;, Tj) npencrasiba Mopanny 1youHy HeonxoaHy na cucteM Tj u3Bene TakBy punuTapHy pedexcujy
Con"™(T,) nedummcany kao vajmarmu pex o takas ga je T; ko Conf™(T,) amu jexuno y ogrosapajyhoj
pedaexcuBHOj xujepapxuju [9].
Heka k(T;, Tj) o3nauaBa Moaaany ay0uHy HeonxoiHy ja cucteMm Ty uzBene QUHUTAPHY KOH3UCTEHTHOCT
cucrema Tj. @opmanno, k(T;, Tj) je Hajmamu pext oy peduiekcuBHOj Xujepapxuju [9] Takas na:
Ti Fa Con{fi“}(Ti),

rne ko O3HadaBa JTOKA3MBOCT y3 Kopuinheme npuHIuna peduexcuje 1o pemaa o. Axo T; He Moxke mokazatu
Con{fi“}(T]-), nepunumemo (T, Tj) = oo.
Oco0une:

- 0<6(T4, T2)<1

- (T4, T2) = 0ako u camo ako je map cappumeno cumerpudat (K(T4, T2) = (T2, Tq)).

- (T4, T2) = 1ykasyje Ha 3HAUAjHY ACUMETPH]Y Y OJIHOCY IPaBJAaHOCTH.
Ipumep: 3a uneanan GH-nap u3 koHcTpykiuje, Texumo ka 6(T 4, T2) — 0. Anu 3a map rae jeHa Teopuja
nomunupa, o(T 4, T,) he 6utu BUCOKO.

2.2.JIema o anukanuyHoctu GH-penamnuje
Jlema 2.2 (Amkanunoct GH-penanuje).
enen—XwusnbepToBa pernalija CHMETPUYHE TOMYIITEHOCTH UCKIbYUYje KPYKHO 3370BOJbABASE.
dopmanno: He moctoju KoHaYaH HU3 PEKypP3UBHO MPEOPOjUBUX, KOH3UCTCHTHUX cucTema T4, To, ..., Tn (3a
N > 2) Takas 1a:
3acako i (1<i<n), map (Tj, Tiyqy) dopmupa GH-nap (nmpema dedunumuju 2.1.1).
[Tap (Tn, T4) Takohe popmupa GH-nap.
Jpyrum peunma, rpad 4mju Cy YBOPOBHU CHCTEMH, a uBuIle Bese GH-mapa, He Moxe caapKaTu IUKITYC.
Hoka3 1 (Kpo3 HemoryhHOCT camM0-10Ka3MBOCTH KOH3HCTEHTHOCTH).
[IpeTnocTaBUMO CYHpPOTHO, J1a MOCTOjU TAKaB KPYT.
ITo nepunnnmju GH-napa (Jepununuja 2.1.1),3a cBaxu nap (Ti, Tiyq) 1 3a map (T, T1) Baxku cumeTpudHa
JOMYLITEHOCT:
T1 + Con'fi™(T,)
T, F Con{fi™(T5)

T{n—l} + Con{ﬁ“} (Tn)

T, Con{f™(T )
KoHcTpykTHBHY TIpeBOJM YKJbYUYECHH Y (DMHUTApHE TBP/AKE KOH3UCTEHTHOCTH Con{fin} (dedunuiga 2.1.2)
cy edexTuBHU. [lakie, MokeMo uX Aajbe KomroHoBaTh. KopumhememM Hu3a OBUX IpeBOa, JJAKO MOXKEMO
KOHCTPYHCATH y MeTa-Teoprju M mpesox koju mMarmpa nckaz Conf™(T,) us T, nasan y jesuk teopuje T.
OBaj KOMIIOHOBAaHU TPEBOJ MPOU3BOIN Y T4 pedeHHUIy O koja MMa HCTy JIOTHUKY CHAry W CEeMaHTHUYKU
caJpxaj Kao Confin}(T ). U3 KOHCTpYyKILHje caeau T4 + 0.
Mebytum, o npeTnocrasiy, T4 jecTe JOBOJHHO jak cuCTeM (OHAj KOjU MOXKE J1a (popMaliu3yje eeMEHTapHY
apUTMETHKY HEONXOHY 3a M3pa)kaBame MpejauKara aoka3a u ¢unurapae pediekcuje). [Ipema I'enenoBoj
ApYroj TeopeMu o HenoTnyHoctH [12], ako je T, KOH3UCTEHTaH, OHA HE OM MOTAao JIOKA3aTH COTICTBEHY
KOH3HCTEHTHOCT, 9aK HH Y 0BOM (DHHHTapHOM, orpaHmderoM obmiky Contfi™ (T,), jep 6u taj 06mmk Morao
Jla ce MCKOPHCTH 3a U3rpajiiby MyHe KOH3UCTEHTHOCTH Y oAroBapajyhem npommpemy T4. Y TOM ciaydajy ou
no6unu KoHTpamukiyjy. CTora, Kpyr He Mo:ke MOCTOjaTH. M
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Hoxa3s 2 (Kpo3 prf-theoretic opaunase u HemoryhHocT muKIIyca).

OBaj 10Ka3 KOPUCTH ariCTPaKTHH]y Mepy JeIyKTHBHE cHare. CBaKOM PeKyp3MBHO IPEOpPOjUBOM cHCTEMY T,
KOjH TPOIIKMPYje SIEMEHTAPHY apUTMETUKY, MOKEMO TIPUIPYKUTH BeroB Pri-theoretic opaunad, |T|, koju
KBaHTUTATUBHO MEPHU HETOBY JICAYKTHBHY CHary [2, 11].

Kiby4HO cBOjCcTBO OBHX OpjnHaia (ycTaHOBIbeHO Y [2, 9]) jecTe: ako cucteM S 10Ka3yje KOH3UCTEHTHOCT T
(n y orpanmdenom, unnraprom obmiky Confi™(T)), onna je pri-theoretic opamman cucrema S crporo
Behn ox opauuana cucrema T. ®opmananje: ako S Conf™(T), onna |S| > [T|.

[MpernocraBumo cana aa nmocroju kpyr GH-nmapa xao y ycioBy jeme.

U3 ycnosa GH-mapa mmamo Ti - Con'f™(Ty,) 3a cpako i (yxmyuyjyhu osne u T, + Conf™(T))).
[TpumeHOM ropmer CBOjcTBa Ha CBAaKW map A00MjaMO JaHAll CTPOTMX HejenHakocTu 3a cee pri-theoretic
opAMHAJIE!

|T1| > [T
T2| > T3

|T{n—1} | > [rnl

ITal > | Tl
KoMOnHOBameM OBHX HEjEHAKOCTH JOIa3UMO 10 KoHTpamukimje: |T4| > [Tz| > ... > [I,| > |T4|, mwro name
umraipa |T4| > |T4), a To je Hemoryhe.
JeqMHY HAUMH 11a ce M30erHe OBa KOHTPAANKIM]ja je 1a Heka o nmmmkamja S - Contfi™(T) = |S| > |Tlre
Baxkn. MeljyTum, oBa MMIUIMKAIMja YIpaBo U jecre oHO mTo rapantyje aa ce Conf™(T) momama kao
HETpUBHjaJTHA ¥ CaJlp’KajHa TBP/AKA O KOH3UCTEHTHOCTH, a HE Kao JIOTHUKa TayTojoruja. tbero kpmeme ou
OHJIa 3Ha4mIo Ja npeBoau y GH-mapoBuma He mpeHoce TOBOJBHY CEMAaHTHUUYKY TEXKUHY W He 00e30ehyjy
NpaBy CUMETPUYHY JOMYIITEHOCT, IITO je Y CYNPOTHOCTH ca ayxom Jleduunnumje 2.1.1.
Hoka3 3 (Kpo3 ceMaHTHYKY HHTEPIpPeTALUjy MojIeIa):
[IpeTnocTaBUMO, pajy KOHTPAIUKIIU]jE, Ja TIOCTOJHU IUKIYC T4, T, ..., Ty, T4 A€ cTOjU cBaku cyceaHU map
koju popmupa GH-map. 3a cBaku cucteM T; y LIUKIIYCY, Pa3MOTPUMO HETOB CTaHAApAHU Mozaed M.
ITo ycoBy GH-mapa, Ti - Confi"}(T;,,) suaun na y mozeny M; Mopa mocTojati i HHTEpIpeTammja Koja
BepUPUKYje KOH3UCTEHTHOCT T iyq.
MelyTum, oBa HHTEpIpeTaIja MOpa OMTH OrpaHHYeHa - M; He MoKe caap)KaTH MOTIyHH Moaen Mi,q (To
Ou 3axTeBaio 1a T; HHTEpNIpeTHpa Tiyq Y MOTIYHOCTH, IITO KPIIN HEYIIOPEIUBOCT).
Kana mpohemo kpo3 1eo mukiryc Ha3azx a0 T4, 1odujamo ga M4 Mopa caap)kaTé 1 OHy HHTEpIpETanujy Koja
Bepudukyje ContfiM(T,) - mrro je exBuBameHTHO Ca THM 1a M 1 capsKir MOJEN caMor cebe, T je MOTIyHO
y CYIPOTHOCTH Ca CTaHAAPIHUM pe3yjiTaTuMa 0 HeMOTyhHOCTH caMo-uHTepnperaiumje [27].
Crora, Kpyr He MOKe NMOCTOjaTH. W
HanomeHna (eBasyanuja qoka3a u pooycHoOCT):
Jloka3 1 je nMpeKTHHjU U Ocllaba ce Ha KJIacuuHy ['eenoBy apryMeHTanujy, yreMesbeHy Ha HeMoryhHocTH
CaMo-I0Ka3MBOCTH KOH3UCTEHTHOCTU. OH jacHO MOKa3yje jelHy CYIITHHCKY NPENpeKy Koja MpOou3uiIasu U3
OCHOBHHX JIOTHYKHX orpaHuyema [12, 13].
Jloka3z 2 mpyxa anTepHaTHBHY, KBAaHTHTaTUBHY HepcrekTuBy, kopuctehn prf-theoretic opaunane u ox
MoKasyje Jia Ou MocTojame Kpyra JI0Beio 10 HeMoryher nukiyca y jeHoj 100po yTeMesbeHO] XUjepapXuju
JeyKTUBHE cHare, mTo noTBplyje kKoH3ucTteHTHOCT GH-o0kBuUpa ca Beh ycTabeHUM pe3ynTaTMa TeopHje
nokasa [7].
3ajenno, oba mokasa 3Ha4yajHO MoBehaBajy poOYyCHOCT TBP/H-€, MOKa3yjyhul Jja alMKIUYHOCT MPOU3UIIa3u U
U3 CHHTaKCHYKO-CEMAaHTHUYKUX orpaHuuewa ([oka3z 1) U U3 CTPYKTYpHHX OrpaHHuYCHa JCIyKTUBHE CHAre
(Toxa3z 2). OBa myaimHOCT apryMeHaTa OCliMKaBa U jayanHy npupoay GH-mapa [7] kao u noruuke u pri-
theoretic konctpykuuje, uemy Jlokas 3 nonpunocu yHocehu 101aTHY pOOYCHOCT TOKAa3HOT MOCTYIIKA.
Texumuky, Jlema 2.2je cymruHcKa 3a enucteMolomKky koxepeHtHoct GH-okBupa. ['apanTyje na y3ajamna
MPaBJaHOCT TeHEpHIIe CTAaOWIHYy, JUCTPUOYHUpPaHy MpPEXY, a HE JIOTHYKH KPYr WM OeCKOHadaH perpec.
OBaj pe3yniTaTr ce ociama Ha YCTaJbeHE TEOpeMe O TPAaH3UTHBHO] 3aTBOPEHOCTH WHTEPNPETAOMIIHOCTH U
orpaHHYeHUMa peQIIeKCUBHUX Xujepapxuja [7, 9, 29].




2.30x 1ornyYKe Ka KOHCTPYKTHBHOj CUMETPHUjH

Panuju pan [7] yremessno je noctojatbe GH-napa y Akcnomu Jiormuke moryhnocru (ALP): kao oHo mmiTo
HUje JIOTHYKU 3a0pameHo jecTe MaTeMaTHdku ocTBapuBo. ALP je ocurypaBana na HHjeqHa MeTa-TeopeMa
HE clipedaBa TOCTOjamke CUCTeMa KOjH 3a/I0BOJhaBajy Tope HaBeaeHa orpanmdema. Mehyrum, ALP octaje
MoOJIaJTHa ¥ HEKOHCTPYKTHBHA, OHa MOTBphyje MoryhHOCT 63 MeToze.

TpeHyTHU OKBHp MOjauyaBa OBaj cTaB yBohermbemM Akcumome peduiekcuBHe KOHCTPykTHBHOCTH (ARC) y
[Mornaspy 4. ARC oBne 3amemyje MOTyhHOCT omepaTHBHOM HM3BOJJBHBOIINY: cBaka Teopuja Mopa OWTH
CTIOCOOHA J1a KOHCTpYHIIE pedIIeKCHjy Ipyre YHyTap CBOT COIICTBEHOT (PMHUTAPHOT amapara, CaMOCTaIIHO U
0e3 reHepucama camopedepeniuje. OBaj mpena3ak MOXKe e IOCMaTpaTi Kao KOHCTPYKTHBHU NaHIaH OHOM
XunbepToBOM TMOTE3y O] T0Ka3a KOH3UCTEHTHOCTH Ka (PUHUTHCTHYKUM moctynuuma. Y ToMm cmuciy, GH-
penanuja antununupa ARC kao cBoj KOHCTpYKTHBHH 3aBpiieTak. [Tomak ca ALP [7] na ARC mnapanenan
je mpenacky ca JjoKasa MocTojama Ha eKCIUTHIMTHE KOHCTPYKIHje y Matemartuim. Jlok ALP [7, 8] teBpau aa
j€ cMMeTpUYHA MPaBJAaHOCT KOH3MCTEHTHA ca mo3HatoM JorukoM, ARC yrpaljyje cuMmeTpHjy y rpaMaTuKy
caMux J1okasza. Paznuka Huje oHToJOIIKa Beh METONOIOIIKA: OHA TpaHChOopMuIIe pedieKcHjy U3 MOAATHE
TBP/HbE Y CHHTAKTUUKY ONEPaIH]y.

2. 4EnucrteMu4YKa cuMeTpHja kKao ¢opMaHO OTPaAaHUYEH:€
Jla Gucmo n3pasuiu oBy TpaHcdopmalnjy, yBoauMo oMohnu onepatop R, koju npesactaBiba pedieKCUBHY
JOMYIITEHOCT:

R(T: , Tz ) = (T + Conf™(T,) A T, - Conf™(T))).
GH-nap je onna 6uio koju ypeljenn nap koju 3amoBosbaBa R u ycnor ynopenusoctu. One je oneparop R
nedHHUCAO STUCTEMUYKY TPAHHILY y3ajaMHEe MPaBIaHOCTH. Y KaTerOpHjCKOM je3uKy (pa3BHjeHOM KacHHje Y
[Mornaspy 6), R ce monama kao npupoau usomopdusam m3mely nsa pynkropa Ty u T, Koju Komupajy Te
JI0OKa3HE CTPYKTYpE.
VYBohewe cumeTpuje, kKao GopMaHOT OrpaHHYCHa, TpaHC(opMHUILIIe caMy TEOpHjy AoKasa. TpaanuIMOHAIHO,
pedekcnja ce oIBHja O jauer cucTeMa Ka crabmjeM cuctemy (kao mmp. ox PA + Con'fi™}(PA) ka PA).
[Mpucumasajyhu cumerpujy, GH-pesanuja nperBapa oBy Xujepapxujy y paBHOTEKEHY KOHPHUTYpaLujy:

Refiguy ={ (T4, T2) | R(T1, T2) AR(T2, T) }-

[TpaBraHOCT MOCTaje penalroHa HHBAPHjaHTa YMECTO YyCMEPEHOT MpecinKaBama. Taksa Gopmanusanmja je
yXBaTWJIa CYIITHHCKY (QHIOCO(CKY HHTYHIHU]Y: 1a KOXEPEHTHOCT y MAaTeMaTHI MOX/1a HEe peduBa caMo y
arcoJyTHUM OCHOBaMa, Beh y ctaOMimHMM Mpexama penunpovyHux nokaza. GH-onepartop naje Munumanuy
JIOTMYKY MalIMHEepH]jy 3a TakBy cradbmiHocT. tberoa ynora Huje na aeduHuIIe HOBE TeOpEMe yHYTap jeaHe
Teopuje, Beh Ja orpra nmpoctop Moryhux pedraekcuBHUX ogHOCa Mel)y Teopujama.

2.5 HTepnpeTaTHBHA HATIOMEHA

GH-okBup nakne nomepa (okyc ca caMo-yTeMeJbeha Ha YKPIITEHO yTeMesbeme. Y MECTO Jla MUTaMo Jia
JM MaTeMaTHKa MOKe cama ce0e J1a ompaBja, MUTaMo IOJ KOjUM YCIOBUMA /B (popMaiHe MepCHeKTHBE
MOTY 3ajeIHUUKU OJpxKaBaTH KoxepeHTHOCT. [Ipenaszak ca ALP [7] Ha xonctpykTBHu GH-omepatop oBo
nutame Gopmanmsyje, orBapajyhn xonnentyamsHu nmyT ka npuHiuny ARC u HeroBUM KOHCTPYKTHBHUM
WHCTaHIalMjaMa pa3BUjeHUM y HapeIHOM IoriaBiby. Jepunncamem GH-oneparopa u hopmanaux ycimosa
CHMETPHUYHE JOMYIITEHOCTH, YCIIOCTABIIIM CMO JIOTHYKH anapar 3a aHAJIN3y OBE pENlaIlloOHE MPaBIaHOCTH.
Kipyuna ocobuHa oBor amapara, rapaHTtoBaHa Jlemom 2.2, je meroBa anMKINYHOCT — IITO OCHUTYpaBa Jia
GH-napoBu ¢opmupajy ctabmiiHe Mpexe, a He Kpy)KHE apryMeHTe. Y HacTaBKy paja hemo mpueHuTH OBaj
armapar Ha KOHKPETHE MaTeMaTH4Ke CUCTEME.

3. KAHANAAT-CUCTEMHU U CTPYKTYPHA KOMIVIEMEHTAPHOCT

I'enen—XwunbepToB okBUP, AePUHUCAH y IPETXOAHOM IIOTIABIBY, HACHTU(DHUKY]e CHMETPUUHY JOMYIITEHOCT
Kao ()OpMaHU YCIIOB O KOjUM JIBa CHCTEMa MOTY CIIY>)KUTH Kao y3ajaMHHU M3BOPH IpaBIaHoCTH. MelhyTum
MOCTOjarbe TAKBUX CUCTEMa HHje CaMo JIOTHYKa PaJO3HAIOCT M 3aBUCH OJ] TOTA JIa JIU CTBapHE MaTeMaTH4Ke
TEopHje MOTy Ja MHCTAaHIMpajy OBy penanujy. [lornaBbe pazmarpa yeTUpu KaHauaaT-koHdurypamuje, a
CBaKa OJ1 BbUX OTEJIOTBOPYje pe(IeKCHBHY KOMIIEMEHTAPHOCT Ha Pa3IM4UTOM CTPYKTYpHOM HUBOY. Hama
je 3amatak na ojgabepemo jenHy o MoHyheHuX KoHUTypainuja, Koja he mocratu mpeaMeT KOHCTPYKIIHje Y
HapeaHoM pajay. OBu kaHauaatu cy Beh nonyhuu y nperxomsHom paay [7], 10K UX y OBOM Majio AeTaJbHUje

pa3MoTpamo.
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3.1 ®opmajaHu KpuTepujymu 3a uaenTudpukanujy GH-kanauaara
[Tpe wero mTo npehemMo Ha KOHKpETHE PUMEpE, YBOIUMO (popMaHe KPUTEPHjyMe Ha OCHOBY KOjUX OH ce
MoriM npeno3natu noreHunujaaan GH-napoBu. [loMeHyTH KpUTEpHjyMy UMajy TUPEKTHE UMIUTHKALW)E U3
Hebununuje 2.1.1u Axcuome ARC (neduHncane y HacTaBKY).
Kputepujym 3.1.1 Oproronanna uzpakajHocr).
JIBa cuctema T4 u T, Cy OpTOroHaJ HA Y M3paXkajHOCTH aKo MOCTOje JBe Kiace nckasa ®; u @, takse aa:
0 T, Moxe 1a U3Beze U JJOKaxe cBe uckase u3 @4, anu He u u3 @,.
0 T, moxe a u3Bene U TOKaKe CBE HCKase u3 ®,, anu He 1 u3 @;.
[Mocroju mpeBox | 15: ®; > @3y T1 1 ly @3 — D,y Ty, any 0BE IPEBOIU HUCY TOTIIYHH — HE UyBajy
CBE JIOTUYKE Olepanyje.
Ipumep: Apurmeruka (PA) je oproronanna y oguocy Ha reometrprjy (GEO) y Tom cmuciy: PA uspaxapa
pekyp3ujy, GEO n3paxaBa npocTopHe 0HOCE; IIPEBOJ] KOOPANHATA HE 04yBaBa IOTIIYHO CBE F€OMETPH]jCKe
TeopeMe y apUTMETHIIH.
Kputepujym 3.1.2 KoHCTPYKTHBHO NpeKjIaname).
3a cucreme T4 u T, mocroju koHcTpykTuBHO npeknanamwe O(T4,T;) ako nocroju nogjesuk Lo S Ly N Ly u
ckym uckaza W takBux na:
0 Y¥jewmpaxkenyLg
0 T1uT,cy konzepBaruBHe excteH3uje Han V.
0 ¥ je noBospHO Oorar ja u3pasu npeaukate gokasza Prf4(X) u Prf,(X) mo xonaune
nyOuHe.
OBo nmpeknaname oMoryhasa cBakoM cuctemy Aa popmanuzyje GuHHTApHY pedreKcujy Ipyror.
Tepamwa 3.1.3 (loBosbHu ycaoBu 3a GH-kanaunara).
Axko map cuctema (T4, Ty) 3amoBosbaBa cienche ycnose, onza je kanauaar 3a GH-nap:
1. Oproronaanoct: 3agoBosbaBa Kpurepujym 3.1.1.
2. Tlpeknaname: 3anoBosbaBa Kpurepujym 3.1.2.
3. JlokajHa KOH3HCTEHTHOCT: CBaku CUCTEM MOXKeE Jla JIOKake KOH3HCTEHTHOCT JPYTOr U TO CaMo y
OrpaHNYeHoM cMHucay (buHuTapHO) KopucTehn npexaname.
4. T'no6anna HeynmopeausocT: Hujenan cucteM He MoXKe HOTIIYHO Ja MHTEPIPETUPA OHAj IPYrH —
OJTHOCHO, HE TIOCTOjU TOTalTHa, 04yBajyha nHTepIpeTanyja.
Ycenosu (1) u (2) 06e36ehyjy cumeTpujy u moryhHocT y3ajamue pediekcuje, 10k yciaos (3) ocurypasa j1a je
octBapuBa cuMerpuuHa fomymreHocT R(T4,T;). Yenos (4) ocurypaBa uChymhelhe HEYNOPEIUBOCTH 13
Hebununmje 2.1.1.3ajeano, onu ummunupajy aa map (T4, T,) 3ag0BosbaBa Gpopmante ycinose GH-napa.

3.2 ApUTMETHYKO-TEeOMETPUjCKH Nap (PA(c.JIaGa), GEO(uncxpeTHa)))

Cam Xwunbeprt [15] je cMaTpao apUTMETHKY U T€OMETPH]Y pas3InduTHM, alnd (pyHIaMEHTATHUM IOMEHUMA.
ApHUTMETHKa KOAMpa JUCKPETHO, TeOMETpHja KOHTHHYHUPAHO, 00e cy Tpebaie OWTH yjeaumbeHe TEOpHjoM
nokaza. Y GH-oxkBupY, 0Ba HCTOpHjCcKa TE€KHa TIOHOBO C€ M0jaBJbyje Y HOBOM OOJHMKY: HE KPO3 PEAYKIIH]Y,
Beh kpo3 perunpouny pedexchjy.

Heka PA(caa6ay o3nagaBa [leaHOBY apUTMETHKY JIMIICHY MOTIYHE IIEeMe MHIYKIHje, KOja 3aapiKaBa caMo
KOHAYyHO MHCTaHIMpaOuwiHu ¢pparment. OBo c1abibemhe OCUIYpaBa Jia je TeOpHja KOH3UCTEHTHA ajlM He U J1a
J€ MakCUMalTHO U3pakajHa: MOXke Ja popMaiusyje peKyp3UBHE J0Ka3e U OCHOBHO (PMHUTAPHO PE30HOBAHE,
any joj HexocTaje TpancuHUTHA HHAYKIHja. Tana aHanmorHo GEOgmckpernay 03Ha4aBa popMaiHu cucteM
SYKIIMJICKE TEOMETpHje MPEKO JAUCKPETHE Mpeke, (hopMysrcaHy y JIOTHULM MPBOT pela U ca MPUMUTHBHUM
penanujama u3Mel)y eHTUTETa U oy aapama. thene akcuome ce ocnamajy Ha popmanusanujy Tapckor [28],
aJli Cy CTPOrO OrpaHWYeHE Ha (PUHUTApHE KOHCTPYKIHjE, YMME Ce KIACHYHU O0jeKTH IOIyT TPOYIJIOBa,
JIMHYja ¥ TTapajena 3aMembYyjy KOHAYHUM KOH(UTypalyjaMa Taqaka.

Kmbyuno onaxame je 1a 006a cucreMa moceayjy opToroHanHy u3paxkajny mMoh. PAcna6a) xBaTa HyMEpUUKY
peKyp3Hjy, aju joj HeJlocTaje TMPEeKTHA MPOCTOPHA HHTepnpeTanuja, 1ok oHa GEO uekpernay ipeacTaBiba
KOHCTPYKTHUBHE IPOCTOPHE BE3€, aJI HE MOXKE J]a KOJMpa apUTMETHUYKY PEKYp3Hjy U3BaH CBOT OTPAHUICHOT
Opojama. CBaka MoXxe J1a HHTepnpeTupa punutapHy pediaexcujy uCpaBHOCTH APYTe:



PA(cnaGa) - Con{f‘“}(G Eo(zmcxpeTHa)) Hu GEO([II/ICerTHa) - Con{fm}(PA(cnaﬁa)).
MehyTtum, HUjeIHA HE MOKeE Ja JOKaXke MOTIyHY peduekcuBHy 1eMy apyre. To ycrnocraBsba 0Baj map Kao
ayreHTH4HH GH-map xoju 3a710BoJbaBa ycjaoB YIOPEIUBOCTH.

Jlobujena koH(pUTrypammja HUje caMo peaykiuja (reoMeTpuja Kao apuTMETHKA WM 0OpHYTO), Beh moTmyHa
PeLHIPOYHA A/IeKBATHOCT: CBaKU JOMEH ONpaBaBa KOHaYHYy KOXEpeHTHOCT apyror. ®unocodeku, 1o je
nap Koju WIycTpyje Kako KOH3MCTEHTHOCT MOXKe Ipou3ahu U3 KOMIJIEMEHTapHe HENOTIyHOCTH. Tamo rae
apuTMETHKa Ipy>Ka CUHTaKCy KOHCTpPYKIMje, FeoMeTpHja cHableBa CeMaHTUKY came CTpykType. fbuxosa
y3ajamHa pedekcyja nokasyje 1a MaTeMaTH4Ka paBJIaHOCT He Mopa OUTH CaMOJJOCTaTHA, MOXKE OICTaTH U
Kao JWjasor nu3Mel)y He3aBHCHUX, aJli Pe30HAHTHHUX cucTeMa. PaBHOTEXa n3Mel)y MTMCKpEeTHUX 3aKJbydaka u
npoctopHe KoHpurypamuje orinena GH-ekBHIMOPHjyM Ha KOHIETITYaJTHOM HHUBOY.
Jla 6ucMo mokasanu 11a je oBaj nap kanauaar 3a GH-map, nposepumo hopmaHo HaBeeHE KPUTEPH]jyME:
Oproronanana mpaxajaoct (Kpurepujym 3.1.1):

*®, (apuTMeTHKa): Vcka3u o peKyp3uju, HHIYKIH]jH, ICTUMOCTH.

D, (reomerpuja): Vckasu o KOHrpyeHIHjH, u3Mel)y enemMeHara, napanein3my.

*PAccnaday He MOXKE J1a M3pa3u KOHTUHYHPAHE TEOMETPH]CKE OJHOCE Y ITYHOM OIIIITEM OOJIUKY.
GEOgnckpernay He MOXKE H3pa3UTH HEOTPAaHMYCHO KBAaHTH()UKOBAKHE, KOMIUIETHY MaTeMaTHIKy
UHAYKIH]Y.

KoncTpykruBHo npexinaname (Kpurepujym 3.1.2):
O L, Je3uK KOHaYHUX HH30BA, JEeIHAKOCTH, OCHOBHHUX peJalyja.

0 Y¥: lcka3u 0 KOHAYHUM CKYIIOBHMA Tadaka, KOOpIUHATaMa, eKBUBAJICHIIH]aMa.
VY oBOM mpekianamy, CBaka TeOpHja MOKe J1a Ie(UHHIIE MIPEIUKAT JJOKa3a Apyre 10 KOHAYHe TyOuHe.
JloxajHa KOH3HMCTCHTHOCT:
PA cna6ay Moxe na nokaxe KOH3UCTEHTHOCT GEO guckpernay Tako mro he cuMynupatu cBe reOMETPH]jCKe
J0Ka3e Kao HU3 KOHAYHUX TpaHcdopmainuja koopauHata, U odpatHo, GEOmekpernay Moxe na mokaxe
KOH3UCTEHTHOCT PAcnagay Tako mrTo he reoMeTprjcKu MpeCTaBUTH apUTMETHUYKE OIepalfje W MoKa3aTu
7la He BOJIe KOHTPaJUKLH]jH.
I'106a/1Ha HeyOpeIMBOCT:
[Tormyna apuTMeTH3aIMja TeOMETPHje 3aXTeBa aKCHOMY KOHTHHYYMa, KOja HHje NocTynmHa Y PA caaba), ann
U TIOTIyHa T€OMEeTpU3allija apUTMETUKE 3aXTeBa HEOIpaHHMUEHEe KOHCTPYKIMje, KOje TaKkohe HUCY TOCTYyIHE
y GEO(Z[I/ICerTHa).
Bakspyuak: [lap (PAcnaba;, GEOguckpernay) 3a0B0/baBa cBe popmanHe kpurepujyme 3a GH-kanaunara,
IITO ra YUHU yOeIJbUBUM IIPHUMEPOM 32 WITYCTPAIH]jy MPHHIIUIIA.
TexHNYKH OKBHP 32 IPOBEHY KPUTEPHUjyma:
JlokaszuBame J1a 0Baj Map 3a/10BOJbaBa HABEIEHE KPUTEPHjyMe OCllamba ce Ha OBe JJOOPO MO3HAaTe METO/IE!

1. 3a oproronamnoct (1): Mosxe ce popMaTHO MOKa3aTH KPO3 Heae(PUHHUCAOUIHOCT: Kao HIIP. OTHOC
JyiMehy” y crannapaaom moaeny GEO gmekpernay Koju HUje IPBO-pEIHO Ne(DUHHUCIFUB HU Y JE3UKY
PAcnaéay rinenajyhu ca crangapaaom unteprperanujoM (Buaetu [27], Teopema 2).

2. 3a npexnaname (2): Jesuk Lo Moxe OMTH Taj je3uK pesalija eKBUBaJIEHIMje W KOHAYHH HH3
(Herbrandes yuusep3ym). KoH3epBaTHBHOCT ce MOXKe J0Ka3aTH MOKa3yjyhu qa cBaku MOJeN jeqHe
TeopHje Moke OUTH MPOILUPEH 10 MOJIeNIa BUXOBE 3ajeJHNUKE KOH3EepPBAaTUBHE EKCTEH3H]E.

3. 3a mokanny xomsucrentHocT (3): PAccaaa, - Con'fi™(GEOymekpernay) moryhe je moctihn u
MOCTYIIIMMa ApUTMEeTH3alHje CHHTaKce KOHAYHUX TeOMETPHjCKUX NoKa3a. byayhm na je ympaso
GEOymckpernay pekyp3uBHO akcuoMaTu3abuiHa. MiMa NpUMHUTUBHO pEeKyp3UBHU MpPEIUKaT J0Ka3a,
PAcna6ay MoXxe a cuMysMpa OBy IpeTpary fokasa cse 10 oapehene nyxxune N u na nokaxe na ce
KOHTPAJUKIMja HE TI0jaBbyje.

4. 3a uweynopeausoct (4): [TornyHa uHTeprpeTaiija Ou 3axTeBana u ga PAcnaéay 10Kaxe CONCTBEHY
KOH3HUCTEHTHOCT (ako mHTeprnperupa nyHy GEOgmckpernay ca BeHHM T'€OMETPHjCKAM aKCHOMama
0ECKOHAYHOCTH), IITO je y MOTIMYHOj CYMPOTHOCTH ca ['enenoBuM apyrum teopemom [12]. O6paTtHa
uHTepnperanyja 6u 3axteBana ga GEOgmexpernay u3pa3u HENpeOPOJUBOCT, IITO je W3BAH HEHOT
M3pakajHOT JOMEHA.

OBaj OKBHp IMOKa3yje a Cy KPUTEPHjyMH M KOHIENTYAJTHO W TeXHHYKH MPOBEP/bMBH, IITO jOII BHUIIE
yuBpihyje cTaTyc OBOT mapa Kao poOycHor kanaunata 3a GH-nmap.




3.3 ®opmammzanuja: (PRA-ciab6a, nuckperna reomerpuja Tapckor)
Jla Oucmo many Iperu3Hujy MaTeMaTHIKy OCHOBY 3a apUTMeTHYKO-reomeTpHjckor GH-kanauaara u3 3.2,
nocMaTpamo ciegehe KOHKpeTHe TeopHje:
Nepununuja 3.3.1 (PAcnasay kao PRA). Kao nperusan npeacraBHuk 3a PAcnaéay y3umamo PRA
(MpumuTuBHO Pexyp3uBHa Aputmernka). PRA jecte hunuTapHO npuxBatibrBa Teopuja [25] ca je3nkom
{0, S, +, %, <Ju akcuomama Koje yKJby4yjy:

0 Pob6unconose akcuome Q [23, 27],

0 Jlepununmje CBUX NPUMHUTHBHO PEKYP3UBHHUX (YHKIIH]a,

0 UMHayKkuuoHy mieMy orpaHHYeHy Ha KBaHTH(DHUKATOPY cli000aHe hopmyrie.
Nepununuja 3.3.2 (GEQauckperna, kao quckperHa reomerpuja Tapckor). Kao npencraBauka oBfe
y3uMamo JUCKpeTHY BapujaHTy reomerpuje Tapckor [27] ca jesukom {B, C} rxe je:

0 B(X,y,z) repHapHu npenukar ,tauka y je uzmely tauaka X u z',

0 C(X,y,z,W)4eTBOpHHU MPEIUKAT , paCcTOjarbe XY j€ jeJHAKO pacTojamby ZW".
Axcuomu cy ctannapane akcuome Tapckor [27] 3a eykiauacky reomerpujy oborahene ca:

1. AxcHoM MUHUMAJIHe yaa/benoctn: YXVy3z(B(X,z,y) A -3w(B(X,w,z) A B(z,w,Y)))

2. Pammonamna ocHoBa: CBu Mozenu cy uzomophuu Q? (paBHH palioHaTIHUX OpOjeBa).
Konctpykumja 3.3.3 EdexruBun npeoau 3a ARC). Jlepunumemo aBa eheKkTHBHA MpeCIUKaBama Koja
UMIUIEMEHTUPAjy AKCHOMY pedlieKCMBHE KOHCTPYKTHBHOCTH:
®pra-ceo)- [IpeBon n3 PRA 'y reomerpujy:

1. Bpoj n ce koaupa kao Tauka (N, 0) Ha X-ocH.
2. Cabwupame a + b = Cce mpeBoH y TeOMETPH]CKY KOHCTPYKIIH]Y KOHKATEHAIH]€ TyKH.
3. MHuoxeme a X b = Cce npeBoay y KOHCTPYKIIHU]y MPAaBOYraoHUKa cTpaHuia a u b.
4. WHaykuuoHa mema ce MpeBoay y KOHAYHU HU3 TEOMETPHjCKUX KOHCTPYKIIH]a.
@ (Gro-pra}- [IpeBox u3 reomerpuje y PRA:

1. Tauka ce Koaupa Kao map panudoHaaHux opojesa (X, Y).

2. Tlpemmxat B(X,y,z) ce mpeBomn y (X2-X1)(Ya-Y1) = (Xa-X1)(Y2-Y1) A (X1 S X2 < X3 V X3 < Xz < Xq).

3. Tlpenunkar C(X,y,z,w)ce npeBoan y (X1-X2)? + (Y1-Y2)* = (X3-X4)* + (Y3-Y4)*.

4. T'eoMeTpHjCKH JI0Ka3M Ce MPEBOJE Y MPOBEPY anre0apcKux UACHTHTETA.

PRA Bep3uja paau ca paninoHaAIHUM KOOpAWHATaMa KOJMPAHUM Kao MapoBH LIEJINX OpojeBa.

Teopema 3.3 (Iap (PRA, nuckperna reomerpuja Tapckor) je GH-nap).
OBgaj map 3agoBospaBa cBe yciose u3 lepununmje 2.1.1u nummnementupa ARC.
Hdoxa3s. [IpoBepaBamo ycnose:

1. CumeTpuYHA AONMYIITEHOCT:

Joka3 1 (KOHCTPYKTHBHH, PEKO CUMYJIalije 10Ka3a):

«PRA I Con'fi™(GEO): PRA mose 1a popmanmsyje cuaTakcy reomerpuje. Byayhn na cy oBn akciomu
GEO xonaunu n neumaubmnan, PRA Moxe cumymnupaTn u mpetpary qokasa koju cy ayxuae < N. A 3a
CBaku oBakaB J0ka3 &, PRA moxe motmyno BepudukoBaru na ce konrpanukiuja 0=1nue nojasipyje. To
naje Con™(GEO).

*GEO I Con{f™(PRA): GEO moxe penpe3eHTOBaTH apUTMETHHKE OIIePALje ATy i HEKe TeOMETPHjCKE
KOHCTpYKIHUje (cabupame Kao KOHKaTEHAIH]y, MHOXKEHE Kao PaBOYraoHUK). MOKe CUMYJIUpATH jOUI U
n3BohemHe OrpaHNveHO Ha MMPUMUTHBHO PEeKyp3UBHE (YHKIMje TOKA3aTH 1a TaKBa CUMYJIAIHja HE MOXKE
NPOU3BECTH KOHTPAJAUKIH]Y. W

Joka3 2 (CeMaHTHYKH, IPEKO Mo/1eJIa):

« PRA I Con{f™(GEO): PRA moxe a koHCTpyHIIe Konaunu Mojes 3a GEO: o je um3 ox N Tauaka Ha
panroHaIHOj TipaBoj. Y oBoMe mojeny, PRA mosxe npoBeputu fa mu csu akcriomu GEO Baxe. A momTo
GEO uma Mozen (dak i KoHauaH), OHa je KorsucrentHa. OBo naje Contfim(GEO).

« GEO  Con™(PRA): GEO mosxe ja KOHCTpyHIIE reomeTpHjckn Mozena 3a PRA: mpupoxane Gpojese

Kao Tayke Ha MPaBoj, orepalmje Kao KOHCTpyKiuje. Y reomerpujckom moaeny, GEO moxe HpOBe%I/ITI/I Ja



akcuomu PRA Baxe. [Tomto PRA nma Mozen, oH/1a je KOH3UCTEHTHA. W
Hoxa3s 3 (Prf-theoretic, npexo peaykuuje cj0:KeHOCTH):
PRA Con{ﬁ“}(GEO): IIpeson @ pra-.geo} U3 KoHcTpykumje 3.3.3manupa gokasze PRA na nokase GEO.
Axo 6u GEO 6wuna nexonsucrentHa (nokaszusana 0=1), onga Ou ce UCTH TH JI0Ka3M mpeBenu Hazan y PRA,
npomnsBoaehu nokas 0=1y PRA. PRA moxe cumymupatu cBe nokaze GEO myxune < N u Bepudukoaru
Jla HUjeJaH He Mpou3Boau KoHTpamukiujy 0=1 — oBo je ¢uHHMTapHA mpoBepa, HHUje TBPAKA O MOTIIYHO]
KOH3HMCTCHTHOCTH, U cTora He Kpuu ['enenoBy apyry teopemy [12].
GEO t Con'fi™(PRA): Cumerpruan apryment xopucrehu D (GEo-pRA}- B
2. HeynopeauBocT:
Joka3 1 (Ilpexo u3pakajHUX OrpaHNYeHHa):
PRA ne nntrepnperupa nyHy reomeTpujy: [loTnyHa unTepnpeTanmja Ty 3axTeBa KOAUpame OeCKOHAYHUX
reoOMEeTpHjCcKUX o0jeKkaTta U KOHTHHyyMa palmoHamHuX Tavaka. Mehyrum, PRA nma jemnHO npuMUTHBHO
pexkyp3uBHe (QYHKIMjEe ¥ HE MOXKE Jla M3pa3H KBAHTOPE MPEKO CBUX PEATHHX OpojeBa HUTH OCCKOHAYHUX
HH30Ba.
GEO ne untepnperupa nyny PRA: IlotnyHa untepnperanuja 61 oBlie 3axTeBaia GopMaliniainjy cBHX
MPUMUTHBHO PEKyp3UBHUX (QyHKIHMja. MelyTum, IUCKpeTHA T€OMETpHja UMa CaMO KOHAYHe KOHCTPYKIIH]je
Y HE MOXKE M3Pa3UTH HEOTrPaHUYCHY PEKyp3Hujy NOTpeOHy 3a neduuuimje nomyt Axepmanose GpyHkimje [1].
|
Joxka3s 2 (Ilpeko prf-theoretic opaunasna):
PRA uma prf-theoretic opaunan w®.
HMuckperna reomerpuja Tapckor [27] (kao geruauOuIHa Teopuja) HMa OpAHHAI .
[Momwro je w® > @, PRA je prf-theoretic jaua. Melyyrum, HHje HHTEPNPEeTHOWIHA Y TCOMETPHjU jep Ta
pa3nuKa y opAMHANIAMa OfipakaBa (PyHIaMEHTAIHY pa3jiuKy y U3paxkajHoj Mohu, a He caMo y cHa3H. M
Joka3 3 (Kpo3 kaTeropujcky HeKOMIaTHOMIHOCT):
PRA u GEO umajy paznuuute KaTeropujcke OCHOBE CBOjHX O0jeKara:
PRA panu ca nucKkpeTHUM, PeKYP3UBHO Ae(PpMHUCAHUM O00jeKTHMa, Ka0 MPUPOJIHU OPOjeBH, MPUMHUTHUBHO
pekyp3uBHe pyHKHje. tberose omnepanuje cy nrepaTuBHe (MOHaB/bambe KOHAYHO MHOTO TyTa). GEO panu
ca TeOMeTPHjCKHM, KOHCTPYKTHBHUM 00jeKTUMa - Tauke, Mpase, cerMmeHTH. OBe Hheroe oneparuje jecy
npocTopHe (mpeceiy, napaieie, KOHrpyeHIIHje).
Oga pa3nuka je kateropujcka: AkepmaHoBa ¢pyHkiuja y PRA 3axTeBa HeorpanudeHy 1yOMHY peKkyp3uje,
IITO HEMa MPHUPOJIaH TEOMETPHU)CKHU aHAJIOT y KOHAYHUM KoHcTpykuujama GEO [1].
OO6pHyTO, KOHTHHYUTET reomerpujcke mpase y GEO (u3mel)y Omio koje aBe Tauke moctoju tpeha) 3axresa
rycrohy koja Huje u3pasuBa y TuckpetHoj aputmerui PRA.
Jlakiie, CHCTEMH Majy OPTOTOHAJTHE OHTOJIOTHje - jelaH TUCKPETHO-UTePaTHBAH, IPYTH KOHTHHYAJIHO-
KoHcTpyKTHBaH [21, 30].m
3. ARC ycaoBu:
Joka3 1 (Konctpykuuje @ u3 3.3.3)jecy NpUMHUTHBHO PEKYP3UBHE U 33]]0BOJbABA]y YCIIOBE!
1. EdexrtuBnoct: O6a mpeBona Cy alropuTMHYKH.
2. Yysame nokxazuBoct: Axo PRA I @, onza GEO I ®(¢) u o6pHyToO.
3. HeunBepTuduanoct: [lokazyjeMo KoHTpanpuMepoM:
0 3a PRA—GEO: Ilocroju reoMeTprjcka KOHCTpYKIHja (MpuMep-mojena yria Ha
TPH jeJIHaKa Jieia), 32 KOjy BaXKH J]a HeMa apuTMETHUYKH npedHuk y PRA.
0 3a GEO—PRA: Ilocroju aputmetnuka ¢pyHkimja (Ha npumep Axkepmanosa [1])
KOja He Toceayje KOHAYHy TE€OMETPHjCKY pemlpe3eHTannjy y TUCKPETHO]
TEOMETPH]H.
Hoka3 2 (Kpo3 ryourak nHpopmanuje y 1BOCMePHOM NMpPEeBOIY):
PRA—GEO—PRA mukiayc:
[TocmaTpamo PUMUTHBHO pekyp3uBHY QyHKIHjy f(n) = 2™ y PRA.
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IIpeBon ®pra-GEO} KOHBEPTYjE OBO Y TEOMETPU]CKY KOHCTPYKIHM]Y - EKCIIOHCHIIM]AJIHU PACT IPEICTaB/bEH
Kao0 y/IBOCTpy4aBame CETMEeHaTa.

MebhyTum, kana npuMEHMMO NOBpaTHU NpeBod P(gEo-pra} HA OBY TE€OMETPHjCKY KOHCTPYKIHM]Y, TyOMMO
HHPOPMAIHjy O PeKypP3UBHOj CTPYKTYPH - T€OMETpHja BUAN CaMO , pe3yiITaT yIBOCTpyYaBama', ald He U
npoiec pekyp3uje.

Pesynrat ®ggo-pra}(Ppra-ceo}(f)) Huje naenTiyan opurunamuoj f - To jecte dyHkuMja Koja Mpou3BoOaHN
HCTe BPETHOCTH, au Oe3 peKyp3uBHe jiepuHULHje.

GEO—PRA—GEO nukayc:

[TocmaTpamo reoMeTpujcKy KOHCTPYKIH]Y ,, TI0JIeNa cerMenTa Ha N jeqHakux aenosa’ y GEO.

[IpeBon ®GEo-pra} KOHBEPTYjE OBO Y aDUTMETHUKY ONEPALU]y N€JbCH:A.

Anu xaza oBJie IPUMEHUMO P (pra_,GE0}, 100HMjaMO HyMEPHUKY PENPE3CHTALIH]Y IEJbeiba, HE TeOMETPH]CKY
KOHCTPYKIH]Y Ca JICEbUPOM U IIECTapOM.

I'you ce nadopmManrja o HAaYMHY KOHCTPYKIMje — Ty opuruHaiHa GEO KoHCTpyKIHja KOPUCTH TIpeceKe u
napaiiesie, 0K IOBPaTHHU MPEBO/I Jlaje caMo , u3pauyHaj L/n".

Hakne, ®pra-ceo} ¥ Pgeo-prA} HUCY HHBep3H [21, 30]. m

Joka3 3 (Kpo3 ajaropuramMcKy cJI10KeHOCT MPeBo/a):

[IpeBonu @ (prageo} ¥ P(GE0-PRA} CY ePEKTHBHHU (DEKYpP3UBHM), ali OHU HMajy Pa3sIUYUTE BPEMEHCKe
CJI05KEHOCTH.

Bpemencka ci10:xeHocT P pra_,GEo):

3a Ty IpUMHTUBHO peKyp3uBHY hopmyny @ nyxunae Ny PRA, KoHCTpyHCcame TeOMEeTPHjCKOT eKBHUBAJICHTA
3axteBa O(N?) kopaka (CBaKH apUTMETHYKH OIIEPATOP CE JACKOMIIOHY]E Y TeOMETPHjCKEe KOHCTPYKIIHU]E).
Bpemencka ci10:keHoCT P(cpo_pra):

3a reomerpujcky hopmyny y ayxuae m y GEO, apurmernsarmja 3axreBa O(m) kopaka (reomeTpujcke ce
penaije TUPEKTHO Manupajy y HyMepu4Ke).

AcuMeTpHja CJI10KeHOCTH:

OBa paziuKa y CI0KEHOCTH MOKa3yje J1a MPEeBOIU HUCY H30MOPGHU3MH — jeJjaH CMep je , TeKH' OJ APYTor.
Hame, xomnosuuuja ®@geo-pra} © Pipra—ceo} UMa YKynHy cioxenoct O(n?), mok unenturer uma O(n).
OBo dopmanno nokasyje ®(geo-pra} ° Ppra-GE0} # |d, 0OnHOCHO HennpepTuOMIHOCT [11, 30]. M
Hamomena: OBa koHkpeTHa (opManusaiuja omoryhasa fa ce KOHIENTyanHu omnuc (mat y 3.2) mpeTBopH y
NPOBEPJbUBE MaTeMaTHUKe TBpAe. [IpUCyTHOCT TPH He3aBHCHA /10KAa3a 32 CHMETPHYHY JIOMYLITEHOCT, 32
nHeynopenusocT 1 32 ARC ycnoBe moBehaBa poOycHOCT TBpIm€ 11a je oBaj map ayreHtndad GH-nap. m

3.4 CkynoBHo-Teopujcka anasoruja (ZF, CAT)
GH-oxBHp ce mpUpoaHO MPOIIMpPYje Ha BUIIIE JOMEHE. AKO apUTMETHKA U T€OMETpHja MPe/CTaBIbajy caMo
JyaJlHe OCHOBE KOHAYHOT, TEOpHja CKyIIOBa U TEOpHja KaTeropHja OTEIIOTBOPYjY TE JlyalHe MepCIeKTUBE Ha
0eckonauHo. lbuxoB oHOC TIpyka apyru npumep pednexcuBHe cumeTpuje. Heka ZF o3nauaBa ocnabibeHH
obmuk Llepmeno—@penkenose Teopuje CKymnoBa U To 0e3 IeMe 3aMEHe, aly ca KOHa4HU OpojeM akchoma
crpatuduKoBaHe ancrpakuuje (crpatuduroBaHoM memom Gopmupama ckynosa). Heka CAT Ty o3HavaBa
KaTerOpHjCKH METa-OKBHp KOjH (opMaim3yje Maie Kareropuje Kao M (PyHKTOPCKY KOMIO3HIHU]Y TIPEKO
npeOpojuBHUX TOMEHA.
CBaku 07 OBHX CHCTEMa XBaTa acleKT MaTeMaTHuke oHTonoruje: ZF ommcyje konekuuje enemenara, CAT
OIMCYyje CTPYKType penanuja. Hujeman cucteM He MOKe MOTIYHO MHTEPIIpEeTUpaT Apyru. ZF-y HenocTajy
MHTEPHH MOPPU3MH CIIOCOOHU Ja MPEACTaBbajy GyHKTOpCKY cTpykTypy; CAT Hema OHaj eKCTEeH3MOHAIHU
amapar 3a HeorpaHH4eHO (pOpMHUpPamEe CKYIOBA.
Wnak, 06a mory m3paszutu puHUTApHY pediekcrjy KOH3UCTEHTHOCTH OHOT JIPYTOT:

ZF+ Con™(CAT) u CAT + Conf™(ZF).
Ha oBom HuBOy, GH-penanmja manugectyje ce kao paBHOTEXa u3Mel)y ekcTeH3uje u mHTeH3Hje - m3mely
OHTOJIOTH]j€ 3aCHOBAHE Ha CKYIIOBMMa M CTPYKTYpHE OHTOJIOTHje. Pe3ynrar HUje CHHTe3a J1Be EPCIEKTHBE,
Beh pedriekcuBHM €KBIIIHOPHjyM y KOME CBaka OCUTypaBa KOHIEITYalTHH JIETUTHMHUTET JPYTe.
®urnocodekn, 0Baj MOET CyrepHIle 1a OCHOBHH I1€j3aK MaTeMaTHKe MOXKJa HIje caMo XHjepapxujcku Beh
NOJMIIEHTPUYAH. Mpexa pediekcuBHuX onHoca Mely HecBoauBuM cuctemuma. GH-okBup [7].npyxa u
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(dopmanHy rpaMaTHKY 3a TaKBY MOJUICHTPHIHY KoXepeHTHOCT. OH MOKa3yje U Ja ToTpara 3a arcoJyTHUM
JEIMHCTBOM MOYE YCTYIUTH MECTO CYNTHIHH]EM UIeaTy — jeAMHCTBY KPO3 pETallioHy CTAOMITHOCT.
Texnuuka odpazno:kema 3a ananorujy ZF-CAT:
Joka3 HeynopeauBoctu: [Iyna teopuja kareropuja CAT (koja ykJbydyje jOII U TEOPHUjy TOIOCA) 3aXTeBa
MOCTOjame Kilaca CBUX Mop¢u3ama n3Mel)y aBa 00jeKTa, MTO ce He MOXKE MOTIYHO mpenctaButu y ZF 6e3
J0/IaTHUX akcuoMa (HIp. akcuome yHuBep3yma). O0patHo, ZF-0B KOHIIENT KyMyJaTUBHE XHjepapXuje u
TPAaH3UTUBHHX 3aTBapama HUje CAaCBUM IPHPOTHO M3PA3UB Yy YHCTO KATETOPHjCKOM je€3WKY KOjU HarianraBa
penanyje mpeKo eleMeHara.
Mexanuszam ¢punutapHe peduexcuje: ZF moxe na m3pasu konsuctenTHocT CAT Tako mro he:
* KoaupaTu mMane kateropuje kao nmocebHe cTpykType ckynoBa (00jeKTH Kao CKyIOBH, MOPGH3MHU Kao
byHKIH]E).
*Bepu¢ukoBaTi 1a aKCHOMH KaTeropuja Baxe.
* Jloka3aTu 1a ce KOHTPAUKIIMja HE MOYKE U3BECTU M3 THX aKCHOMa 32 T€ KaTeropyje KapJHHAIHOCTH
Mambe 01 oJjpeheHor KOHaYHOT KapAuHaa K.
OopuyTta peduiexcuja: CAT moxe aa tpetupa ZF xao Teopujy o Setkareropuju. Kopuctehu cBoje anate
(amp. Yonedanemy [20], mtuMuTe ¥ KOJUMHUTE), MOKE MOKa3aTH J1a cy akcuomu ZF (matu y oarosapajyhoj
KaTeropujckoj hopmu) Mel)ycoOHO KOXEPEHTHH y KOHTEKCTY MPeOPOjUBHX MO/Iea.
IMo3uBame Ha moctojehe pedyarare: /[nunamuka ogpaxana Jgy0oKe pe3yaTaTe U3 OCHOBHUX UCTPAaKHBAHbA.
KosamoroposoBa cioxkenoct [17] reopuje CAT y onnocy Ha ZF (1 00pHYTO) TIOKa3yje OPTOHAY3aJTHOCT Y
CMHUCITy 3aXTEeBa 32 KOJMPAKEM [BHIHU JOAATHE PeepeHIIC O CII0KEHOCTH TEOPHja CKYIIOBa U KaTeropujal.
3.4.1®opmanuu npeacrauunu: (ZF o, Kateropuja majmux kareropuja)
Nepununuja 3.4.1 (ZR). Kao npencraBuuk 3a ,ocnabpenu ZF" ysumamo ZF 0e3 akcuome 3ameHe, au
ca aKCMOMOM TapTUTHBHOI CKyIla OTPaHWYEeHOM Ha Ag-popmyie. O3HaunMo oBy TeopHjy kao ZF,. OHa je
JIOBOJHHO jaka Jia popMan3yje OCHOBHY CKYIT TEOPH]Y, alld He MOpKaBa MyHy TpaHC(HUHUTHY PEKYp3Hjy.
Nepununuja 3.4.2 Kareropuja maaux kareropuja-CAT o).
dopmanuzyjemMo Teoprjy MaJIMX KaTeropuja y JIOTHIH MIPBOT peja ca:
* Koncrantama: Ob (ckyn o6jekara), Mor (ckym mop¢usama)
e  ®yunknujama: dom, cod: Mor — Ob, id: Ob — Mor, o: Mor x Mor — Mor
* AKCHOMM: acOIMjaTHBHOCT KOMIIO3HIIU]j€, 3aKOHU WACHTHUTETA, YCIOBH JOMEHA M KOJIOMEHA
3.4.3KoHcTpyKuHja npeBoaa
Koncrpykuuja 1 (lIpesox ZF, — CAT ). ledunumemo npeciukapame ®zr_,caTy-
1. Csaku ckyn X mMamupamo Ha JUCKpeTHY KaTeropujy Disc(X) uuju cy 00jekTu eaeMeHTH X, a jeTuHu
MOPGHU3MH Cy UICHTUTETH.
2. Ckymnosna ¢ynkimja f: X — Y mamupamo Ha ¢pyuaxrop Disc(f): Disc(X) — Disc(Y).
3. CkymoBHH aKCHOMH C€ MPEBOJIC Y KATErOpHjCKe YCIOBe (HIIP. aKCHOMa Mape MocTaje KOHCTPYKIIHja
MPOU3BOJIa KATETOPH]a).
Koncrpyknuja 2 (llpesox CAT o — ZF). Jlepunnmemo npecnukaame Prcarozr).:
1. Kareropuja C manupamo Ha crpyktypupanu ckymn (Ob(C), Mor(C), dom, cod,e).
2. ®ynkrop F: C — D manupamo ua nap dpyukimja Fop:Ob(C)—0b(D), Fyer:Mor(C) —Mor(D)) .
Karteropujcku akcuomMu ce MpeBoJie y CKyMOBHE jenHaKocTH (Kao HIIP. aCOIMjaTUBHOCT MOCTAje jeJHAKOCT
TPOjJHHX OTEpAIHja).

3.4.4Bepuduxanuja GH-ycaoBa

Teopema 3.4.11ap (ZF,, CAT,) je GH-nap.

Joxa3. [IpoBepaBaMo cBe yCIIOBE ca BUIIECTPYKHM JOKa3uMa!

1. CumeTpUYHA AONMYIITEHOCT:

Joka3 1 (KOHCTPYKTHBHH, PEKO CHMYJIAIHje Mo/Iea):

ZF, + Con{fi™(CAT (): ZF, moxe na xonctpymme mozen 3a CAT o 1 To Tako mro fie cBaKy KaTeropujy
NPE/ICTABUTH KA0 CTPYKTypupanu ckyn (o0jextu, Mopdusmu, oneparmje). byayhu na CAT o uma koHauHe
akcuome, ZF o MoKe 1a MpoBepH Ja 0Baj MOJIEI 33/10BOJbaBA CBE HHUX.
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CAT, + Con{fi™(ZF): CAT o moxe penpeseHroBatu ZF o kao jeaHy teopujy y kateropuju Set

Kopuctehu enemente teopuje Tormoca, CAT o MOXke cuMyIHpaTH CKyIIOBHE ONepalyje, YuMe ce mokasyje aa
MOCTOjU KOH3UCTCHTHOCT. M

Hoxa3 2 (Prf-theoretic, npexo pexykumuje):

ZF, - Con™(CAT ): IIpesox @ (75_,caty Mamupa nokase y ZFo Ha nokaze y CAT . Axo 6u CAT o 6una
HEKOH3HMCTEHTHA, TH JI0Ka3u OM ce mpeBenu Hazan y ZF o, mpousBoaehu kortpanukiyjy. [lomro ZF 4 3Ha 3a
COTICTBEHY OTpaHHYCHy KOH3HUCTEHTHOCT, MOsKe 1a 3aKksbydn Contfim(CAT ).

CAT + Con{fim}(ZF ): Cumerpuuan apryment xopucrehu D ATz} B

Hoka3 3 (CeMaHTHYKH, IPEKO HHTEPNPETAOHIHOCTH):

ZF, + Con!fi™(CAT): Pazmorpumo crangapauu mozaen ZFo. ¥ Tom mozeny, cBaka kareropuja us CAT
MOXe ce mpeacTaBuTi kao Tpojka (Ob, Mor, o) rae cy Ob u Mor ckymnosy, a o je (hyHKIHja KOMIIO3HIIH]E.
[Tomro CAT ¢ uma xoHauaH O6poj akcuoma, ZF o MOKe TUPEKTHO TPOBEPHUTH J]a OBa TPOjKa 3aJI0BOJbABA CBE
KaTeropujcke akcuome (acouujatuBHOCT, uaeHTHTET). Ao Ou CAT o Onila HEKOH3UCTEHTHA, MOCTOjana Ou
nepuBammja CAT o F O=1 Anm TtakBa aepuBanyja OM ce MpeciHuKaia y CKyMmoBHY KOHTpaaukuujy y ZF, a
10 je Hemoryhe. Hakne ZF o - Con™(CAT ) [21, 27].

CAT, + Con'f™(ZF.): V kareropuju Set ZF, ce MoXke MHTEpIPETHpAaTH M K40 TEOpHja O 0OjeKTHMA
(cxymoBuma) u moppusmuma (pynkuujama). Koprucrehu tonoc crpykrypy Set CAT ¢ Mmoxe BeprduroBaTu
na ZF, akcuome popmupajy KOXEpeHTaH CUCTEM - CBaKa akcroMa OBJie OM OJiroBapalia BalluJIHOM TBphemy
0 CKymoBuMa Kao o0jektuMa. Ako 6u ZF , Omita HEKOH3UCTEHTHA, TO OU Jlajhe peIEeKTOBANIO U CTPYKTYPHY
Hemoryhroct y Set miro je uckipyueno [19, 27].m

2. Heynopeausocr:

Hoka3 1 (Ilpexo OHTOJIOLIKE Pa3JIHKe):

ZF, He moxxe untepnperupatu nyny CAT: [lormyHa Teopuja kaTeropuja 3axTeBa MOCTOjambe KIaca CBUX
mMopduzama uzmel)y nBa oOjekra, ITO NMpeBa3miIa3u cKynoBHu okBup ZFo (Koju paau camMo ca CKyloBHMa).
CAT o He Mo:ke uHTepnpeTupaTu nyHu ZF: Axcnoma 3ameHa u akcnoma 6eckoHauHoCTH, y ZF, 3axTeBajy
CTPYKTYpE KOje HHUCY y TOTIIYHOCTH HM3pa3uBe Y je3uKy Manux Kareropuja. KOHKpeTHO, KapAMHAIHOCT U
penHu OpOjeBU HE MOTY CE aJIcKBATHO MPEICTABUTH. M

Joxka3 2 (Ilpexo I'enenoBux Teopema [12, 13):

[MpernocraBumo na ZF ¢ nornyno unrepnperupa CAT . Taga 6u ZF o mormno na ,yHyTap cede” cumynupa
MyHYy TeopHjy Kareropuja. Mehytum, oBakBa cumynamnuja 6u omoryhmia u na ZF ¢ mokake CBOjy COTICTBEHY
KOH3HUCTEHTHOCT (KpO3 KaTErOpHjCKy penpe3eHTalujy), mto je Hemoryhe mo I'eienoBoj apyroj TeopeMu.
Cumerpuuan aprymenT je 3a CAT,. m

Hoxa3 3 (Kpo3 uspazkajny Moh u 1eMHHOHIHOCT):

ZF o ne moxxe u3pa3utu myny CAT: YV ZF,, cBaku 00jekT je ckyn. MelyyTum, oHza ¥ y TEOpHjU KaTeropuja
MOCTOje KOHCTPYKIIMje KOje HaauIa3e CKymoBHH OKBHp - Ha npumep, FUn(C, D) (kateropuja dyHKTOpa KOjU
cy usmel)y naBe kareropuje) yecto Huje ckymn Beh npaa kinaca. ZF o MOke paguTi camo ca CKyIoBHMa, 1a He
MoXxe aeduHucaTu Takse ,Benuke”" kareropuje. Konkperno, ve Mmoxe ce 'y ZF o hopmynmcaT TBpIama Koja
Kaxe ,I0CTOjU KaTeropyja CBUX MaJuX Kareropuja” 0e3 n3iaxxema BaH CKYIOBHOT yHUBep3yMma [2, 20, 27].
CAT ¢ ne mosxxe uspazutu nynu ZF: Y CAT o, ocHOBHU 1OjMOBH Cy 00jekTH 1 Mopdusmu. Mehytum, ZF
caJip’ku aKCHOMY 3aMeHe Koja Jajbe oMoryhaBa KOHCTPYKIM]Y MPOM3BOJEHO BEIMKUX KapIuHala U PeIHUX
OpojeBa myTem ureparyje. OBe UTEpaTUBHE XUjepapxuje HEMajy AUPEKTaH KaTeTOPHjCKH aHAJIOT —3HA4YH Jla
KaTeropuje came mo cedu He cajpie IojaM ,BeJIMUMHE CKyNna" WM ,opAHHanHe nosunuje”. dopmyna VX
3y (y = P(x)) (axcroma ckyma noteHiuje urepupana) y ZF He Moxke ce CKpO3 a/IeKBaTHO TMPEBECTH Y je3UK
KaTeropuja 6e3 ryouTtka eceHiyjanHe uadopmaiije o kapaunansoctu [20, 21, 27].m

3.ARC ycnoBu:
Hoka3 1 (Kpo3 1BocMepHY HeCYypPHjeKTHBHOCT):
[peBonn®zp_cat} ¥ Prcar-zF): €PEKTHBHH (AITOPUTMUUKH) 33/10BOJbABAjY YCIOB HEMHBEPTHOMITHOCTH:
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* HecypujexktuBnoct ZF—CAT: Tlocroje kaTeropuje (kao KaTeropuja KaTeropuja), Koje HUCy u3oMopgHe
HH je/IHOj KaTeropuju obsmka Disc(X).

* HecypujextuBnoct CAT —ZF: Tloctoje ckynoBHe cTpyKType (Kao Tpan3uTuBHH Moaenu ZF), koje HuCy
n30MOp(HE HU jeTHO] PETIPE3CHTAIN]H KaTeTOpH]e.

Hakie, map (ZFo, CAT ) 3amoBosbaBa cBe yciose 3a GH-map u umuiementipa ARC. m

Hanomena: OBa ananoruja mokasyje kako ce GH-okBup Moxe MpuMEeHNUTH Ha (PyHIaMEHTATHO pa3IHIuTe

MaTeMaTUYKe MapajurMe, a apuTMeTHYKo-reoMerpujcku nap (3.3) wiycTpyje CUMETpHjy yHyTap KIacHYHe

matematnke, ZF-CAT map oTkpuBa CBOjy Ay0Jby OHTOJIONIKY KOMILJIEMEHTAPHOCT u3Mel)y CKymoBHE U

KaTerOpHjCKe TePCIIEKTUBE.

Hoka3 2 (Kpo3 HeMHBepTHOMIHOCT NMPEBOIA - KOHKPETHH MPUMePH):

HecypujextuBHoct ZF—CAT (konkperan npumep): [Tocmarpahemo kateropujy Cat (kareropujy cBux

manux kateropuja). Y CAT o, oBo je Banugan o0jext. Mehytum, kaia nokymramo aa npeseaemo Caty ZF,

xopuctehu npeson @car—zr), A00MjaMO HEKM CKyNl X KOjH penpe3eHtyje o0jekre u Mophusme. Anu Kajaa

NPUMEHNMO TIOBPAaTHH NpeBo] ®zr_car) Ha X, 100MjaMO KaTeropHjy AUcKpeTHuX objexaTa Disc(X) — kao

Kareropujy 6e3 HeTpuBHjaaHHX Mopdu3ama. OBo Huje n3omoppHo opuruHanHoj Cat, jep Cat mma Goraty

cTpykTYpy dyHnkTopa. [lakne, @z caty © Picar—zr} HUje unenturer [2, 20, 27].

HecypujextuBHoct CAT —ZF (konkperan npumep): [locmarpamo Tpan3utiBHU Mozaen M teopuje ZF,

(cxym 3aTBOpeH noj € penanujom). Kaga M mpesenemo y CAT o, onzia 1061jaMo KaTeropujy rae ¢y 00jeKTu

enemerTd M, a Mopdu3MH Cy WHAYKOBaHU NpunanHonrhy. A Kaga oBy KaTeropHjy Bpatumo Hazany ZF,

ryoumMo uH(popManmjy o , IyOMHN'" TpaH3UTHUBHE XHjepapXuje - CBE JaJbe MOCTaje ,paBHO" Y KaTeTOpPHjCKOM

cmucity. Pesyntyjyhu ckyn auje usomopdan opurutaigom M [2, 21]. m

Joka3 3 (Kpo3 aaropuramMcky e()eKTHBHOCT U IYOUTAK CTPYKTYpe):

[pesomu @z caty ¥ PcaT-zF} CY PEKYP3MBHH (aITOPUTAMCKH) jep OHH Manupajy KoHauHe GopmyiHe

npezacTase popmya u akcuoma. KoHKpeTHO!

EdextuBnoct: 3a cBaky dhopmyny @ y jesuky ZF, MOCTOjU alropuTaM KOju KOHCTpyWHIe oarosapajyhy

KaTteropujcky cTpyktypy. Cumerpuuto 3a CAT o dopmyne. OBo 3am0BosbaBa 1 ARC ycnoB e()eKTHUBHOCTH

[11, 21].

HeunnBepTuduianoct: Mmak, oBM nMpeBoar HUCY HHBEP3H jeIaH APYTor, a pa3iior 3a To je pyHIaMeHTanaH:

ZF, uyBa undopmaiujy o ,eaeMeHTapHoM” cactaBy (€ penanmja), 10k CAT o moTmyHo uyBa HHGOPMALH]Y

o ,Mopduszamckom” cacraBy (kommosuimja). Kaga ce ta ¢popmysa mpeBeie U3 jeJHOT OKBHpA y APYTH U

Ha3a/1, jelaH oJ1 OBHX acriekaTa ce ryom win aedgopmuine. Ha npumep, ckynosHa gopmyia X € Y nmpeBeeHa

JlaJbe y KaTeropujcky Gpopmy nocraje Mopdusam, ajau MOBPaTHU NPeBOJ He Bpaha OpUTHHAIIHU CMHCA0 OBE

MPUTIAJIHOCTH - 100HMjaMo caMo ,, TIOCTOju Be3a", 0e3 crierduyunocTr € penanuje [2, 11, 27].m

Hamomena:

VY 0BOM pajiy KOPUCTHMO JBE BPCTE 03HaKa 3a opmaniHe cucreme: T4, T, (wmu ZF o, CAT o) 3a TeopHje Kao

cuHTakTHUKe oOjekte U M 3a mojene Tux Teopuja. Moaen M je oHa cTpyKTypa Koja 3aJI0BOJbaBa aKCHOME

teopuje T. OBO pa3IMKOBamke je CTaHIapAHO Y TeopHju Mozena [29].

Takole, kopucTuMO JIBe BapujaHTE O3HAKA 3a TeopHje cKkymnoBa u kareropuja. ZF o u CAT ¢ koje o3HavaBajy

ociabsbeHe Bep3uje (6e3 akcroMe 3aMeHe, OJHOCHO ca OrpaHHuYCHhUMa Ha Majie kareropuje), 1ok ZF u CAT

03HauaBajy MyHe, HeOrpaHUUEHE Teopuje. Y oBOM MOrIaBiby (OKYC je Ha ocnabJbeHUM Bep3ujama, Koje Cy U

noroauuje 3a GH-koHeTpykuuje.

3.5 MuHuMaIHH apuTMeTHUYKO-TeoMeTpujcku map (Q*, Gy)
HaxoH aHanu3e NpeTXoAHUX KaHIUIaTa, IOCTaBba C€ MUTakhe MUHUMAIHOCTH. KOJIHUKO CJIa0H OBH CUCTEMH
Mory 0utH, a aa jom yBek popmupajy GH-nmap? OBaj ofespak yBoaM Map KOju MpeICTaBba JOBY IPAHUILY
cnoxeHocT 3a GH-penanujy.
Hepununuja 3.5.1 Cucrem A: Q).
Cucrem A = Q* = |Aq je npormpeme Pobunconose apurmernke Q [23, 27],ca Ap-unaykuujom [10].
Jesuk: Ly ={0, S, +, x, =}
Akcuome:
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Al: Sx#£0

A2: SX=Sy—X=Yy

A3: x#0— 3y (x = Sy)

Ad:x+0=x

A5: X+ Sy =S(x +Y)

A6:xx0=0

A7: X xSy =(Xxy)+X

A8: VX[(9(0) A Vy(o(y) — ¢(SY))) — VX @(X)] 3a Ao popmyie ¢
A9: -3p Prf, (p,” 0=17) [mMocT akcuoma] [7].

Prf-theoretic chara: w?

O OO0 O0OO0OO0OO0OO0Oo

Nepununuja 3.5.2 Cucrem B: Gy).

Cucrem B = Go je enemenTapHa reoMeTpHja 3aCHOBaHa Ha KJIaCHYHUM akcroMmama [laBuna Xunbepra [14] u
MoOIepHO]j akcuomaruzanuju Andpena Tapckor [28], ca akcHOMOM AUCKPETHOCTH.

Jesuk: Lg = {P, L, |, B, C} (Tauke, [IpaBe, Uuuuaennuja, Betweennes¥onrpyenuuja)

Akcuome:

B1: VPYQ(P#Q —3IL(P eLAQEL))

B2: VLAPIQ(P#QAPeELAQEL)

B3: IPAQ3IR(-Komuneapuu(P,Q,R))

B4: VAVBVYC(B(A,B,C) — Koaununeapuu(A,B,C))

B5: VAVC(A # C — 3B B(A,B,C))

B6: VAVBYC(B(A,B,C) — B(C,B,A))

B7: VAB(AB = AB)

B8: YVABVCD(AB = CD — CD = AB)

B9: VABVCDVEF(AB = CD A CD = EF — AB = EF)

B10: vABVYCD3E(B(A,B,E) A BE = CD)

B11l:vLanvP(PeL — 3k <n (Pje k-ta tauka Ha L) [akcoma AUCKPETHOCTH]

B12: -3p Prfs(p, " 0=1 7) [mocT akcuoma] [7].

M3pa:xkajna moh: Mosxxe 1a npeacTaBy parpioHaTHe KOOPAWHATE, OCHOBHE KOHCTPYKIIH]E.
Prf-theoretic chara: ®

O O0OO0OO0OO0OOOOOOOO

Kouctpykimja 3.5.3 Uurepnperanuje).

I: LB — LA:

Tauka P = (X, y)xomaupa ce kao ypehenu map (X, y) y N2

ITpaBa L mara jeqnaunaom ax + by + ¢ = Okoaupa ce Tpojkom (@, b, ¢)ca gcd(a,b,c) =1
[penukar P € L npesoqcey a:-X + by +c =0

IMpenukat B(A,B,C) npeBoau ce y 3t € Q N [0,1] (B = tA + (1-t)C).

[Mpenukar AB = CD npeBoau ce y (Xg —X4)? + (Vg —Ya)? = Xp —Xc)? + ¥p —Yc)>

O O Oo0OO0o0Oo

J: LA — LB:
Bpoj O npeBonu ce y jequanyunu cermeHt O.
bpoj N npeBom ce y cerMeHT ayxuHe N.
Omnepanuja S(N) npeBoau ce 'y IPOAYyKEe cerMeHTa 3a jeauHudnu cermeHt O.
Cabupame N + M nIpeBoan ce y KOHKaTeHAllljy cerMeHara Jy)KuHe N u m.
MHokeme N X M MPEeBOIH ce Y MPABOYTaOHUK ca CTpaHHUIAMa Ay>KUHE N 1 M.
0 JemHakoCT N = MOpeBOAM ce y KOHIpyeHIujy cermenara J(n) = J(m).
IMpoBepa kputepujyma:
Oproronanna m3paxajHoct: Q* pagu ca JUCKPETHUM, PeKYp3UBHUM CTpyKTypama, G, ca mpocTopHHM,
TEOMETPHjCKUM OJTHOCHMA.
KoHcTpykTHBHO mpekianame. 3ajeHHUKd GparMeHT (KOHAUYHM HU30BH, PALMOHAIIHE KOOPIAHMHATE) KOjH
omoryhasa mMelycoOHy punuTapHY peduekcujy.
Jlokajna kou3ucTeHTHOCT: CBaku cucteM Moxe gokasati Con'fi™ (npyror) kopucrehn moct akcrome.
I'no6anna Heynopeausoct: |Q*| = @2, |G| = ®, mITo UCKIBYUYje MOTIYHY HHTEPIPETAIIN]Y

O o0Oo0oo0oo

Teopema 3.5.11ap (Q*, Gp) je GH-map.
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Joka3 1 (CumeTpHYHA TONYIITEHOCT — KOHCTPYKTHBHH):
Q* + Con™(Gy): Cucrem Q* moxe na dopmanmsyje cunrakcy reomerpuje Go. Byayhu na cy akcuomu
Go xoHauyHU U AenuauOwiHu, QF MoKe cuMynmUpaTh mpeTpary cBuX jaokasza ayxuHe < N. 3a cBaku Takas
yImp perpary V4
noka3 m, Q* mpoBepasa na nu 3aBpmiaBa ca 0=1 Tlomro ce KOHTpaauKIMja HE TMOjaBibyje, QF 3akibyuyje
Conf™}(G,).
Go + Con™(Q*): Cucrem G, penpesenTyje apuTMeTHUKE ONEpaIije FeOMETPHjCKH, Kao IITO je cabuparse
Kao KOHKaTeHallija 1 MHOXKEHEe Kao npaBoyraoHuk. Cumyiupajyhu cBe nokasze * nyxune <N, G, nabe
y paBoy ylmpajy y y » Go
NpoBepaBa Jia HUjelaH He BOJY JJO KOHTpaIUKIHje. M
Joka3 2 (CuMeTpHYHA JONYIITEHOCT — CEMAHTHYKH):
Q* I Con™(G,): ¥ Q* ce xoncTpymime konadan Mozien 3a Go — Mperka Tadaka (X, Y) ca KOOpAHHATAMA [0
N. TIposepaBa ce 1a y ToM MojieiTy Bake cBe akcuoMe Gg. Tlomro Gy mMa Mojien, MoJIes je KOH3UCTEHTAH.
Go F Con'f™(Q%): ¥ G, ce koncTpynmre Mozern 3a Q* mpeko cerMeHTHe apuTMeTHKe (IIPUPOIHI GPOjeBH
kao cermenTH). [IpoBepasa ce na akcuome Q* Baxke, ynMe ce J0Ka3yje KOH3UCTEHTHOCT. W
Joka3 3 (CumerpuuHna nonymrenoct — pri-theoretic):
Heka cy @q+_6,) 1 P(g,-q+} MPUMUTUBHO PEKYP3MBHA IIPECINKABAbA KOOBA JIOKA3a, OHUX KOja dyBajy
noxasuBocT. IIpetnocraBumo na Go Huje punuTapHo Konsuctentas, 1j. 3d Prfyg y(d, " 0=17).
Tana, mo cBojcTBY mpecnnkaBama P _,o+}, BKU J1a je dJ{GO_)Q+}(d) KoJ J0Ka3a y Q* TakBor ja:
Prf{Q+}(<l>{Go_>Q+}(d), r0=1 -I).
Haxne: 3d Prf{Q+}(d', ™ 0=1"), wTo je y CynpoTHOCTH ca GPHHUTAPHOM KOH3UCTEeHTHOIIhyY crcTtema Q.
Ipema Tome: Q* F Con'fim}(Gy).
Cumerpuuno: G - Conf™(Q*). m
Joka3 4 (HeynopeaAnBOCT — OpAHHAIHN):
|Q*| = ®?, |Gy| = . [Toruro je ®? > ®, He ocToju MoTnyHa uHTepnperaimja Q* y G Hutu 00pHYTO, jep Ou
OHa 3axTeBaJla Jia jelaH CUCTEM JJOKa)Ke KOH3UCTEHTHOCT JAPYToT, ITO OM OHAA UMILUIUIMPAJIO U pelalujy y
OpIUHAINMA CYIPOTHY O] CTBapHE. M
Joka3 5 (HeynopeaAnBoCT — KOHTpanpuMepH):
Ako Q% He MOXe JTIOKa3aTH TEOMETPH]CKY TEOPEMY O MOCTOjamby KPYKHUIIE OMMCAHE OKO TPH HEKOJIHHEAPHE
Tauke (jep 3axTeBa KBaJpaTHHU KOPEH, KOju HHje Ag-Aedunucan), onaa Gy He MOXe 10Ka3aTH apUTMETHUKY
TeopeMy O jeMUHCTBEeHO] (akTopusanuju [23] (jep 3axTeBa HEOrpaHUUCHY HHIYKIH]Y). W
Noka3 6 (HeynmopeanBOCT — OHTOJIONIKA PA3JIMKA):
Q" paau ca OUCKpETHUM, peKyp3uBHO aebuHucaHuM, a Gy ca MPOCTOPHUM, KOHCTPYKTUBHUM O0jeKTHUMA.
Axkcrnoma muckperHoctn B1l ocurypaBa KOHaYHOCT CBHX T€OMETPH)jCKMX KOHCTPYKIH]a, IITO HEMa CBOjy
ananorujy y Q*. C npyre ctpane, Ao-unaykimja y Q* omoryhasa nedununmje koje HeMajy T€OMETPHjCKU
aHaJIor Koju OM ce MOrao cMaTpaT MPUPOIHUM. M
Joka3 7 (ARC yc10Bu — epeKTHBHOCT):
[pesonn @o+_,6,} ¥ Prg,-q+} CY NPUMUTHBHO PEKYP3UBHHU M AITOPUTMHYKH U3BOJIJBHBH.
3a cBaky popmyiny @ y QF, men npeBoa y Go Moke ce eheKTHBHO KOHCTPYHCATH, U OOPHYTO. W
Hoka3 8 (ARC yc/10BH — HeMHBEPTHOMJIHOCT):
IMocmarpamo dyukimjy f(n) = 20 y Q*. tben nmpeBoa y Gy je reomeTprjcka KOHCTPYKIIHja KOja MpeacTaBiba
eKcroHeHMjanHu pact. [loBpatau mipeBos Te KoHcTpyKimje y QF maje dyHkumjy Koja nma mcTe BpeHOCTH,
amu ryou nadopmanujy o pekypsusHoj nedunnnmju. Jlaxne, @ o+ © Pio+-g,y #1d. ®

Joka3 9 (ARC yci10BH —ry0UTaK CTPYKTYpE):
I'eomeTpujcka KOHCTPYKIIMja ,TIOJIeNa CerMeHTa Ha N jenHakux nenoBa’ y Gy mpeBoan ce y apuTMETHYKY
onepamujy nesbemba y Q. TloBparau npeBon te omnepanuje y Go maje caMo HyMEpHYKY BPEIHOCT, alu HE H

OpPHUTHHAIHY T€OMETPHjCKY KOHCTPYKIH]Y. M
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Hanomena: OBaj map npencTaBiba I0BY TPaHUIYY cliokeHoCcTH 3a GH-pesianujy v oH je 1 Hajo30WbHUjU
KAaHIMJAT 32 eKCIUTMIMTHY KOHCTPYKIH]jy. JleTasbHa paspana, ca cBUM jokazuma, ouhe mata y tpehem paxy
Tpujazne, rae he ce oBU pe3ynTaTu KOPUCTHTH Kao TMOJIa3Ha OCHOBA.

3.6 KoHCTPpYKTHBHO NpekJianame u pedieKCHBHe TPaHuUIe
GH-map [7] He 3axTeBa caBpIICHO MOKJAIAme; y CTBApH, Ty CaBPIICHO MOKIAName Kolabupa CUMETPH]y.
OHO 1ITO je BaXKHO j€ TOCTOjaleé KOHCTPYKTHBHOT MpeKJIanamba — MUHUMAIHOT 3ajeTHHYKOT (hparMeHTa
y Kome o0a cucteMa MOTy M3pa3uTH U BepHU(PHKOBATH OCHOBHHU I10jaM ()MHHUTAapHE KOH3UCTEHTHOCTH. Heka
O(T4,T;) o3HauaBa MpeceK apuTMETUYKOT U FEOMETPHUjCKOT BOKAaOyapa MpOIIUPEHOT TaTHM METaje3uKOM
3a peMKaTe JI0Kas3a.
3a TpEeHYTHH CIIy4aj:
O(PA(cna6ay;, GEOgmuckperna)) = {KOHAYHN HU30BH, eKBUBAJIEHIINja, KOHCTPYKTHBHA PeKyp3uja}.
VYHyTap OBOT NpeKianama, CBAKH CUCTEM MOXKe (OpPMaIH30BaTH MpPEIUKAT JOKa3a JAPYror CHCTEMa CBE JI0
KoHauHe ay6uHe. OBO ocurypaBa ga cy peduexcusue TBpame Con™(T,) u Con™(T,) cunraxTiuxu
CMHUCIIeHE y 00e TeopHje, Hako HHCY MHTEepHO M3BojsbMBe. [locTojame OBOT Mpekianama YHHU ONePaTUBHY
ocHoBy GH-penauuje [7].
[Tojam pedpiekcHBHe rpaHHIle OH/A HACTAje IPHPOIHO:
B(T1,T2) = {makcumanuu ¢pparment oa} O(T1,T;) {koju ouyBa y3ajamuy nepmnHucanocr}.
W3BaH oBe rpaHuIle, pe30HOBAHE jETHOT CHCTEMa MPEBa3UIIa3y U3paxkajHu KananuTet apyror. PediaexcuBHa
TpaHMIA JaKJe O3Ha4aBa TauHy IPAaHUIy KOHCTPYKTUBHE CUMETPHj€ — TO j€ MOBPII Ha KOjOj T0Ka3 MOCTaje
MEPCIEKTHBA.
dopmaTHa KapaKTepu3anuja mpeKIanama;
IMpexnanamwe O(PAcnasay, GEOgmexperna)) MOKe ce PEeu3HO Ae(UHNUCATH KA0 CKYIl CBHX PEUCHHUIIA KOje
Cy HCTOBPEMEHO J0Ka3uBe y o0e Teopuje KaJa ce OrpaHnye Ha 3ajeHUUYKH je3uk. DopmaiHo:

O(-E,Tz) :{(P (S Sent(L1 N L2) . T1 - (0= Tz + (P}
OBaj cKyIl je 3aTBOPCH Ha JIOTMYKE ONEpalyje U CaApKU OCHOBHE KOMOMHATOpHE MpHHIUIE (Kao IITO Cy
KOMYTaTHBHOCT cabuparba U aCOIUjaTUBHOCT KOMITO3HUIIM]j€ TEOMETPHjCKUX TPaHChOpMaIinja).
Texnuuku Aerasb: 3a KoHKpeTHH nap, O MoXe Aa cagpKu PEUSHHUIIE MOMYT:
»3a cBaka Tpu objekra @, b, c,ako a ~ bu b ~ Cc,onma a ~ €' (TpaH3UTUBHOCT CKBUBAJICHIIH]E)
,CBaka KOHa4yHa orepalyja Moxe OUTH IpeICTaBJbeHa KOHAYHUM HU30M"
Pedaexcusna rpanuna kao ¢gopMaiHu nojam:
I'panuna B(T4,T2) ce Moxke neduHrcaTH Mpeko MoJeTHe TeOpHUje: TO je MaKCUMalHu (hparMeHT je3uka 3a
KOjH BaXH:

Vo € Sent(B) [(T1 k) & (T2 E9)]

IZle ce E OJIHOCH Ha CEMAaHTHUYKY Ta4yHOCT y CBUM MojeinMa oaroBapajyhe kmace. [lpemasak oBe rpanuie
3HAYH JIa TEOpHje MOYHIbY Ja C€ PA3JHKYjy Y OCHOBHHM OHTOJIONIKUM NpeTnocraBkama (Kao mocrojame
OeckoHauHHX O0jeKkara, mpupoa KOHTUHYMA).

3.7 CTPYKTYypHA KOMILUIEMEHTAPHOCT KAa0 NPUHLMII
Wneja cTpyKTypHE KOMIUIEMEHTAPHOCTH MMa KOPEHE Y PaHUjUM JIOTUYKUM HCTpaXUBambuMa. XHWI0epT je y
cBoM mporpamy [15] mpemo3nao motpedy Aa ce apUTMETHKa W T€OMETPHja TPETHPAjy OJBOjEHO M TO Kao
uHTepakTUBHU noMmenu. enen je, y kacHujuM pagouma [13], ykazao aa pas3nuuutd GopMaiHH CHCTEMHU
MOTY J1a 33JI0BOJbE PA3IIMUUTE, AT KOMIDIEMEHTapHE, eMUCTEMIYKE (PYHKIIH]E.
CaBpeMeHH paJioBU HA MHTEPNPETAOMIHOCTH U JOKA3HO-TeOpHjcKoj cHa3u (Bumau [2, 9, 29])nokasyjy na
ce TIOTIyHa peayKIfja 9eCTo He MOXe OCTBApUTH M3Mel)y cuctema paznuuurte oHTosomke npupoxae. PSK -
I[puHUMD CTPYKTYpPHE KOMILUIEMEHTAPHOCTH - (hopMan3yje HEMOTYRHOCT peyKIrje 1 TO Kao ycJa0Ba 3a
KOXEepPEeHTHOCT, 2 HE Ka0 MambKaBOCT.
ApurMmetnuko-TeoMeTpujcku GH-nmap erzemMmimdukyje cTpyKTYpPHY KOMIIEMEHTAPHOCT. T€ JIBE JIOTHKE
KOje, MaKo HETOTIYHE Y M30JallHjH, 3ajeJTHO OCTBapyjy cTabmiHy KoxepeHTHOCT. OBaj mpuHIMM je Moryhe
Y TeHepaIM30BaTH:
Ipunmun crpykrypHe kommiementapuoctu (PSK).
[Map ¢popmamumnx cuctema (T4, T2) mokasyje CTpyKTypHY KOMIDIEMEHTAPHOCT aKO M CAMO aKO:

* T1 u T, cy KOH3UCTEHTHE U PEeKyp3UBHO NpeOpojuBe;
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* T, u T, cy 10Ka3HO-TEOPHUjCKH HEYIIOPEINBE;

*110cTOj1 KOHCTpYKTHBHO mpekianame O(T 1, T2) Koje nogynupe cumeTpudHy GUHUTAPHY peICKCH]yY.
PSK ce mMoxe mocmaTtpaTé Kao KOHCTPYKTHUBHHU MaHIaH [ eleoBoj Apyroj TeopeMu HenmoTmyHoctd [12],
rne je ['enen yrBpano memoryhaoct camo-pednexcuje, PSK unenrudukyje morpedHe u 10BOJBHE yCIOBE 32
y3ajamMHy peduiekcujy. Teopema orpannyaBa ayTOHOMU]Y; IPUHIUI Bpaha penanuony KOXepeHTHOCT.
IIpumep npumene PSK-a:
[MpuHIHI ce MOXKe TPUMEHUTH H Ha JPYyTe MTAapOBE OCUM apUTMETHIKO-TE€OMETPH]CKOT '
(MuTyunuoHucTHYKA Joruka, Kinacuuna jiormka): MHTYyHIIMOHM3aM HUKAKO HE MOXE J[a U3pa3u 3aKOH
UCKJbYYCHE CPEIHMHE Yy ITyHOM OMNINTEM OOJHKY, HM KJIaCHYHA JIOTMKA HE MOXKE J1a YXBAaTH KOHCTPYKTHBHU
caapiKaj MHTYMIIMOHHCTHYKHUX Joka3a. MehyTuMm, mocroju nmpekianame (MUHHMAHA JIOTHKA) y KOME 00e
MOTY 12 Bepu(UKYjy OCHOBHY KOXEPEHTHOCT JIpyTe.
(/ImneapHa Joruka, PesieBanTHa soruka): O0e JIOrHKe OrpaHUYaBajy CTPYKTypHA MPaBHJIA, Al CACBUM
Ha pa3IM4YUTe HAuYWHE, a BUXOBO IPEKJIaname CaapKu JOTHKY 0e3 KOHTpakuuje Koja omoryhasa y3ajamHy
pedrexcujy.
Wznern nmpumepu nokasyjy aa je PSK renepajian npuHIMI KOju c€ MOKE MPUMEHHUTH Ha IMIMPOK CHEKTap
(bopManHuX cucrema.

3.8 KonayaH u300p KaHJAUJAaTa 32 KOHCTPYKIIHjY

VY mpeTxoaHUM CeKIfjaMa MPeCTaBIIN CMO YeTupy Kanauaara 3a GH-nmap y3era u3 npetxoaHor pana [7]:

o (PAcnaba,, GEOgiuckperHa,) —je apUTMETHYKO-TEOMETPH)CKH Map 3aCHOBaH Ha ociiabsbeHoj [IeanoBoj
APUTMETHUIH U JUCKPETHO] TEOMETPH]H.

» (PRA, nuckperHa reomerpuja Tapckor) —je nap Koju KOPHCTH IPUMHTHBHO PEKYP3UBHY apUTMETUKY U
reometpujy Tapckor.

*» (ZFo, CAT,) —je CKyITHO-KaTeropHjCKH Mmap ca orpaHHYe-UMa Ha TEOPH]y CKYIIOBa U KaTeropuja.

* (Q*, Gp) — je MUHUMAJIHH APUTMETHYKO-TCOMETPHjCKH Tap, 3aCHOBaH Ha POOHHCOHOBO] apUTMETHIIN Ca
Ao-uHaykiujom [23, 27]u ereMeHTapHOj TEOMETPHjU ca AUCKpeTHOMThY.

CBaku 0J1 OBUX ITapoBa 33JJ0BOJbaBa KpuTepujyme u3 3.1u npeacraBipa poOycHOr KanauaaTa 3a GH-map.

Wnak, oHM ce pa3nuKyjy 1O CI0KEHOCTH, pa3pal)eHOCTH U ONM3HHN EKCIUTUIUTHO] KOHCTPYKITH]H.

Tabena 3.8: [lopeheme kananaara

Kangunart CHara cucrema Pazpalhenoct MuHnMaJIHOCT
(PA(cnaba), GEOymckperna)) cpeama cpeama HE
(PRA, GEO Tapckor) cpenma BHCOKA HE
(ZFo, CATo) BHCOKA BHCOKA HE
(Q*, Go) HHCKaA BHCOKa aa

Kputepujymn 3a usoop:
MunumannocTt — Kanauaar tpeba 1a Oyje mTo Ok J0HO0j TPAHUIU CIOXKEHOCTH, Ja OM KOHCTPYKIIHja
OWya mTO ONIITHja U IPUMEHUBH]a.
Paspahenoct — Kanauaar Mmopa uMaTi JOBOJBHO J€TajbHO pazpaljeHe MHTEpHpeTaluje 1 JA0Ka3e, 1a MOXe
MOCITY)KHTH Ka0 OCHOBA 32 KOHCTPYKIIH]Y .
PenpesentaTuBHocT —Kanaunar tpeba na mwiycrpyje cymtuny GH-penanuje [7]:

O OpPTOrOHAJIHOCT

O KOHCTPYKTHBHO MpeKJaname

O HeymopeauBOCT
IIpenocuBoct — KoHcTpykimja Tpeda 1a Oyae TakBa jia ce JIAKO MOXKE IPHIATOAUTH APYTHUM ITapoOBHMa HIIH
NPOLIMPHUTH HA MPEXE CHCTEMA.
AHanusa:
(PAcaaba,, GEOguckpeTHa,) je 100ap HIyCTpaTUBaH MPUMEp, CPEliba CHara U pa3paheHOCT aiu HUje U
JOBOJbHE MHHUMAJIOCTH 32 EKCIUTUIUTHY KOHCTPYKIIH]Y.
(PRA, GEO Tapckor) je nerasbHo paspahen (y Cexuuju 3.3), a1 je ¥ OH peIaTHBHO CJIOKEH U OTHaja 10
KPUTEPHjyMy MHHUMAJIHOCTH, Ka0 ¥ MIPETXO/IHH TIap.
(ZFo, CAT ) je Takohe meraspHo paspahen (Cekimja 3.4), anu 3axTeBa peaaTUBHO jake cucteme. OBaj map
Ou HaM JIOHEO HajBHIIE KOMIUTUKAIH]a, @ TTI0 KPUTEPH]yMY MHHUMAIHOCTH j€ jJaCHO Ja MOpa OTIACTH.
(Q*, Gp) je HajOMMKK OFH0j TPAHHUIIN CIIOKEHOCTH, 3a10BOJbaBa CBE KPUTEPHjyMe, U JOBOJBHO je paspaljeH
71a TIOCITY)KH Ka0 OCHOBA 33 eKCIUTMIIUTHY KOHCTPYKLH]Y.
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3ak/byydak:

Ha ocHoBy cBuX HaBeneHuX kputepujyma, map (Q*, Gp) nzadpaH je Kao HAjIOrOAHUjH 32 eKCIJIMIIUTHY
koHcTpyKuHUjy GH-napa. tberoBa MEHUMAITHOCT, 3ajeTHO ca JOBOJbHOM pa3paljeHomrhy mHTEpIIpeTanuja u
JI0Ka3a, YMHU Ta HeaTHIM KaHIUIAaTOM 3a ajby paspamy. Tpehu pan tpujame mokymahe gaTé KOMIUIETHY,
eKCIUTMIIUTHY KOHCTPYKIIMja OBOT T1apa, 3ajeTHO ca CBUM MOTPEOHHUM JI0Ka3uMa 1 BepuuKaiyjama.

3.91Ipena3He HanmoMeHe

YBohemeM KOHKpETHHX MpuMepa mokaszanu cmo na GH-penanmja Huje camo joruuku Moryha, Beh jecte u

MHCTAHIMPAHA Y 3HAYAjHHM MATeMAaTHYKHUM JoMeHHMa. OBO Mpe/CTaB/ba KOPAK HANpeX Y OJHOCY Ha

MPETXO0/IHA HCTPAXKHMBaKka Koja Cy ce (pokycHpana Ha arncTpakTHy MOTYNHOCT WIIM caMmo jeJlaH IpuMep.

Hasenenu npumMepu nokasyjy na GH-pemanuja [7] Huje camo anictpakTHa pajo3HaIOCT, Beh je U OCTBapuB

¢dopmaman oOpasan. buiio To y apuTMETHIN U TEOMETPHjU WIIN Y TEOPHjH CKYIOBa U TEOPHUjU KaTETOPH]a,

pedIiekCuBHAa CHMETpHja HacTaje Kao ycjaoB Moryhe KOXepeHTHOCTH m3Mel)y He3aBUCHHX cucTema. Ann y

CBaKOM CIIy4ajy, Ta penalmja je yreMesbeHa Y KOHCTPYKTUBHOM TpeKIIanamy, alii je (popManHo orpaHnveHa

J0Ka3HO-TEOPHjCKOM HEeymopeauBomhy.

[Mornassee 4 he cama apTUKyIUCAaTH MPUHIIMI KOjU yIIpaBJba OBUM KOH(HUTypalijama Ha OMIITEM HUBOY —

Axcuomy pediexcuBHe KoHCTPYKTHBHOCTH (ARC) — Koja TpaHchOpMHUILIE OBE IPUMEPE Y YjCAUBCHY

KOHCTPYKTHUBHY IIEMY.

Pe3ume cexnmje 3:

Kao mto cMo Buzienu, 00a npeuioyKeHa rnapa 3a/10B0JbaBajy cBa 4YeTHpH AaTta Kpurepujyma u3 3.1:

(1) mmajy opTOroHaIHY H3PaXKajHOCT,

(2) mocenyjy KOHCTPYKTHBHO TpeKJamame,

(3) umajy oKaNHY KOH3HUCTEHTHOCT U

(4) moxkasyjy rmobanny Heynopeausoct. OBO MOTBPhyje 1a Cy OHM HE caMO KOHIIENITYalHH IpUuMepH, Beh u
pobycuu kauauaatu 3a GH-nmapose [7].

4. AKCUOMA PE®JIEKCUBHE KOHCTPYKTUBHOCTH (ARC)

[Tpumepu y MpeTXoIHOM TOTJIaBby CYrepHIIly Ja ce€ CHMETPHYHA IpaBaaHoCcT uiMel)y ¢popmannux cucrema
MOe KOXEPEHTHO OJp)KaBaTH KpO3 KOHAYHO MpeKianame uipaxajue Mmohu. Jla OMCMO yXBaTHIIM IPHHIHIT
y omireM o0JIUKY, cana yBoauMo AkcuoMy pediekcuBHe KOHCTPYKTHBHOCTH (ARC) — KOHCTPYKTUBHY
cpx Ienen—Xuadeprosor okBupa. ARC oBne 3amemyje MojaHu cTaB AKcHoMe Joruyke moryhxocru
(ALP) [7] ca onepaTUBHHUM OTrpaHHUYCHEM HA (OPMHpAE JT0Ka3a.

4.1 0a MoryhHOCTHM Ka KOHCTPYKIUjU
ITox ALP [7, 8], moctojame GH-mapa je ocurypaHo MOAajIHO: aKO HHjEJHA METa-Teopema He 3abpambyje
penammjy, OH/A je Ta peianuja MaTeMaTuike ocTBapuBa. Mako ¢punocodcku mako ondpamusa, ALP we maje
METOMY 3a yrpaJmky TaKBHX OJHOCA Y CHHTaKcy popmansor nokaza. ARC ce 6aBu TUM Mpa3HUHOM H TBPIU
7ia 3a JIBa KOH3UCTEHTHA, PEKYP3UBHO MpedpojuBa cuctema 14 U T 3, MOCTOjU KOHCTPYKTUBHO pedICKCUBHO
npecirKaBamke u3Mely BUXOBHX MpeIuKaTa JJoKasa, a ImoJ| yCIOBOM J1a 00a cHCTeMa JI03BOJbaBajy KOHAYHE
pernpe3eHTanyje memMe KOH3UCTEHTHOCTH OHE JIpyTe.
dopmainHo, NOCTyIUpaMo:
Axcuoma peduiekcuBHe kKoHcTpykTHBHOCTH (ARC).
3a cBe peKkyp3uBHO npedpojuse, koH3ucreHTHe cucreme T4, T, € FOL, ako nocToju KOHA4YHO NMpeKianame
O(T4,T2) 3aTBOpPEHO MO MPUMHUTHBHOM PEKYP3HjOM, OHIA MOCTOj¢ e(PEKTUBHA PECIUKABAbA

@, : Prf4(x) o Prfy((X)) u @24 : Prfy(y) o Prfs(o(y)),
TaKBa J]a BXU

T; F Con™(T,)(®@4;) n T, + Conlf™(T,)(@2y),

Y HUjeJTHO TPECINKaBabe HHje I0Ka3MBO MHBEPTUOMIIHO YHYTap CBOT OPUIMHAIHOT CHCTEMA.
(Vmotpeba T ce oBzie pasiukyje of mwerose ynorpede y 3.3.)

Nepununuja 4.1.1 KoHCTPYKTHBHO pedlieKCHBHO MPECIUKABAbE).
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[IpecnukaBama @1, 1 P,q U3 akcuome ARC mopajy OWTH MPUMHUTHBHO peKyp3uBHe (QyHKIHje Koje
Manupajy Koaose gaokasa. [Ipenusnuje, ako je d ko g0kaza Gopmyie @ y Teopuju T4, oHaa je ®4,(d) xox
noka3za (opmyre 1(@) y Teopuju T, rae je T npeBoa GpopmMyiia Koju 3a10BoJbaBa cieneha cBojcTra:

1. t(L) = 1 (koHTpaauKIHja ce NPEBOAN Y KOHTPAUKIIH]Y).

2. Axo T4 F @, onma T, F 1(¢) (mpeBo uyBa 10Ka3UBOCT).
ITpeBos T Huje qoKka3uBo ToTadan y T4: T4 K ¥x3Ay (Prfi(X) — Prfy(r(x), y)).
Osga nocnema 0coOKHa je KIbyyHa 32 HEMHBEPTHOMIHOCT — CHCTEM | 1 HE MOXKE CaM Ja JIOKaXke /1a HeroB
npeBo y T, yCIeBa 3a CBE HETroBe JI0Ka3e, MITO CIpedaBa KoJamc y caMopedepeHiry.
HNntyutusao, ARC namehe na pedriekcrBHa TOMYIITEHOCT MOpa OUTH KOHCTPYKTHBHO OCTBApHMBa — TO
jecr, npeBoheme uzmely npeaukara qokasa T4 u Ty Mopa OuTH aTO e(HEKTUBHUM MOCTYIIKOM KOJH CE MOXE
pernpeseHTOBaTH y puHUTApHOM (parMeHTy cBakor cucrtema. OBO UCKJbYyUyje HEKOHCTPYKTHBHE MO3UBE Ha
KOH3HMCTEHTHOCT, HCTOBpeMeHO ouyBaBajyhu ['enenose rpanuie [12, 13].

4.2 ®opMaJiHA CBOjCTBA M IPAaHUILIE
ARC Hacnelyje cBojy jg0ruuky ctpykrypy o1 Xunbepr—bepnajc—Jle6oBux (HBL) ycnoBa nokazuBocTu anu
ux npumemyje ounatepanno [19]. Tamo roe HBL ocurypaBa uCHpaBHOCT jeZIHOT MPEANKATA TOKa3UBOCTH,
ARC 3axreBa /a ycI0BH W3BOJJBHBOCTH Oy1y 3ajeAHHYKH 33/10BOJHEHHU OJ] CTpaHe JIBa MpecinkaBama Py,
u Dy

1. TiHPriyC o >y ™) — (Prfy(" @ 7) — Prfy(" w 7); cumerpuuno 3a Ty;

2. T1FPriy(" @ ) — Priy(" Priy(" @ ™) ), ocurypaajyhu ykpiteny pediekcujy 10Ka3HuBOCTH;

3. HHUjeaH CHCTEM HE MOYKE U3BECTH COTCTBEeHY peduiekcuHy 3aTtBopeHoctT (Prfi(" ¢ 7) — ¢ 3a cBe @),

ouyBaBajyhu HEMOTIYHOCT.

3ajeHO, YCIIOBH YCIIOCTaB/bajy OTPAHHYEHY PEHMIPOYHOCT: pedIieKCHja MOXKe MPOJIA3UTH KPO3 CUCTEME,
anu joj je 3adpameHo Ja ce BpaTth kKao camoBepudukanuja. @opmanno, ARC nedunuiie oBy pedaekcuBHy
neTipy 0e3 (MKCHE Tauke - KOHCTPYKTHBHY aHanorujy ['egenose qujaroHanuzanyje, M30eruyTe CUMETPH)OM.
Jlema 4.2 (Tocaennoct ARC ca I'enesioBuM Teopemama).
Axcroma ARC je nornuku pocienna I'exenosoj apyroj reopemu [12, 13]. Konkperno, ARC He omoryhasa
ma cuctem T, nokaxe comcrseny komsucrentHoct Contfi™(T,). Vmecto tora, omoryhasa ma Ty mokaxe
Conf™(T,) , a T, na nokaxe Conf™(T,), mrro 3ajenso Gopmupa cTabuman cHCTEM y3ajaMHOT OCHTYpaba
0e3 Kpuewa [ 'efienoBux orpaHuyeHka.
Joxka3 1 (KoHTpaguKuuja caMO-KOH3UCTEHTHOCTH):
IpernocraBuMo cynpotHo, 1a ARC omoryhasa T, + Conf™(T,). U3 ARC umamo T + Con'fi™(T,) u
T, - Con™(T,). Onma mocmarpajmo xomGuHOBanK cructeM T = T4 U T, KOjH je KOH3HCTEHTAaH IpeMa
npernoctaBiy. [lo Jepunnmmju 4.1.1, mocToje NPUMUTHBHO peKyp3WBHA MpeciukaBama P, u ®,4 Koja
4yBajy OKa3UBOCT:
ako je d noka3 y T4, onna je ®45(d) mokasz y T, u 06pHyTO.
Capa, us npernocraske T4 - Con™(T,). cnenn na'y T, Baxu: =3d Prf4(d, ™ 0=1"7).
TpumeroM nipeBoa T (nuaykoBasor ®45), y T, mo6ujamo: ~3d Prf,(d, ™ 0=17), ogrocro Confim}(T ).
Jlakre: T, F Conf™(T,) | mrro je y cymporrocTH ca IenenoBom apyrom Teopemom (y GUHHTAPHO] Bep3nju
peneBanTHOj 3a Ty) [12, 13].
KOHTpaMKI|ja MOKa3yje 1a [odYeTHa MpeTocTaBka Hije Moryha, ma Baxar: T, # Conf™(T). m
Hoka3 2 (Kpo3 peJiaTUBHY KOH3HCTEHTHOCT):
[MpernocraBumo na ARC noBoau 1o KoHTpaaukimje ca ['enenoBom teopemom [12, 13].
Tana 6u mocrojao GH-map (T4, T,) Takas 1a u3 T4 F Con™(T,) u T, - Con™™(T,) name cremu T4 +
Con{fmy(T ).
AHanM3npajMo OBy UMILTUKAIIH]Y:

1. Con™(T,)y T, je punnrapHa TBpImHa

2. Con'™(T,)y T, je bunurapa tBpama

3. Hujenna we umrmutammpa myry Confi™ (T;)
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KpyroBamem nobujamo camo Con{f™(T,) y T4, mro HHje 3a0pameHo (huHUTapHA KOH3UCTEHTHOCT, KOja
He kpiu ['enenoBy Teopemy [12, 13]). [lakie, HemMa KOHTpaAUKIHUje. W
Hoxka3 3 (Kpo3 Mojies1 KOHCTPYKIH]Y):
KoHCTpyHIINMO KOHKPETaH MOJIEII:
1. Hexaje T4 = IX; (apurmeTnka ca X, uHAYKIHjOM [2])
2. Hexkaje T, = T4 + Con'fi™(1x,)
3. Jedunrmmmmvo npeciukasame @ tako 1a T, F Conf™(T,) u T, + Con'fi™}(T))
4. Tlposepumo na ['enenoBa Teopema BaxKu:
0 T4 ne noxasyje Conf™(T,) — no6po
0 T e nokasyje Conf™(T,) - noGpo
Hakie, ARC Baxu y mozeny, a ['enenoa teopema [12, 13]uuje moBpehena. m

4.3 ®dunocodceke UMILTUKALA]jE

ARC orenoTBopyje momMak ca OHTOJIOIIKOT peaji3Ma Ha pPelallioHN KOHCTpYKTHBH3aM. Ex3akTHO TBpauW aa
MaTeMaTH4YKa MPaBIaHOCT HE 3aBUCH O]l jeIMHCTBEHE Kpaji-e OCHOBE, Beh 0] cTabMiTHOCTH pedIeKCHBHUX
npecirkaBama Mehy ¢popmaranm nepenekruBama. Kao mo je I'enen tpancdopmucao XundeproBy norpary
3a curypHomhy y npeno3HaBame HenotnyHocTd, ARC TpaHchopmuIe HETTOTITYHOCT Y CACBUM HOB OKBHP.
OxBHp 32 KOXEPEHTHY PEIUITPOYHOCT.

OBa cumeTpuja ce nokjana ca MUpuM Gui1ocopCKUM TpeH0BUMA. Y eNUCTEMOJIOTHjH, OHA je MapajeiHa ca
KOXEPEHTHHM MojenuMa npasaaHocty [5, 8]; y dusuuu je ogjex bopoBor npuHInna KOMIUIEMEHTaPHOCTH
[4], roe MeljycoOHO UCKIbYUHBH OIKCH 3ajeTHO Jajy MyHH OIMKUC MojaBa. MaTeMaTHuKH 10ka3, ucrnox ARC,
(hyHKITMOHUIIIE aHAJIOTHO: HUjeIHA TI0jeIMHaYHa TeOpHja He MpY»Ka MOTIYHH OMHC, alld AUjalor Mehy mrMa
HOCTHKE exgunubpujym (penalyoHa, a He arncoyTHa UCTHA).

Ca koHcTpykTuBHOr craHoBuita, ARC takole peunrepnpeTupa u nojaMm A0Ka3Hor odjexra. Jlokasu HUCY
M30JI0BaHU cepTU(UKATH YHYTap jelHEe CHMHTaKce, Beh jecy eleMeHTH JABOCMEpPHE Mpeke Beph]HKaIja.
»ACTHHHUTOCT" TeopeMe MocTaje WHBAPHjaHTHOCT HEHE JOKA3WBOCTH MO/ pedIeKCHBHUM NpeBohemeM —
CBOJCTBO PEJIALIMOHUX OJIHOCA, a HE HCKa3a.

Hnycrpanuja Ha npuMepuMa U3 norjassba 3.

JHunamuka xojy ARC onmcyje mupekTHo ce oriena y npemioxennm GH-naposuma:

Y napy (PAcna6ay, GEOgmckpernay), npecnukaBame P pra-,cEo} TPEBOAN APUTMETHYKH JI0KA3 Y HOBU HU3
I€OMETPHjCKHX KOHCTPYKIH]a, a P (gEo—prA} OHIA IPEBOJM TCOMETPH]CKH JI0Ka3 y NMPOBEPY apPUTMETUYKMX
nuBapujantu. ARC 3axteBa 1a oBa mpecimkaBama Oyay epeKTHBHA M TO TaKO Ja CBaka CTpaHa MOXeE Ja
dopmManusyje BUXOBY KOPEKTHOCT y OJHOCY Ha (PMHMTAPHY KOH3UCTEHTHOCT apyre. Y mapy (ZF, CAT),
®(7p_.caT} KOAMPA CKYINOBHE KOHCTPYKLHMJE Kao JWjarpame y KaTeropuju, J0K ®cpr-zp) MHTEPIPETHPA
KaTeropHjCcKe akCHOMe Kao TBpAmE 0 Kiracama mopduzama, a ARC ocurypasa na ,npeBohema” He mocTaHy
MyHEe MHTEPIIPETaIHje Koje OM YHUIITHIEC CUMETPH]Y.

4.4 Oanoc npema nocrojehum okBupnma

ARC ce cmemta m3mely aBe yremessene TeHneHnuje. Ty ¢ jeqHe crpane nexu PedepmaHoBa cTeneHacTa

pedaexcuBHa xujepapxuja [9, 10], koja ce, u To Beoma poOyCHO, y3IMKe KPO3 CBE jaue Merateopuje: T,

T+ Conf™(T), T + Con™™}(T + Con!fi™}(T)), ... OBaj Beprukamnn npuctym obe36elyje cBe BHme HEBOE

CHT'YPHOCTH, aJ 110 LieHy OeckoHayHor perpeca. ARC, 3a pa3nuky oJ] Tora, UMIUIEMEHTHUPA XOPH30HTATHY

pedaexcujy: 1Ba cucteMa, HCTOBpeMeHO, 00e30el)yjy U curypHOCT jenan Apyrom, hopmupajyhu ctabumHu

exeunubpujym 6e3 morpede 3a OECKOHAYHUM YCTIMEHAmHEM.

Kbyuna pasauka: ok @edepmanoBa xujepapxuja 3axreBa crporo pacryhy prf-theoretic cuary, ARC

3axTeBa YNOPEeIUBY, aJId He M HIEHTHYHY CHAry, ca J0/aTHUM YCIOBOM CHMETPHje U HEHHBEPTUOMIHOCTH

npecinukasama [9, 10].

Crporo texunuku nocMatpano, ARC ce Moxxe cMaTpaT yclIoBOM (UKCHE TauKe Ha HHTEPIPETAOUITHOCTH:
GH(T.T2) < (T4 + Conf™(T;)) A (T, + Con™(T4)) A -3S [T, T, + Conlfini(S)],
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rae So3HauaBa 3ajeTHHYKH CyIep-CHCTEM KOju oO0yxBaTa 00a crucTteMa U IMILTAIupa camopediekcujy. To
HCKJbYUEHE jOIIl OCUTypaBa Jia IIOCTUTHYTa KOXEPEHTHOCT HUje XHjepapXujcka — HUjeaaH Tpehu cucrem He
nocpenyje y npaBIaHOCTH.

4.5MeTtopaoJionike nocjaeauie u kpurepujymu nposepe ARC

ARC nuje camo Gumocodcku mocTynaT; oHa HOCH M KOHKPETHE METO/I0JIONIKE NMITIHKAIIN] e, HEOTXOIHE 32

npeno3HaBame 1 KOHCTpyKunjy GH-nmapa. Cnenehn xpurepujymu najy oneparmonanmsannjy ARC:

Kputepujym 4.5.1 EPeKTHBHOCT MpeC/IMKABabA).

Ja 6u map (T4, T2) 3amoBosbuo kputepujyme ARC, Mopa mocrojatu anropuram (IPUMHTHBHO PEKyp3UBHA

¢byHKIMja) KOoju 3a cBaku goka3 d y T, npousBoau qoka3 @45(d) y T, 1 06pHYTO, alli TH aITOPUTMH MOPajy

OuTH M3Pa3uBH YHYTAP CAMHUX CHCTeMAa Y HbUXOBOM (PMHUTAPHOM (pparMeHTy.

Kputepujym 4.5.2 (loka3uBOCT KOPEKTHOCTH).

CBaku cucteM Mopa OMTH crocobOaH 1a JokKaxke cienache o mpecnukaBamy Ha JAPyrd cucTteM: ,Ako je d

JI0Ka3 KOHTpaauKiuje y To, onga 6u ®,4(d) 6uo nokas koHTpagukmnuje y T4, a TakBu He moctoje.” OBo je

yrpaso caxpxkaj Conf™(T,)(®y,).

Kputepujym 4.5.3 {(IpoBepa HeHHBePTHOMIHOCTH).

HewnHBepTHOMITHOCT ce MOXKe MTPOBEPUTH HA jeJIaH OJ1 ABAa HAUYMHA:

1. Cunrtakrnuku: [lTokazaru na T4 He nokasyje na je @4, cypjekiyja Ha CKy JoKaza y T o.
2. Cemantuuku: [Tokaszatu nmocrojame mozxena M4 3a T4 y KojeM HeKkH 1oka3 u3 T, Hema mpaoOpas30y
y T1 npema (1)12'

IIpumep npumene Ha PAcnaday,-GEO gmekpernay:

Kputepujym 4.5.1je 3a10B0JbEH jep ce KOOpJMHATHA T€OMETPHja U apUTMETH3AIIMja MOTY MOTIYHO OMUCATH

NPUMUTHBHOM peKyp3ujoM. Kputepujym 4.5.20aroBapa qoka3nmMa KOH3UCTEHTHOCTH U3 apryMeHara 1u 2y

[Mornasmpy 3.1.Kpurepujym 4.5.3 (2)ce 3am0BosbaBa y3umamem mMozena PAcenabay koju Hehe campxaBatu

reoMeTpHjCKe KOHCTPYKIIMje OECKOHAYHE KOMITJICKCHOCTH.

Ipumep 4.5.4 {Ipumena Ha PRA-reomerpujcku nap). INokaxxumo na nap u3 T.3.33amoBosbaBa ARC:

Kpurepujym 4.5.1:TIpeBoan cy NpUMUTHBHO PEKYP3UBHH (EKCIUTHI[MTHO KOHCTPYHCAHH).

Kpurepujym 4.5.2:
* PRAF ,axko GEOF L, onga ®@(ggo-pra) 1aje PRAF L
= GEOFH » AKO0 PRA 1, oHaa q){PRA—>GEO} J:[aje GEOFr 1

Kpurepujym 4.5.3:
* HeuHBepTUOMIHOCT: je OBJIC NIOKa3aHa KOHKPETHUM KOHTpanpuMepuma (AKkepMaHOBa

dyukumja y PRA, Tpucekuuja yrna y GEO)

= V PRA nocroju noka3s koju ce e npeBoau y GEO.

= 'V GEO nocroju KOHCTpyKIHja Koja ce He npeBoan y PRA.

IMpumep 4.5.5 (Ipumena na ZF,-CAT ( nap). AHanuza ciuyHa.

4.6 Ka ceMaHTHYKOM YUTABY

VY cnenehem mornasipy mpesenthemo cuHTakTHUku canpkaj ARC y cemanTnuku mofen, rae pedaeKcHBHA
CHMETpHja OIroBapa MOJAITHO] (PMKCHOj TAaUKH y KaTeropuju obOjekara mokasa. 3a cama, ARC nedunume
KOHCTPYKTUBHH npocTop MoryhHocTr 32 GH-napose - pernon ¢gopmainHor pe3oHOBama, Ie HEMOTIYHOCT
npectaje qa Oyze MaHa U 10CTaje yCIOB KOXEPEHTHOCTH.

5. 10KA3 U CEMAHTHYKHU MO/JEJI

Haxon mTo cmo nedunucanu akcuomarcku oksup ARC, y oBoM nornaBpy hemMo KOHCTpyncatu mberoBy
CEMaHTUYKYy ¥ KaTeropujcKy uHdppacTpykTypy. Llnmb HaMm je na mokaxemo na I'exesn-XuiidepToB map Huje
jenuHO Teopujcka 3amucao, Beh je crabunHa jnoruuka koHpurypanuja. Kpos ananuzy unTep-pedraekcuBHIX
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WCTHHA M MOJIeNT PUKCHE Tauke, MaTepujann3oBaheMo cumetpujy m3mel)y 1Ba cuctemMa Kao TUjasioNIKo MoJbe
KOje MpeBa3mia3i OrpaHndeha MojeAnHavYHe, caMopedepeHTHe JIOTHKeE.

5.1 KoncrpykruBHa u3BoasbuBocT nog ARC
Axcuoma peduiekcuBHe kKoHcTpykTHBHOCTH (ARC) He TBpAM Aa KOHCTPYKTUBHO ocTBapewe GH-mapa
er3uCTHpa YHyTap jeIHOT (OPMATHOT CHCTEMa. YMECTO TOra, OHa (popMann3yje JOTHYKU TPOCTOP Y KOME
0u TakBa peduiekcuBHa cuMmerpuja nocrana moryha. I[Ton ARC, ako cy natu cuctemu T4 u T, peKyp3uBHO
aKCHMOMAaTH30BaH, KOH3UCTEHTHH, U Mel)yCOOHO MHTEpIpeTaOIIHA caMo Kpo3 pediekcujy (a He myTeM myHe
uHTepnpeTanyje) onaa map (T4, T,) 3a10B0/baBa peduieKCHBHY H3BOI/bHBOCT.
dopmanto, yBoaumo penanujy T4 <>ARCy T, (Buagetu 2.4)ako u camMo aKo:
1. Con'fim}(T,) = ARC, Sound(T),
2. Con'fi™(T,) = ARC, Sound(Ty), rae
3. uu T4 Hu T, He cajipike MOTIYHY HHTEPHY PETIPE3CHTAIH]Y OHOT APYTOT.
Ogae Sound(T) o3HauaBa TBp/bY O UCIPABHOCTH CUCTEMa |, WIIM U3 IOKA3UBOCTH Y T ClIeIU UCTUHUTOCT.
®opmanso, Sound(T)= Ve (Prp(™ ¢ ™) — Tr()), rae je Tr orpaHudYeHu MpeUKaT UCTHHE AC(UHUCAH HaJI
¢buruTapEUM (HOp. Ag) hopmynama [28]. ¥V koutekcty ARC, noBosbHA je puHHMTapHA Bep3uja OBE TBPAHE
(amp. orpanmyemwe Ha nokase < N). =ARC, o3HayaBa UMIUTHKAIMjy OCTBAPHUBY IIyTEM KOHCTPYKTHBHOT
pedIieKCUBHOT MpecinKaBama u3Mel)y npeankara nokasa, y cmuciy Axcuome ARC
OBa acuMeTpUYHO CUMETpUYHA KOH(puUTypanuja - peduexcuja 6e3 ancoprmje - aepunume GH-peaauujy.
ARC Ty npommpyje XunbepToB 3axXTeB 32 GUHATUCTUIKOM MpaBaaHomhy y OnratepaaHy JOTHIKU OOJIHK:
MPaBJaHOCT HUje YHWIAaTepaaHa Bepruukaiyja Beh penunpoyHa JOmyImTeHOCT.
Jlema 5.1 ExBuBaientHoct aepunnuuja GH-napa mox ARC).
Cnenehe cy ekBuBajieHTHe Kapaktepusanmje aa je map (T4, T,) GH-map nox ARC:
1. Cumrakrmuka: T, - Conf™(T,) u T, - Con™(T,) ca ycnoBom HenmepTHOMITHOCTH.
2. CemanTuuka: [loctoje momenu M4 E T u M, E T, 1 To TakBu 1a M4 MoXe Jla HHTEpIpeTUpa
Con™}(T,) u M, mMoxe na nrrepnpernpa ConfiM}(T,), meljyrnm, He mocToju TakaB MoEN Koju
y HOTITYHOCTH 3a]I0BOJbaBa 00e Teopuje.
3. Jloka3no-teopujcka: |T1| u |T| umajy ynopenuse pri-theoretic opaunasne, Tako 1a HUjeaH He
JTOMHHHPA OHUM JIPYTHM.
Hoka3 (1) = (2):
0 M3 (1) cienn na cBaku Mozen M4 3a T, caapu untepnperamujy Conf™(T,).
0 Meljyrnm, motnyHa unTepnperamuja T, y M4 3axTesa ma T4 gokaxe myny Contfi™(T,), mro
Ou 3aXTeBaJI0 KOHCTPYKIM]Y HHBEP3HOT MPECIMKaBamha HA HUBOY JI0Ka3a, IITO j& UCKIBYYCHO
YCJIOBOM HEMHBEPTUOMITHOCTH.
0 Jlaxne, moctoju Mozxen M4 koju urtepnperupa Confi™}(T,) amn ne mormyno u T,.
0 Cumerpuuno 3a M,. m
Hoka3 (2)= (3):
0 [Ilocrojame ACTMMUYHHX, alld HE U MOTIYHHX, 3ajeJHUYKUX MOJEIA AaJbe UMILUIUIHMPA J1a CY
prf-theoretic opaunamm ynopeausu. YnopeauBoCcT OpMHaia O 3HAUMIIA U 1a 00a cHcTeMa
MMajy IOBOJBHY CHAry Jla CUMYJIMpPajy KOHAuHE J0Ka3e jelaH APYTror, alld HUjelIaH He MOXKe
Ja CUMyJIHpa OECKOHAYHY XUjepapxujy Apyror [2].
0 JlakJse, OpJMHAIIK Cy YIIOPEIUBH alld HE JOMHHAHTHH (HIIp. aKko je |T1| =®? u |T,| = @, onaa
Cy yIOPEIMBH aJli He JIOMUHAHTHH). B
Joxka3s (3)= (1):
0 VYmopenusu, anu He U Mel)ycOOHO TOMHUHAHTHU OpAMHAIHN OBJic oMoryhaBajy KOHCTPYKIIHjY
(GuHUTAPHUX peIIEKCUBHUX TBPAHH.
0 Mehyrum, cipevaBajy NOTIyHE HHTEPIIPETALIH]E.
0 OBo nupekTHO faje yciose u3 (1). m
KoHKpeTHO, ynopeiMBOCT OBHX OpAKHaa oMoryhaBa cuMynalyjy CBUX KOHAYHHX JI0Ka3a jeTHOT CHCTeMa Y
apyrowm, mro aaje Confi™ penanuje, 10k 0Bo 0/1CYCTBO TOMHHALIMjE OHIA CIIpeYaBa PeAyKIH]y Ha IOTIYHY
UHTEPIPETALH]Y.

23



5.2 PediekcuBHM eKBHIINOPHjyM K0 JIOTMYKA CHMeTpHja
VYayrap ARC oksupa, 1oka3 mpecraje na Oyzae TUHeapHa onepalyja OrpaHdYeHa Ha jeJaH CUCTEM. Y MECTO
TOTa, OH TIOCTaje AUjaJOUIKH - TIOMyT OanaHcupama n3Mely aBa HH(pEpeHIMjalHa areHTa 4rja cy y3ajaMHa
orpaHuverma aana ekBuuopujym npasaanoct. Ckym J(T4,T,) mpeacraBiba JOMCH HHTEP-pedieKCMBHUX
HCTHHA — HCKa3a CTaOWIHMX TOJ OmnaTrepaaHoM npaBaaHomhy, a 6uhe npennsno aedpunucan y Teopemu
5.2.TenenoBa HenotnyHocT [12] moka3yje fa caMO-yTeMeJbeHH CHCTEMU HUKAJ] HE MOTY UCTOBPEMEHO OUTH
KoH3ucTeHTHH U noTnyHH. ARC reHepanusyje oBaj mpuHIUI OKa3yjyhu 1a ce HEMOTIYHOCT MOXKE ITOHOBO
M0jaBUTH, alld caMo Ha HUBOY pesaaunmje mehy cucremuma. Ctpykrypa (T4, T2, J) HUje MOHOIIOIIKH amapaT
UCTHHE Beh 1MjasIoIKO MoJ/be HCTHHE.
Teopema 5.2 (Oco6une nHTEp-pePIeKCHBHOT NM0/bA HCTHHE)
Heka cy T1 u T, onu cuctemu koju popmupajy GH-map mon ARC, aJ(T4,T2) ckyn untep-pedieKCHBHUX
UCTHHA Ae(DUHUCAH KaO:
J(T1T2)={¢|T; +Soundy,(¢) u T, + Sounds, ()}

rae Soundx;(@) npencrapiba GUHUTAPHU UCKA3 O UCIIPABHOCTH @ y Teopuju X.
Tama J(T4, T,) uma cieaeha cBojcTaa:

1. 3aTBopeHoCT MoA KOBYHKIHUjoM: AKO @, ¥ € J(T4,T5), onna u (¢ A y) € J(T4,T2).

2. HemornyHocT (Hepekyp3uBHa npedpojusoct): J(T1,T,) HUje peKyp3UBHO MPEOPOjUB CKYII.

3. /IBocmepHa pediekcuBHa cradmiHocT: Ako @ € J(T4,T2), onna T4 - Pri( Pry(@’)) m

T2 FPry( Pry('9)).
4. T'paamjeHT CJI0KEHOCTH: 3a CBaKU MPUPOAHU Opoj N, moctoju popmyna @,€ J(T4,T2) unju
Hajkpahu noka3 y obe Teopuje uMa Ay KUHY Behy of N.

Jlokas.
3a cBojcTBO 1 (3aTBOpEHOCT MO KOWBYHKIIHjOM).
Joka3 1 (IlupexTaH u3 npeBojaa):
[MpernocraBumo @, y € J(T4, T3). [To nepununmju, TO 3HAYH:
T+ Soundr, (9) u T, + Soundry (¢)
T+ Soundr,(y) u T, + Soundr, (y)
[Ipema ARC, nocroje epexruBrmn npeBoan @) u Prpq). Y3 cTangapaHa cBOjCTBa Mpeaukara Jokasza Pry
u Pr, (Bunetn Xunbepr-beprajc-JIedose ycnose [19]), Moxxemo koHCTpyHncaTn foka3 3a Soundry, (¢ A y) y
T, na cnenehu HaumH:

1. U3 Soundr,(¢) u Soundr,(y), T, Moxe 3aKk/byunTn 1a aKo T, T0Kasyje @ U, OHJa 10Kazyje U (@
A V).

2. Kopucrehn eKCIUNIMIMTHY KOHCTPYKIH]jy IPEBOJA J0Ka3a 3a KOBYHKIH]Y Kpo3 @13, T4 MOXke na
JIOKa)ke HETMOCTOjame J0Ka3a KOHTPAAUKIMje V T, 32 @ U Y UMIUIMIMPAjyhu HEMocTojame JToKa3a
KoHTpamukuuje 3a (@ Ay) y T,.

Crnuan aprymeHT Baxu 3a T,. Jlakne, T4 - Soundr, (¢ Ay) uT, - SoundTl((p A W), 110 IeUHHULU]H TO
3Hauu (@ AY) € J(T4, T2). m

Hoka3 2 (Kpo3 koMno3uIujy npeauKkarTa J10Ka3MBOCTH):

Heka @, yw € J(T4, Ta).

ITo nepunuuuju, Soundr, ((p) u Soundr, (y).

Kopucrehu oBre cTaHmapIiHo CBOjCTBO MpeauKaTa goka3uBoctu Pry, nmamo:
T1FPry(" Soundr,(¢) ) A Pry(" Soundr,(y) ")

ITo JIe6oBuM yciaoBuMa U3BOABMBOCTH [19], mpeauKkaT J0Ka3UBOCTH TUCTPHOYHPA PEKO KOBYHKIIH)E!
T1 +Pry(" Soundr,(¢) A Soundr,(y) 7

Anu Soundr,(¢) A Soundr,(y) je exkBuBanenTHo ca Soundr, ((p A V) (a 06e dopmyse cy ucrpaBHe y T
aK0 W CaMO aKo je HCIPaBHA BHX0BA KOBYHKIIN]a).
Jtaxne T4  Soundr, (¢ A ).
CGummerpuuHo, T, - Soundy (¢ A ).
[¥pema Tome (@ A y) € J(T4, To).
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Hoka3 3 (Kpo3 ceMaHTHKY Moj1eJia):
[IpernocraBumo @, ¥ € J(T4, T>).
Heka M4 O6yzae npousBoJban Mojien cuctema T4, a M, Mozen cucrema T ;.
[Tomro T4 + Soundr, (@), y cBakom Mozemy M4 Baxku 1a ako T, nokasyje @, OHAA (¢ CEMaHTHYKH BaXH.
CamgHo je u 3a .
CeMaHTHUKa BaHIallMja KOBYHKIU]E: aK0 @ BaXH 1 Y Baxxu y M, onma (¢ A y) Baxu y M.
* lakiie, M 4 Bepudukyje aa je (¢ A y) ucrpaBao y T ,.
e Cummetpuuno 3a M, u T4.
* [Ipema Tome (@ A y) € J(T4, T) [29].
3a cBojcTBO 2 (HemormyHocT).
Joka3 1 (Kpo3 pexykuujy Ha XaJTHHIOB Po0JeM):
[pernocraBumo cynpotHo, 1a je J(T4,T2) pekyp3uBHO npebpojuB. To O 3HAYUIO A2 TIOCTOjH AITOPUTaM A
(TjypunroBa mamimHa), koju HaOpaja cBe enemente J(T 1, T2).
Konctpyumumo cana anroputam B koju pemasa Xantuaros mpobiem 3a TjypHHroBe MalinHe ca Mpa3sHuM
ynasom [6]. 3a nary mammuy M, anroputam B:
1. Kouctpywume popmyny Yy koja 'y T, u3pakaBa TBpamwY ,Mammaa M ce 3aycraBiba”.
2. Cumynupa pan anroputma A, yekajyhu na mu he ce Yy ojaBUTH Ha HETOBOM H3JIA3y.
3. Axo ce Yy mojaBu, B uznaszu ca ,Mammna M ce 3aycraBmpa’.
4. Axo ce Yy He mojaBu (1 ako 3HaMo j1a he A HabGpojatu cBaky dopmyiy ako je y J), onna B uznasu
ca ,Mammunaa M ce He 3aycTaBiba’.
Oga xoHCTpyKIHja je Moryha jep je T4 TOBOJBHO jaka 3a apuTMeTH3anujy TjypuHrose mammuHe. A, mOMITo
XaJTHHTOB Mpo0JIeM HUje pemuB, nouutd cMo 1o koutpaaukiuje. J(T4,T2) HUje pekyp3uBHO npeOpojuB. W
Joka3 2 (Kpo3 I'eesioBy HENOTIYHOCT):
IMpernoctaBumo aa je J(T1, T,) pekyp3uBHO mpedpojuB. Taga Ou HEroB KOMIUIEMEHT 0610 (Y OJHOCY Ha
CKYI CBHX pEuUeHHMIIA) Takohe pekyp3uBHO mpebpojuB (jep cy oba ckyma mpedpojuBa). To Ou 3HaumIO Aa
MOCTOjH TOTIYHA e(peKTHBHA MpoIeIypa 3a OMTyYHBAE J1a JIK je nata ¢popmyna y J win HUje.
ITocmatpajmo cama cucreM T4% koje je T4 npormpen cBum dopmynama u3 J(T4,T;) kao akcnomama. OBaj
cucteM OW OMO eEeKTHMBHO aKCMOMAaTH30BaH W MOTHIYH y oxHocy Ha J. Mehyrum, momro T4* canpxu u
TBP/IbE O UCIPABHOCTH T 5 (KOje Cy HETpUBHjaHE), OHA OM OWiia CYyIITHHCKH jada of T 4. Tama Ou nprMeHa
[eenoBe KOHCTPYKIHMjE 3a MPBY TEOPEMy HEMOTIyHOCTH Ha T,% mokasama na T4% mopa ma caapxku u
HEpEIINBY PEUCHHILYy KOja HHje y J, IITO je KOHTPAIHUKIIHja ca MPETIOCTABKOM O MOTIYHOCTH. M
Joxka3 3 (Kpo3 nujaronanusanmjy u camopedepenuy):
[TpernocTaBumMo, paau KoHTpaaukiuje, aa je J(T1, T2) pekyp3uBHO MpeOpojuB.
Tana noctoju pekypsusHa ¢pyukiuja f: N — J(T4, T;) koja HaOpaja cBe enemente J.
Koncrpynmumo aujaronanny ¢popmyriy D Ha cnenehn Haums:
» D=vn[f(n) # D]
= Osga (opmyna Kaxe ,HUjeIaH eIeMEHT HaOpajama Hje oBa (opmyma”.
Cayuaj 1: Ako D € J(T4, T3), onna nocroju K takso aa f(k) = D.
Amu onna D tBpau (k) # D, mto naje KOHTpaauKImjy.
Cayuaj 2: Ako D € J(T4, T3), onna 3a cBako n Baxwu f(n) # D.
Anu TO je TauHo oHO mTo D TBpau, mto 3Haum na T4 u T, npeno3Hajy D kao ucnpaBHy MeljycoOHO - nakie
D € J(T4, T3), IITO je KOHTPAAUKIIH]A.
O6e moryhHocTH Bone y KoHTpaaukuujy, nakie J(T 1, T2) Huje pekyp3uBHO npebpojus [19, 24].m
3a cBojcTBO 3 (IBOCMepHa pedieKCHBHA CTAOMIIHOCT).
Joxa3s 1:
Hexa je ¢ € J(T4, T3). Ilo nedunummju, T4 + Soundr, (¢). Peuenna Soundr (9) je, y T4, ekBuBanenTHa
tBpasH Pry(" Soundr, (@) 7) 300r ycnosa usBompuBocTH 3a Pry (Bumetu [19]). Soundr (¢) nvmmmmmnmpa
Pr, ("¢ ), y T4, jep TBpau aa je @ ucnpaBHa y T, ykibyuyjyhu ty mokasusoct, T4 F Pry(" Pry(" @ ™) 7).
Anu cumeTpuuaH aprymenT, kopuctehu T, + Soundr, (@), naje T, - Pry("Pry(Co ™) 7). m
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Hoka3 2 (Kpo3 koMno3uIujy npeauKarTa J10Ka3uBOCTH):
Heka je @ € J(T4, T)).
ITo nedununuju J, umamo T4 + Soundr,(¢) u T, - Soundr, (¢).
®opmyna Soundr,(9) y T4 jecte exBuBanenTHa TBpABKH Aa Pry (T ¢ 7) (¢ je noxasusa y T,) n uMmmmupa
CEMaHTHYKY UCIIPABHOCT.
[Tpumenom JIeGoBHX yciioBa W3BOJBUBOCTH Ha mpeaukat Pry [19]:
T4 + Soundr,(¢) — Pry(" Soundr,(9) )
Hasme, Soundr, (¢) ummaunupa Pry (T ¢ ), ma:
TiFPry( Pr, (M ¢7))

Cumerpuuno, u3 T, F Soundy, (¢) no6ujamo:
T2FPr,(CPri(Co7)7)
OBo je TayHO TBOCMEpHA pe(hIeKCHBHA CTAOMITHOCT U3 TBPIHE. M
Joka3 3 (Kpo3 ¢pukcHe Tauke pedieKCHBHHX 0OllepaTopa):
Hedunummumo pedaexcuBHe oneparope Ha popmysiama @ y J:
R1(9) =Pri(" Pry(" ¢ ) 7)
Ra(¢) =Pr; (" Pri(" 9 7))
Tepaumo na je ckyn J(T4, T2) 3aTBOpeH MO OBUM OINepaToprMa.
Axo @ € J(T4, T,), onna no neduHuIMju 06a cHCTEMa MPENo3Hajy @ Kao MehycoOHO HCIpaBHYy.
[Ipumenom omepatopa R4, T1 dbopmupa TBpAmY 0 TOME Ja T, mpeno3Haje JOKa3hBOCT (p - MTO je Beh u
caapxano y Soundr,(9).
Hakne R4(¢) je Takohe y J (jep je cnmabuja TBpama ox Soundr, ().
Cumetpuuno 3a Ry(@).
CBojcTBO pedieKCHBHE CTAOUITHOCTH CIICIU U3 YHEbeHHIIE 1a J caapku (GUKCHE TauKe THX oreparopa [24].
3a cBojcTBO 4 ('pagMjeHT CI0KEHOCTH).
Joka3 1 (KoHCTPYKTHBHH 10Ka3):
Hexka je n mpousBosean npupogan 0poj. Korncrpyumumo dpopmyiy ¢, Ha cinenehu mayus:
1. Hexa je P,(X) npenukar y T4 Koju Kaxe: ,X je KOI q0kaza y T4 ayxkune < N
2. Jepunummmo Pykao tBpamY: , VX (Py(X) — —Prfy(x, " 0=17)", wro jecte 00IUK OrpaHHYCHE
KOH3UCTEHTHOCTH Congin} (Tq).
3. Hexaje @, popmyna Y, A Xn, I'Ze je X,, HEKa TayTojorujay T, Koja 3axTeBa JOKa3 Ty>KUHE > N 3a
CBOjy BepuduKaiyjy (HIp., BeIUKa KOH]jYHKIIH]a HICHTUTETA).
dopmyna @, npunana J(T4, T) jep:
* T4, Moxe nokasatu Soundr, (q,) jep MOXKe TOKa3aTH CONCTBEHY OIPaHUYEHY KOH3UCTEHTHOCT Py,
¥ MOXKE BEpU(PHUKOBATHU Jia X, UMa Jyradak Jgoka3 y T .
*T, Moxxe fokazatu Soundr (@) jep Moke cumynupaTu T4 10 myOune N 1 BepuduKkoBaTn Yy, au
¥ JIOKa3aTH X,
Hajkpahu nokas 3a ¢, y T1 MOpa yKJbYUUTH J0Ka3 Congi"}(Tl), KOjH 3axTeBa AYXUHY > N (10 TEOpeMH O
yop3amy, Buaetu [3]). Ciauuno y T, 10Ka3 X, je MO KOHCTPYKIMjU IyXuHe > N. Jlakie, @, 3a710BOJbaBa
yCJIOB. W
Hoka3 2 (Kpo3 xujepapxujy orpaHH4eHHX KOH3UCTEHTHOCTH):
3a cBaku N € N, negunumemo xujepapxujy orpaHIYCHUX KOH3UCTEHTHOCTH:
Con™(T,) =vp<n [-Prfy(p,” 0=17)]
OBo je popmyna Koja TBpIU , HE MIOCTOjU AOKa3 KOHTPaIUKIKje AyxKuHe < N
Heka je @p = Con™(T,) A Con™(T))
Tephemwe: @, € J(T4, T,) 3a cako N.
Joxa3 Tephema:
T4 MOXe AUPEKTHO MPOBEPUTH CBE JI0Ka3e y T myxuHe < N (KOHAYHA CUMYyJAllMja) U YTBPIUTHU Jla HEMa
KOHTpaJuKIje, ma T4 + Conf,ﬁn}(Tz).
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Taxobe, T4 TpuBHjanHO Bepudukyje Congﬁn}(T 1) 3a OMJIO KOjU KOHAyaH N.
=  CummeTpuuHO 3a T 5.
=  Jlakne @, € J(T4, T2).
Cuoxkenoct qoka3a: Hajkpahu nokas @, 3axTeBa eKCIUTMLIUTHY BepH(UKALHjy CBUX J0Ka3a Iyx)uHe < N, a
TO UMa CIIOXKEHOCT HajMame O(N) mo Teopemu 0 Op3uHU JOKa3uBama [22, 27].
Haxne, Hajkpahu q0ka3 uMa qyKUHY > N.

Hoxa3 3 (Kpo3 Teopemy 0 yop3amy):
[Tpema BiiymoBoj Teopemu o yop3amy [3], 32 10BOJEHO cii0keHE (OpMYJIe MTOCTOjU MPOM3BOJBHO BEIIUK ja3
n3Mely nyXuHa pa3TUuuTHX JI0Ka3a ucte Gpopmyie.
Konctpyunmmmo cepujy hopmyna P, kKoje KoMOUHY]Y:

*  ApHUTMETHUKY CIIOKEHOCT (3aXTeBajy BEJIHKE HyMEepHUKe BepupuKaiuje)

= Jloruuky cioxeHocT (y0oke yruexleHe KBaHTU(PHKATOPE)
KonkpetHo, Y, Moxxe 6utu hopMmyna koja TBpIU ,CBU OpojeBH < N 3a70BOJbaBajy oApeheHO peKyp3uBHO
CBOjCTBO KOje 3axTeBa N Kopaka mposepe”.
Takse popmyse npunanajy J(T4, T) ako 006a mocmarpaHa CHCTEMa MMajy I0BOJFHO CHAre 3a apUTMETHUKY
Bepudukanyjy, aiau no baymoBoj Teopemu o yopsamy [3, 27],, buxoB Hajkpahu goka3 pacre ca n.
Hakie, moctoju rpaaujert caoxenoctu y J(T4, To) [18, 22, 27].
Hanomena: OBuM Cy MOTIYHO JOKa3aHa cBa ueTupu cBojcrBa Tor ckyma J(T4, T2) ca BuIlle HE3aBUCHUX
J0Ka3a, mTo 3Ha4yajHo nosehaBa poOycHocT Teopeme. [Ipumena biymoBe Teopeme oBae moapazymena Jia ce
Jy’)KWHA HEKOT JI0Ka3a TPETHpa Kao Mepa CIIOKEHOCTH Y CMHUCIY TEOpHje J0Ka3a, a He pauyHapCcKe TeopHje
cnoxkeHoctd. OBa MpHUMEHa je cTaHaapiHa y JuTteparypu [22], nako ¢opmanHa Beza uzmelly 1Be Mmepe
3axTeBa JI0JaTHY NPETIOCTaBKy O e(hUKaCHOCTH cucteMma Jokaza. Tume ce ocurypasa na GH-cumerpuja
MOYMBa Ha OYyBamy CTBapHE AyOMHE MaTeMaTHYKHUX MCTHHA, CIIpedaBajyhn Tako /a ce y3ajaMHO IpaB/iambe
CBeJIe Ha pa3MEHY TPUBHUjAITHUX TayTOJOTHja.

5.3MoaanHa ceMaHTHKA M MoJeJl QUKCHE TaYKe

Mopanna uatepnperamuja ARC pasjammaBa oBy cumerprjy. Heka 04 u O, 03Ha4aBajy omneparope, KOju Cy
oneparopu pokasusoctu y Ty u T, pecniektuBHo. OHa ce GH-yc10B 1a M3pa3sutu CHCTEMOM CIIPErHYTHX
MOJIAJTHUX jeTHAUYMHA:

019 < 2 u 020 < Ovg,

rie <i 03HauaBa , IOMyITEHOCT" WK pe(IeKCUBHY KOH3UCTEHTHOCT U3 MEPCIEKTHBE JTyalHOT CHCTEMA.
OsBa y3ajaMHa 3aBUCHOCT JOITyIITa (PUKCHY TauKy @* TakBy Ja:

¢x < ([31020%) A (OO 19%)
VY oBoj ¢ukcHO] Tauku, pediekcrja mocraje camo-cTabunn3yjyha: OBU CHCTEMH BUIIIE HE TPa)Ke eKCTepHY
npaBiaHoOCT, Beh Hanasze paBHOTEXKY KPO3 JJOTUUKY PELUIIPOYHOCT.
CemaHTHUKH, 0BO J14d Ha KpumnkeoBy ceMaHTHKY (GHKCHE Tauke UCTUHE [24], amy HEWTO MPOLIUPEHy Ha
oumonamau okBup (W, Ry, Rz), rae penammje npuctymaynoctu Ry u R, mpenctaBspajy orpaHndema cBake
JOMYIITEHOCTH U3Mel)y eMMCTeMHYKUX TOMEHA. Tako HM MCTUHHUTOCT MCKa3a y OBOM OKBHPY HE 3aBHCH OJI
NojeJMHaYHe Balyanyje, Beh o1 ieroBe cTabMIIHOCTH IO IBOCMEPHOM Pe(hIICKCH]jOM.
Teopema 5.3 ((IocTojame pukcHe Tauke peduieKCHBHE CHMETPHjE).
Heka je mat GumoaiHu JIOTHYKH CUCTeM JeduHucaH oneparopumMa (4 u Op (uutaj ,00kc-jenan” u ,00kc-
nBa") KOjU TPEICTaBIbajy JOKA3UBOCT y CHCTEMHMA T4 M T, PECHEKTHBHO, U TH ONEPAaTOPH CY HOPMAHH
MOJIaJIHU OTIepaToOpH U 3a70BoJbaBajy Jlebose akcuome [19]: Ti(p—y)—(Tip—Tiy) u Ti(Ti¢ — @)—T;io.
Jepunummumo nyanue oneparope <1 u <>2 (4utaj ,AnjamanT-jenan” u , qujamMant-asa") kao ip = =0inQ.
Tana nmocToju peyeHUna ¢, y 0BOM OMMOJATHOM je3UKY TAKBA 12 BAJKH:

@. < [@:(O2(.) ) A 02O ()

duKkcHa Tauka MpeCcTaBba UICATHO CTAOWITHO CTalkbe y IUjaliory JBa cucTema: (popMyiy Kojy oba cucrema
CMaTpajy JI0Ka3uBOM aKO H CaMO aKo je JPYr'H CHCTEM Takohe cMaTpa J0Ka3HBOM.

27



Joka3 nmocrojama.
Joka3 1 (KoHCTPYKTHBHHM, METOI0OM JHjaroHaju3aiuje).
OBaj moka3 npommpyje cranaapany ['enenoBy aujaroHanu3anyjy Ha OUMOJaIHU KOHTEKCT.
1. Koaupame u camopedepenua: Heka je SUB(X, y) pyHkuuja Koja npeacTaBba CyncTUTYIH]y Y Ou-
MOJIAJTHOM jE3HKY: aK0 je X KoJ (popMyJie ca jeTHOM CI000IHOM MPpOMEHIbHBOM, oHAa je SUB(X, Y)
KoJ (popMyJie JoOUjeHe 3aMCHOM T€ IPOMEHJBUBE KOZOM Y. (CTaHIapiHa TEXHUKA caMopeepeHIije
y nyxy ['enenoBe nujaronanuzaije)
2. Kibyuna ¢opmyaa: Pasmorpumo ¢opmyny W(p) ca jenHoM cI000IHOM MPOMEHJBHBOM P!

¥(p) = 01( =( SUB(p, p))A D2( O1( SUB(p, p)))
3. Ilpumena aujaronanausanuje: Heka je q xoa dopmyne W(p). Heka je @, nedunrcana kao:

@, =¥(q) = 01(O2(SUB(g, a)))A 02( <+ ( SUB(a, 0))
Anamimom nedunnnmje Buaumo aa SUB(Q, g) naje ynpaso kon popmyse @, . Jlakie, iMamo:

@. < 01( Oz (@) A T2( ()

OBo je TayHO keJheHa (PUKCHA TauKa. W
Joka3 2 (Kpo3 Teopemy Knacrtep-Tapckor).
OBaj 10Ka3 KOPUCTH anredapcKy apryMeHTanujy GpukcHe Tauke.
Adarebapcka crpykrypa: Pasmorpumo anreopy Jlunaendaym-Tapckor L 6umonansor cuctema [9]. To je
bynosa anredpa kinaca exkBuBaiieHimje hopmyna (¢ ~ Y ako U caMo ako F ¢ <> ). (KIacu4aH pe3ynTar y
TEOPHjU MOJAITHHUX JIOTUKA)

1. Omepartop: dedunummmo onepatop F: L — L na ciegehu naunn:

) = [01($2(9) ) A TO2(1(9))]
rae [@] o3HauaBa Kilacy eKBHBaNICHIHjE Gopmylie @.
2. Monortonoct: Onepatop F je monoTon Ha L. [loka3s: Ako [¢@] < [y] (Tj. F ¢ — ), onna 360r
HOPMAaJHOCTH MOJIQJTHUAX OIepaTopa HMaMo:

F01(O2(9) ) = 01(O2(w))

F 02(C1(9) ) = 02(O (W)
na ciaenu F F(@) — F(y), omnocuo F([¢]) < F([w]).

3. Ilpumena Tteopeme Knacrep-Tapckor: Teopema Kuacrep-Tapckor TBpau na he cBaku MOHOTOHHU
orepaTop Ha KOMIUIETHO] PelIeTKH uMaTtu GuKcHy Tauky [26]. Anrebpa Jlunnendaym-Tapckor [9]
je KoMIuieTHa pemierka (MHGUMYM Jaje KOWmYHKIMja Kiaca, CynpeMyM jaaje aucjyHkiumja). [Ipema
Tome mocroju [@,] € L Taksa na je F([¢@.]) = [¢@.].

4. Excmukanuja: 13 jeqnakoctu F([@.]) = [@.] crnenu:

[@.] =[01( e (e.) ) A D2( Or(@.))]
IITO je eKBUBAJICHTHO TBphewy Teopeme. W

Joka3 3 (Kpo3 6uMonaiHy ceMaHTHKY):
PasmaTpamo Kpumnkeos okBup (W, R4, Ry, V) rue:

= W je ckyn cBeroBa (Moryhux crama)

= Ry, Ry cy penanuje npuctymayHocTy 3a 04 ¥ Op

= V je Banmyannona ¢pyHKIHja
Jledunummmo urepatusuu oneparop F: 2W— 2W:
F(X) = {W EW I VW1(WR1W1 - 3W2(W1R2W2 AW, € X)) A VWz(WR2W2 — 3W1(W2R1W1 AW, € X))}
OBaj omepartop je MOHOTOH Ha KoMILIeTHO]j pemretku 2V,
ITo Teopemu Kuactep-Tapckor [29], mocToju HajMama (pukcHa Tauka X* takBa ma F(X*) = X*.
Cer W € X* ako 1 camMO aKo W 3a/10BOJbaBa YCIIOB pe(pJIeKCUBHE CUMETPHjE U3 TEOpEME.
dopmyna ¢* koja Baxku ynpaBo y cBeToBUMa U3 X* je TpaxkeHa (pukcHa Tauka [24, 29].m
HamnomeHa 0 je1TMHCTBEHOCTH:
[ToTmyHa jeAMHCTBEHOCT (CBE /10 JOTHUYKE EKBUBAJICHIIM]E) HE MOXKE CE TapaHTOBATH Y OILITEM CIIy4ajy, jep
MOHOTOH OIIepaToOp MOKe MMaTH BHIIe GUKCHHX Tadaka. Mehytum, Teopema Knacrep-Tapckor rapanryje
nocTojambe HajMawe (ukcHe Tauke u HajBehe (ukcHe Tauke [26]. V koHrekcty GH-okBHpa, HajMamba
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¢uKCHa Tauyka oroBapa MUHUMAIHO] pe(IeKCHBHO] CTAOMIIHOCTH KOja ce MOYKe KOHCTpyHucartH, a HajBeha
¢uKCHA Tauka OroBapa MaKCHUMAJIHO] KOXEPEHTHOCTH.

Hamomena o podycHocTH:

[IpencraBsbeHa cy Tpu (PyHAAMEHTAJIHO PA3IMYUTA J0KA3a TIOCTOjamba (PUKCHE TauKe:

Jloka3 1 je CHHTAKTHYKH U KOHCTPYKTHBHH, TUPEKTHO npomupyje ['enenoBy aujaroHanu3anujy aajyhu u
eKCIUTMIUTHY (HOpMyITy.

Joka3 2 je anredapcku ¥ CeMaHTHYKM; KOPUCTH ONIITY TEOPHjy PEHICTKH, a MOTIYHO je HE3aBUCAH O]
JeTajba KOJUpama.

Joka3 3 kopuct OMMOAATHY CEMaHTHKY.

BbuxoBa koMOMHAIM]a YMHU pe3yiTaT U3y3eTHO POOYCTHUM: (PMKCHA TayKa IOCTOjU KA0 CACBUM KOHKPETHA
CHHTAKTHYKa KOHCTPYKIIM]ja, ¥ Kao anredapcka MHBapujaHTa JIOTHYKE CTPYKTYpe.

5.4 Karteropujcka unrepnperanuja: /lyajaHoct u npesolheme
Ca xateropujckor rneaumra, ARC unaykyje nap pedaekcuBHUX QyHKTOpA:
FCisC: 6
takBuX a F 4 G u ca cTpykTypoM jennHuLIa—KOjeAMHULIA
n. Id{Cl} = GoFug FoG = Id{Cz}’
dhopmupajyhu ayajHy agjyHKuMjy Koja nmomryje pedIeKCUBHY eKBUBAICHIH]Y.
VY oBoM okpyxemy, F u G mpezcraBibajy npeBoljeme 10ka3a U mpomnosuiiija uamel)y kareropuja (cucrema),
a CUMETpHja OBE jeMHNIIe—KOjeIMHUIA OCUTYpaBa Jia ce pediekcrja He MOXKe CBECTU Ha W3BOheme. Y CIIoB
exBubpujyma (F 4 G) monenupa enucreMudky cumetpujy noctynupany ARC: oBo mpeBoleme pomymTa
KOHTpa-npeBoheme Koje 0UyBa CTPYKTYPY, alld HE U XHjepapxujy.
* KoHcTpykumja kaTeropmuja qokasa:
Kareropuje C4 u C, ce Mory KOHCTpyHCAaTH MPENX3HO Ha clieaehn HaunH:
* O0jexTu: 3atBopene hopmyie ¢ jeauka cuctema Ti.
* Mop¢usmu: Mopduzam ¢ — Wy MocTOju aKo MOCTOj! A0Ka3 7t TakaB fAa Ti - 7. ¢ — .
* Kommnosunuja: Komnosunuja Mopduszama onrosapa crnajamy J10Kasa.
» ®ynkropu: F: C; — C; nepunucan je Ha o0jextuma ca F(@) = @4,(¢) (mpesenena popmyna), a Ha
MopdusmmMa ca F(rr) = 1oka3 npeBexeHoOr aprymMeHra.
Teopema 5.4 (CojcTBa KaTeropujcke aajyHkiuje 3a GH-map).
Hexka cy C; u C, kareropuje nokaza 3a cucteme T u Ty xoju unne GH-map, u veka cy F: C; — C, u G:
C, — C, dyskropu nedunucanm npeko koHcTpykTuBHUX npeBoga ARC. Jlame, ako F u G dopmupajy
anjyakiujy F 4 G ca jeauHuniom n 1 KojeIMHULIOM €, OH/IA Bake cieneha cBojcTBa:
0 Jenmnuna n Huje nzomopduszam: 3a ceaku objekar ¢ y Cq, mopduzam 1y, : ¢ — G(F(9)) je
MOHOMOP pu3aM, aau HUje enuMopduszam.
0 Kojenununua ¢ nuje uzomopdusam: 3a ceaxu objexar y y C, Mopdusam £y F(G(y)) — y
jecte enumopdguzam, anu HUje MOHOMOpPdu3am.
0 Orpanunyena ekpuBajieninuja: Komnosunuje GoF u FoG cy peduiekTopu (MIeMIOTCHTHH
eHI0(YHKTOPHU ca MPUPOJIHOM TPAHCPOPMAIMjOM Y UACHTHTET), aJId HUCY €eKBHBAJIEHIIUje
KaTeropuja Koja o6u 0mi1a moTmyHa.
Hoxas3.
IIperxonna Hanomena: Y kareropuju qokaza C, mopduzam a: A — B je:
* Monomopdusam ako 3a cse nmapose Mophuzama B, y: X — A Baxu: aof=aoy=>p =1.
* Enumopd¢uszam ako 3a cee mapose Mopdmzama B, y: B — X Baxu: f e o =7 o a = p =7. Korrekcru
TeopHje A0Ka3a, MoKa3yjy /ia OBO OAr0Bapa WHjeKTHBHOCTHU M CYyPjeKTUBHOCTH Ha CKYITY JI0Ka3a.
Joka3s 3a cBojcTBo 1 (Jenuuuua 1 Huje uzomopdusam).
Joka3 1 (CeMaHTHYKH, KPO3 OrPAHUYEHOCT 3HAMA):
* 1, je MoHoMopdusam: Heka cy B, v: 0 — ¢ 1Ba Mmophusma Taksa na g © p =ng © y. To 3naun na cy
¥ JIoKasu 3a P 1y, KaJla Cy KOMIIO3MPaHH ca NPeBOJIOM N, (koju npeciukasa @ y G(F(¢))), nanu osaj
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uctu okas. [Tomro npeox F (u umruiniintHo G) dyBa cTpyKTYypy oBor nokasa (ycioB ARC), a oBo u
umIMmpa 1a B uy camu Mopajy ourn uctu nokasu y Cy. Jlakne, p =7, ma je 1y Monomopdusam.

* 1), Huje enumopusam: [IpernocraBuMo cynpoTHo, 1a je N enumophusam. To 6u 3Ha4MIIO 1a je 3a
ceaku Mmoppusam 6. G(F(9)) — y nocroju Mmoppusam & @ — y Takas 1a & = G(F()) o ng. Y oum
TEepMHHHUMA JI0Ka3a, OBO O 3HAYMIIO JIa CE CBAKM JI0Ka3, OHaj KOjU KOPUCTH pedIIeKTOBaHy HopMyTy

G(F(¢)) Moxe peaykoBaTH Ha J0Ka3 KOjU KOPUCTH OpUTHHATIHY (hopmyty @. OBO OM MMILTHUIIAPAIIO U
na Teoprja T4 MOKE MOTIIYHO MOBPATUTH CaB CEMAHTHYKH cajip:kaj cBoje peduexcuje y T, —To je
Y CYNPOTHOCTH €2 yCI0BOM HeuHBepTHOMIHOCTH 13 ARC. U KOHKDETHO, aKO je 1), emumnpdusam,
onaa 6u npesoj GoF Ouo ,,myna" uHTEpNpeTanyja, mrto 6u qo3Bonauno T4 1a TOTIYHO HHTEPIpPETUpPA
T,, pymehu cumerpujy GH-mapa. m

Joka3 2 (CHHTAKTHYKH, KPO3 NOCTOjam-€ HeA0KA3UBHX peduiexcuja):

KoncTpyuimumo ekcruimiutan kouTpanpumep. Heka je @ Heka Teopema y T4 TakBa na peduekcuja F(9) y

T, 3axTeBa JJ0Ka3 KOjU KOPUCTU pecypce HemocTynHe y T4 (LITO ympaBo M MOCTOjU 300r OPTOTOHATHOCTH

uspaxajuoctn). Tama mocroju Mmopdusam (nokas) 8: G(F(9)) — y y C4 3a HekH , TakaB Ja HE MIOCTOjU HU

mokas £ ¢ — y Koju 6u ra ,,haxTopu3oBao” Kpo3 1. OBO TUPEKTHO MOKa3yje Aa Ny HUjE enu. B

Hoxa3 3 (Kpo3 ryouraxk nHpopmaunuje y npeBoay):

[Tocmatpajmo koHkpeTan npumep. Heka ¢ Oyne aputmernuka hopmynay T 4.

F(@) nmpesoau @ y oarosapajyhy ctpykrypy y T2, a G(F(¢)) Bpaha oBy cTpykTypy Ha3aa y jesuk T 4.

Y oBOM mpoIiecy, OpUTHHAIHY JI0Ka3 @ y T4 mocTaje 1oka3 y T, 1a omneT 1oka3 y T4 - alld OBora IryTa je TO

ca ,TparoBuma" T -CTpyKType yrpal)eHHM y mera.

G(F(@)) Huje uneHTHYaH ca @ - OH CaAPXKU JOJATHY CTPYKTYPHY HHPOPMAIH]Y O TOME Kako T ,BUIAH" Q.

IMoctoje jour Heku Mophusmu &: G(F(¢9)) — W koju KopucTe OBy 10AaTHY HHPOPMAIHM]y U KOjH CE HE MOTY

(axTopuzoBath Kpo3 1, (He MOCTOjU & @ — ¥ Takas 1a & =L o My).

Jlaxsie N Manupa @ y HETPUBHjaJIHO NPOIIMPEE, ITO UCKIbYUYj€ eMH CBOjcTBO [2, 21]. m

Joxa3 3a cBojcTBo 2 (Kojenunuua € Huje nzomoppuszam).

Joka3 cumeTpU4aH cBOjcTBY 1:
*€y, je enumopduzam: OBO e U3 YHUBEP3AIHOT CBOJCTBA KOj€AMHHULIE 3a anjyHKum]jy. Ty 3a 6uio

xoju Mmopduzam & F(G(y)) — ¥, mocToju jenuncTBen Mmopdusam 0: y — y Takas 1a § = €y, © 0, a 10
je ne¢unmnmyhe cBojcTBO enmuMopdu3mMa.
*€y, HHje MOHOMOpPdu3am: Axo Ou €y, 6M0 MOHOMOP(hH3aM, TO OM 3HAYMIIO JIa PA3IUYUTH JOKA3H Y
nomeny F(G(y)) ocTajy pasinuuuTi HAKOH NPUMEHE €y,. MehyTuM, ycI0B HEMHBEPTHOUIHOCTH, M3
ARC, rapanryje na npeon G (a Tume u FoG) ryom undopmanujy: nocroje pasznuuutu aokazu 'y C,
Koju, Kaja ce npeseny y C,q v Ha3aj, noctajy jeanaku. [locroje mopdusmu B, y: 6 — F(G(y)) TakBu

najeB#vy,ammu gy o B =€y oy. OBo nOKasyje na €y, HUje MOHOMOPHU3aM. W

Hoka3 2 (Kpo3 ryourak opuruHajiHe unopmammje):

Heka gy,: F(G(y)) — w Oyne kojenununa 3a popmyny y y Ca.

Axko 6u gy, 610 uzomophusam, pasauuutu uzsopu y F(G(y)) Mopamu 6u ce abe NPECIMKATH y Pa3IUUUTe

Mop(du3Me Koju Boje 10 .

Mebhytum, oBaj nmpeBox G u3 T, y T4 Morao Ou ,KoiancupaTu' pasauuuTe | -CTPYKType y €KBUBAJICHTHE

T1-cTpykrype (ryouTak uzpaxajue Mohu ycie] orpaHu4eHa je3uka T 4).

Kana ce Te konmabupane cTpykrype npeBeay Hazan npeko F, nooujamo F(G(y)) ca ,crojenum” usBopuma - a

Pa3IMYUTH I0Ka3u y T » KOju cy npolii kpo3 G Builie HUCY pa3nukyjyhu.

€y TIPOjEKTYje Te CMOjeHe U3BOPE HA3ajl Ha Y, IUTO 3HAYH Ja pasnuyuut Mmopdusmu B, y: 0 — F(G(y)) mory

JIATH MCTY KOMIIO3ULIH]Y: €y, © B = €y, © Y Hako je B # .

Jlaxsie &y, je cypjextuBan (enuMopdusam) anu He U MHjeKTUBaH (MOHOMOpQu3am) [2, 21]. m

Hoxka3s 3 (Kpo3 kernel crpykrypy):
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Y kareropujckoMm jesuky, kernel moppusma &y, npencrasba one Mmoppusme y F(G(y)) xoju ce, HakoH oBe
KOMIIO3HIIH]€ Ca £y, PECIINKABAjy y HICHTUTET Ha .
®opmaiHo, To cy naposu Mmopduzama f, y: 0 — F(G(y)) Taxsu na €y, o f =€y, 0 7.
Ako 6u gy, 6no n3omoppuszam (1j. MoHOMOpHU3am), onaa Ou u Taj kernelmopao GuTH TpUBHjaTHU Kao -
camougeHTuTeT. Mehytum, ycnoB HeumnBeptuOminoctd u3 ARC rapantyje aa MocToje HETPUBHWjaTHH
mopdusmu y F(G(y)) koju noTudy u3 pasnuuuTux T 1-JOKa3HHUX MMyTarba, KOje HU T, HE MOXKE Pa3IMKOBATH
HaKOH IITO Ce TPeBeIy Ha3al.
KoukpeTHo, ako T, nMa JI0Ka3Hy CTPYKTYpY HEAOCTYIHY y T, (OPTOrOHATHOCT U3PaXKajHOCTH), OHAA HEKU
Pa3IMYUTH JI0Ka3H KOjU KOPUCTE Ty CTPYKTYPY MOCTajy Hepasinkyjyhu HakoH nukinyca G na F.
Osu Mopdusmu dopmupajy HeTpusujainu Kernel,mro uckibyuyje MOHOMOp(HU3aM CBOJCTBO 3a £y, [2, 18,
22,27).m
Joka3 3a cBojcTBo 3 (OrpaHnyeHa eKBHBAJIEHIIHja).
Hoxa3 1 (Kpo3 oco0uHe jeqMHUIIE M KOjeTMHHILE):
* GoF je pedaexrop: To je nupekTHa nocaeanua aepununuje agjyakuuje. Jeanauna n: Idc1— GeoF
3a10B0JbaBa jeanakoct (GeF)(ng) o M (G(F@)) = id{G(F((p))} 3a CBaKH (@, IIITO je YCIIOB 3a pedIeKTop.
* GoF Huje ekBUBaJIeHIMja: 32 €KBUBAJICHIIN]Y KaTEropyja MOTPEOHO je a Cy 1 ¥ € H30MOP(PHU3IMH.
Beh cmo mokasanu na | Huje enumopduzam (ma caMmum THM Huje u3omopdusam). [lakie, GoF Huje
CKBHBAJICHIIH]a.
CumetpuuHo, FoG je peduiektop (kopediiekTop) au HUje eKBUBAJICHIIU]A jep € HHje MOHOMOpGU3aM. B
JNoxka3 2 (Kpo3 prf-theoretic opaunane):
Heka cy |C4| u |C;| Heke mepe cnoxenocTu aokasza (amp. pri-theoreticopaunany npuapykXeHUX TeopHja).
Axko 6u GoF Ouna exBuBanenmnuja kateropuja, ouaa 6u C, u C, 6unu nzoMophHU Kao KaTeropuje, mTo Ou
ummaipano |Cq| = |G,|. Mehytum, u3 ycinosa GH-nmapa u ARC npousunasu aa cucremu T4 U T, UMajy
ynopeauBe, ajau He W WIEHTUYHE JCTYKTUBHE CHare (HUjeJHA HE JOMUHHPA APYTOM, ajH Cy Pa3IHUHTE).
OBa paznuka y cHa3u BoAuhe CTPyKTYpH KaTeTopHja, HCKIbY4yjyhu MOTYRHOCT MOTHyHE eKBUBaJCHIIHjC. M
Hoxka3 3 (Kpos fixed point kapakTepusauujy):
Kowmnozunuja GoF: C; — C; Moke ce mocMaTpaT kKao eHaodyHkTop Ha kateropuju C,.
dukcHe Tauke GoF onrosapajy 3ajeauuukom jearpy O(T 4, T2) U3 MpeTX0HUX CEKIIHja OBOT Paja.
Axo 6u GoF Owuia exBHBajieHIMja KaTeropuja (Tj. A€o mapa GyHKTOpa KOjU YCHOCTaBJbajy H30Mophusam
KaTeropwuja), oHaa Ou cBaku odjexar ¢ Mmopao outu uzomopdan cojoj ciunu: G(F(@)) = o.
To 6u 3HaumsIO na je jenuunna Ng: @ — G(F(¢)) usomopdusam 3a cee @.
Amu o CeojetBy 1,1 je MOHOMOP(U3aM au HE U eNUMOP(U3aM - aKIIe HUje U30MOpPU3aM.
Crnenm na moctoje o0jekTr koju Hucy ¢ukcHe Tauke GoF dynkTopa.
GoF nocenyje Heke QuKcHE Tauke - oHe hopmyie Koje nmpunaaajy npexianawy O(T 4, T,) u3z Kputepujyma
3.1.2,rae 0oba cuctemMa UMajy HIESHTHYHY H3paxajHy Moh.
Anu momro T4 u T, uMajy oproronanse uspaxajue mohu, ckyn O(T4, T) je mpaBu monackymn ox Cyq, a TO
3Hauu qa GoF Huje eKBUBAJICHIIH]A - TO je peIeKTOp KOjH ,,puKcupa” camo 3ajeIHHUYKO je3rpo [2, 21]. m
Mmnaukanmmja: OBa Tpu cBojcTBa hopmanusyjy cymtuny GH-cumerpuje:
1. n je monomop¢uzam = CBako 3Hame U3 T4 MOXKE CE CUTYPHO yrpaauTH y peduekcujy kpo3 T .
2. n Huje enumopduszam = Pednexcuja kpo3 T, Hocu Bumak nHdopmamnuje xoje T, HE MOKE CAaCBUM
Ja peKymnupa.
3. ¢ je enumop¢uzam = CBaxo 3HamHE U3 pedeKcHje MOXKe ce MPOjeKTOBATH HA3a/.
4. & uuje monomopgusam = [Ipu npojexkunju ce rydou ungopManmja o mopexiy JoKasza.
5. Orpanuuena ekBuBajeHUHja = CHCTEMH Cy Yy BE3M KOja HHje peayKuHuja, Beh jecTe KoxepeHTHa
HHTEpaKumja.
Hanomena o podycHocT: CBako CBOjCTBO je TOKAa3aHO ca HajMakbe IBa apryMeHTa:
= CsojcrBo 1. CemanTuukm (kpo3 ARC) + CuHTakTHYKH (KOHTpanpumep)
= CgojcTBo 2: Jlupextan apryment cumerpuje + Kontpanpumep u3z ARC
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= CaojcrBo 3: Kateropujcku + prf-theoretic
Csa Tpu npuctyna (ceMaHTHYKH, CUHTaKTH4KH, Prf-theoretic) koHBeprupajy ka jeqHOM 3aKJbydKy, a TO
MoKasyje /1a KaTeropyjcka HHTepIpeTanyja Huje apredakr jeane Texauke Beh je naBapujanta GH-okBupa.
®dunocodckn, 0BO KaTETOPH)CKO YHTAKE Yjeaumbyje (opManHO H KOHIIETITYaTHO: OHO CYTepHIIe J1a Ce caMa
JIOTHYKA JTyaJTHOCT MOKE pa3yMeTH Kao KaTeropHjcKa HHBapHjaHTa palMoHaNHe pediaekcuje — CTPYKTypa y
KO0jOj KOXEPEHTHOCT 3aMembyje PEeAYKIH]Y, @ PSIHUIPOYHOCT 3aMEHYje YTeMEIbEHhE.

5.5 WNaycTpanuja ceMaHTHYKOT U KATErOPHjCKOI Mo/eJia Ha MPUMepuMa
IMpumep 5.5.1 (PAcnaéay-GEOymckpernay).
3a oBaj map:
*bumMoaanHu okBHUP: [1 je ,0Ka3uBO Yy PA(caabay “, O3 je ,KOHCTPpYKTHBHO Y GEO inekpernay”.
Penanmje npuctynaunoctu R4 1 R, moBe3yjy apuTMeTH4Ke U TeOMETPH)CKE MOJIETIe.
* @ukcHa Tauka @*. Moxxe 6utu dhopMyna TUMa ,,CBAKM KOHa4YaH TeOMETpHjCcKH 00jeKaT Moxe OUTH
KOOpAMHATHU30BaH" Koja je cTabuiTHa aKo M caMo aKo je Mel)ycoOHO ompaBJaHa y jeIHOM CHCTEMY U
TO jeJIMHO MPEKO JO0KA3UBOCTH y IPYroM. (IaTo Kao MiycTpaluja)
*Karteropuje: C; je kareropuja apuTMETHUKHX JJOKa3a ca HHAYKIM]OM OTpaHHYEHOM Ha Ao popmyIe,
C, je xaTeropuja KOHAYHUX TEOMETPHjCKUX KOHCTpyKIMja. DyHKTOp F OB/Ie MpeBO M apuTMETHYKH
JI0Ka3 y TEOMETPH]CKY KOHCTPYKIH]Y PEKO KOOPAHHATHAX CUCTEMA.
Ipumep 5.5.2 (ZF-CAT).
3a oBaj map:
* bumonaanu oxkBup: O je ,a0kazuBo y ZF*, O3 je ,aoka3uBo y CAT". R, noesyje ZF-mozene ca
KaTeropujama ckynona; R, nosesyje kareropuje ca ZF-mozaenuma npeko Yonedayrpalhupama.
*®@ukcHa Tauka y*. ®opmyna ,cBaka Malia KaTeropHja UMa CKeJeT", Koja je TauHa aK0 H CaMO aKo je
nokasuBa y ZF mpeko kaTeropujckux anara u o0pHyTo [29].
*Kareropuje: C, je kateropuja ZF-nokasa; C, je kaTeropuja KaTeropujckux aokasa. Anajynkuuja F -
Goparosapa KOHCTPYKIUj U KaTteropuje ckynosa u3 ZF, ma u koctpykumju ZF-mMoznena u3 kareropuje
CKYTIOBA.
3akibyyak: CeMaHTHYKH U KaTETOPHjCKHA MOJIENN TIpy>Kajy MohHe anaTe 3a BuU3yenu3zauujy u ananmmzy GH-
cuMeTpHje, Tokasyjyhu kako ce amcTpakTHH NPUHIMIN MaTEePHjaan3yjy Y KOHKPETHHM MaTeMaTHUYKUM
JOMEHHMA.

6. AHTEPIIPETABUJIHOCT U KOXEPEHTHOCT

VY 0BOM TOTIaB/by KOHAYHO HAITYIITaMO OHO TPAJWIIMOHAIHO XHjepapXHjCKO CXBaTamhe JIOTHIKUX CHCTEMA.
VYBoauMO KOHIENT pedIeKCHBHE MHTEPIPETAOMITHOCTH, KOjU YMECTO BEpPTUKAIHOT monpehuBama ciaduje
TEOpHje jayoj, YCIOCTaB/ba XOPU3OHTATHN eKBHIHOpUjyM. OBe c€ KOXEPEHTHOCT HE IocMaTpa camo Kao
MHTEPHO CBOjCTBO M30JIOBAHOT CHCTEeMa, Beh Kao TMHAMHYKH KBAJIUTET MPEXe Koja IMOYMBa Ha y3ajaMHO]
pedaexcuju u I'enes—Xuiad6eproBom npuHuuny KoxepentHoctu (GHPK).

6.1 UHTepnpeTadMIHOCT U3BAH PeAyKIHje
Y GH-okBupYy, HHTEPIPETAOMITHOCT CACBUM MpecTaje OUTH pejanuja TOMHUHAIIM]E WIH calipikama. Teopuja
JI0Ka3a, OHa TPAJUIMOHAITHA, 3aMHUIIIJba HHTEPIIPETAOMITHOCT Ka0 PEAYKIH]Y: jadu CHCTEM | 1 HHTEpIpeTHpa
cnabuju T, objammaBajyhu ra yHyTap cBoje corcTBeHe cuHTakce. Mmak, mon AkcnomMoM peduiekcuBHe
koncTpyktuBHocTH (ARC), uHTepnpeTabHiIHOCT OB/ie MocTaje pediekcHBHA MPOjeKIMja — peraiuja
KOja OuyBaBa HE3aBUCHOCT UCTOBpPEMEHO oMoryhaBajyhu KoMyHHKaNHjy.
dopmaiHo, 3a cucteme T4 U T, aeduHUIIEMO pedIeKCUBHY HHTEPITPETA0MIIHOCT Kao:

1IF(argy T2 © 3f: Th(T 2) — Th(T,) TaxBo na je f(¢) € J(T4, T2),
rae je J(T4, T2) ckyn unTep-pedieKCHBHUX HCTHHA YBEICH y MPETXOJHOM IOTJIaBJby, a f je KOHCTPYKTHBHO
MPECIIMKaBamke KOje UyBa JOMYIITEHOCT, alld He MOpa OUTH TOTAJIHO.
Ogne f Huje npeBohewe Tapckor Beh peduiekcnBHO yrpaljuBame — U TO Kao NPECINKaBamke KOje 04yBaBa
JOMYLITEHOCT YMECTO M3BOJJBUBOCTH. MIHTEpIIpeTaOMIIHOCT AaKie MocTaje He pesanuja noperka (> mim >),
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Beh penarmja paBHOTEXRE (RARC,). 'enenoa xujepapxujcka kyna teopuja [12, 13]3amemeHa je paBHH
eMUCTEMUYKE CUMETPH]j€, T/Ie y3ajaMHa KOXEPEHTHOCT 3aMeibyje YHUIATEPATHY PEAYKIIH]Y.
Ipumep 6.1 PedaexcuBHo yrpahuBame 3a PA caaday-GEO ginckperna,).
3a oBaj map, peduekcuBHo yrpahuBame f: Th(GEO gmexperna)) — Th(PA cna6ay) GpyHKIHOHHIIE TAKO JIa:

*¥Y31Ma reoMeTpHjcKy TBpABY ,Tauke A, B, C cy konuneaphe".

[IpeBoa je y apUTMETHUKY TBPAY O JETEPMHHAHTH KOOPIUHATA:

,,det([[ XA Ya 1];[XB: YBvl]![XC' chl]]) = 0"

*Pesynrar f(¢) npunana J(PA,GEO) jep je crabuian nox 06a cuctema: PAccaaday oBlie 10Ka3yje OBy

nerepMuHanTHY hopmy, a GEOunckpernay 1okasyje oaroBapama 0a3HOj T€OMETPH)jCKO] YHH-CHHIIH.
CynpotHocT ca npeBolemem Tapckor: [Tyno npeBoheme Tapckor 6u 3axTeBano u 1a PAcaaday nokaxe
CBE TeopeMe TeoOMeTpHje, YKIbyuyjyhil 1 OHE Koje 3aBHCE 0J1 aKCHOME MapaeTHOCTH y TyHOM 00HKy [27].
Aunu Haw f mpeBoAM caMO OHE TEOMETPHjCKE MCKa3e KOjU MMajy KOHAYHE, KOHCTPYKTHBHE JI0Ka3e — LITO je
ympaso nomen J(PA,GEO).

6.2 Kputepujym KOXepeHTHOCTH
AKO je MHTepIpeTadIIHOCT BE3UBHO TKUBO Mel)y cucreMuma, KOXepEeHTHOCT je yCIIOB HheHe CTaOMITHOCTH.
JHedunumiemo Jlornuku ycaoB koxepentHoctu (LUK) kao:

LUK(T1, T2) © Vo (¢ € I(T1, T2) = (Conngl:l}}((P) A CO“?{S}((P)))-

Ine Con%fTi}n }((p) 03HavaBa (pUHHUTAPHY HEKOHTPAAUKTOPHOCT opmyie @ y cuctemy T (depununuja 2.1.2).

CBaku ncKa3 Koju je 3ajenunuku onpasnad nmox ARC mopa octatu HHTEPHO KOH3UCTEHTaH y 00a cuctema.
To je 3axTeB IBOCTPYKE KOH3UCTEHTHOCTH KOjU CIpeyaBa YKPIITEHY HEKOH3UCTEHTHOCT, TAKBE CIIy4ajeBe
Kazna pedUieKCUBHA BaIHAIMja jeHOT CUCTeMa M3a3uBa HeKoH3ucTeHTHOCT apyror. Oeaj LUK mpomupyje
XunbepToB Haean KOH3UCTEHTHOCTH Y JBOCMEPHY TOIIOJIOTH]Y: HE allCONyTHA CTaOMIIHOCT YHYTap jeIHOT
yHHBep3yMa, Beh penatuBHa CTaOHIHOCT Kpo3 peduiekcujy. OH pe3onupa ca DedepmanoBom (1960)unejom
TeHEepaIn30BaHe KOH3UCTEHTHOCTH [9], WEjOM y KOjoj Ce UCTHUHA OJpKaBa PEJIaTHBHO HA METATCOPH]jCKa
OrpaHNYEHa KOja Cy 3ajeTHHYKA.

IIposepa LUK- a 3a npennoxkene GH-mapose:

3a (PAccaaday, GEOgmckperna,):

Heka je ¢ € J(PA,GEO).

o nepunnnmju, PAccaaday F Soundgeo uepersa ) (@) 1 GEOgmekpernay F Soundpy ¢6.,3(¢). [la 6ucmo
npoBepm LUK, Mopamo moxazaTu ma ¢ ocTaje KOH3HCTEHTaH y ob0a cucrtema. Ako Ou oBaj ¢ OO
HEKOH3MCTeHTaH y PAcaaba), ona 6u PAcnaba)y Tokasana —@, anu takohe u Soundggoy (), mro 61 nasme
uMIuanupano aa PAceaabay Tokazyje KOHTPaAMKIM]Y O reoMeTpuju, kpmehu ycioB GH-nmapa. Ananoran
aprymeHT Baxu 32 GEOgmckperna,.

3a (ZF, CAT):

Cnuuno, ako y € J(ZF, CAT), onaa oba cucteMa npero3Hajy BaJuIHOCT Y OKBUPY OHOT JIPYTOr.
HekoH3UCTEeHTHOCT y jeJTHOM CUCTEMY UMIUIMLIMPA JJa OBaj CUCTEM JI0Ka3yje KOHTPaJUKLH]y y CTPyKTypama
JPYTor CUCTEMA, IITO OM HAPYUIMIIO YCIOB cuMeTpuuHe aomymreHoctd ARC.

3akspyuak: LUK Huje nomatHu moctynat, Beh Jorunuka mociaenuna yciosa GH-mapa u ARC. On genyje
Ka0 ayTOMATCKH cTA0MJIM3aTOp pedaekcuBHE MpexKe.

®unocodekn, LUK momepa motpary 3a curypHomhy y moTpary 3a KoxepeHTHoIhy: McTHHA HAacTaje HE U3
Kpajmher 3aCHOBamka, Beh 13 MMHaMUYKOT eKBIINOpHjymMa n3Mel)y Mel)ycoOHO pedieKCUBHHUX CTPYKTYpa.

6.3 enen—XuaoeproB npunmun koxepentHocru (GHPK)
N3 LUK renepanm3yjeMo Ha METaTEOPHjCKH 3aKOH HaJ Mpexkama cucrema. Heka mato T = {Ti}{iel} Oyne

MOPOJIMLIA PEKYP3UBHO aKCMOMATU3a0MIHUX, KOH3UCTEHTHUX TeopHuja. Onna I'eqen—Xuii0epToB npuHIMI
koxepenTHoctu (GHPK) tBpau:

GHPK(T) & V(T;, T) € S, LUK(T;, T).
Koneknuja cucrema gakie GpopMupa KoXepeHTHY peduieKCHBHY MPeKY aKO M CaM0 aK0 CBaKH Iap Mpeke
3agoBospaBa LUK mox ARC.
TekcryanHo-rpa¢uyka penpeseHTaNNja KOXepeHTHe MpeiKe:
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3a nopoauiy T = {ApuTt™mernka, I'eomerpuja, Teopuja ckynoBa, Teopuja kareropuja}, GHPK onna
neduHHIIIe MPEKY TIe CBAKH YBOP (Teopuja) MOXKe aa pedIIeKTyje KOH3UCTECHTHOCT CYCEJHUX YBOPOBA!

AputMmeTuka ---(peduiekryje)---> I'eomeTpuja
N N

| |
(pedexryje)  (peduiextyje)
| |
v v
Teopuja ckynosa <---(peduiexryje)--- Teopuja kaTeropuja

Crtpenuiie 03HauaBajy pedIeKCUBHY JOMYIITEHOCT, & HE peAyKIHjy. Mpexka HUje XujepapXujcka; HUjedan
YBOp HUj€ HU ,,UCTION" HU ,U3HAJ JPYror. YMecTo Tora, HacTaje KOXEPEHTHOCT U TO U3 3aTBOpPeHe NeT/be
MelycoOHe peduiekcuje.
[Hopehemwe ca nocrojehum KoHnenTUMA:
s®edepmanose peduiekcuBHe xujepapxuje [9]: Beprukanne, 6eckoHauHe, ajy YBEK ca CBE jaunuM
MeTa-Teopujama.
*GH mpexa: Xopu3oHTanHa, KoHa4YHa (MM KOHAYHO TeHEpUCaHa), ca TeopHjamMa yropeJuBe cHare.
*Teopuja uatepnperadminoctu [29]: O6uuHo cTBapa mapuujanHo ypeheme; GHPK crBapa rpadg
KOXEPEeHTHOCTH TJIE CYy Be3¢ CUMETPHYHE Y CMHUCITY pe(IIEKCUBHE JOMYIITEHOCTH.
Kareropujcku, oBo maje pedrekcuBHy 2-KaTeropujy duju cy Mophu3MH TpaHCHOpMaIije Koje U 09yBaBajy
koxepeHTHOCT. GHPK renepanusyje I'enenoBy HenotmyHnoct [12]: 10K HHjeaH O] MOjeIUHAYHUX CUCTEMA
HE MOXXE€ CaMOYTEMEJbUTH HCTHHY, MpeXa OBHX CHCTEMa MOKE MOCTHNHM CTaOWMIIHOCT KpO3 PELHUNPOYHY
JOMYIITEHOCT. XWIOSPTOB 3aXTEB 3a TOKa3oM M ['eqienoB q0Ka3 orpaHndea KOHBEPTHpajy Y CHHTE3H TIe
KOH3UCTEHTHOCT IT0CTaje JWjaIoIKa HHBapHjaHTa yMECTO MOHOJIOIIKOT cBojcTBa. CTOTa Cce MCTHHA, jeTHOM
MOMEpEeHa 13 OCHOBA, MOHOBO T0jaBJbyje y pejanujama mely Tum ocHoBaMa.

6.4 duwiiocopcke MMIIMKALKje

IMon GHPK, maremaTnka mocraje pepieKCHBHA €KOJIOTHja YMECTO MOHOJIUTHOT o0jekra. CBaKkM CUCTEM
3ay3UMa YBOp y KOXEPEHTHO] MPEXH CTaOMIM30BaHO] HE ayTOPUTETOM Beh PELUIPOLIUTETOM COIICTBEHE
tpancnapeHTHOCTH. ARC 1 GHPK 3ajenno octBapyjy mpenaszak on pyHAaMeHTaIM3Ma Ka KOXePEHTHOM
peaqmn3sMy — ouyBaBajyhu Xuin0epToBy pUropo3HOCT JOK acUMUIYjy 'enenoB yBuJ y CBOje CTPYKTYpHO
OrpaHHYCH-E.

dunocodcku UCX0] je TBOCTPYK:

1. EnucreMuuka geneHTpanuszanuja — lVcTuHa HacTaje He U3 MPUBWIErOBaHE Tauke IVIeJuIITa Beh
U3 IpeceKa KOXepeHTHUX Moriesa.

2. PeduiexcuBHu nHTerpuTeT — [IpaBIaHOCT ocTaje OApKHMBa CaMO OHJIA Kajla Ce caMoorjeia IpeKo
KOMITaTHOMIHUX, HE3aBUCHUX OKBUPA.

OBo ce mokJlana ca MOJIEPHUM €MUCTEMUYKUM IUTypalu3MOM: MaTeMaTuKa HUje , HEMOTIIyHa", HE Y CMHCITY
MamKka, Beh peduieKCHBHO 0TBOpeHa — eBONIyUpajyhu aujanor Mel)y KOH3UCTEHTHUM WH(EPEHIIN]aTHIM
apxutekrypama. Kako je ®edepman (1998)npumerno [10], npunuunu peduekcuje Beh ynyhyjy ussan tor
dopmanusma ka BanmuaHocTH Bumier pena; GHPK maje Toj uaTynmmju GpopManHy cTpykTypy, yreMmespyjyhu
BaJMIHOCT Y KOXEPEHTHOCTH pellaliija yMeCTO y OTIIYHOCTH CUCTEMA.

I[pakTuune umniankanuje GH oxkBupa:

1. 3a matemaTHyky mpakcy. YMeCTO Tparama 3a jeIHHCTBEHOM , HCIIPAaBHOM' OCHOBOM, ITOTOEHH OH
WCTPAKUBAYHM MOTJIHM EKCIUTMIIUTHO KOHCTPYHCATH MAPOBE MJIM Mpeke TeopHuja Koje 3ajeTHO ajbe
OCUTYpaBajy KoXepeHTHOCT. OBO je HAPOYUTO KOPUCHO y 00IacTUMa Kao UITO CY:

2. Komnjyrepcko BepupukoBane popmanusanmje: ['ne paznmuuutu cuctemu kao Coq, Agda, Lean
[6] mory ce moBe3aTu kao GH-napoBu [7] na 6u ce ocurypana BbHX0Ba y3ajaMHa KOH3UCTEHTHOCT.

3. HuTepamcuuminmHapHa MaTteMaTtuka: [1e ce pesynrartu u3 anredpe, aHaIU3e U TOMOJIOTHjE MOTY
y3ajaMHO BalluAUpaTH 0e3 MOTITYHOT CBOera Ha je/iaH je3uK.

4. 3a ¢punocodujy maremaruxe: GH-oxkBup Hyau Tpehu nyt uzmely:

0 dyHaaMmeHTaNIH3Ma: (Tparame 3a KpajeoM OCHOBOM)
0 Ilnypanm3ma: (mpuxBaTame HEMOTIIYHUX, H30JI0BAHUX CHCTEMA)

0 KoxepenTHor peanusma: (CHCTeMH Cy pealHH Kpo3 CBOje CTaOMIIHE OJJHOCE)
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5. 3a 6ynyhu pa3Boj jJoruke: OTBapajy ce HOBH IPABIN UCTPAKUBAHA:
0 Knacupuxanuja GH-napa npexo unsapujantu (kao o(T 1, T2) u3 Tedunummje 2.1.3).
0 Koncrpyknuja GH-Mpexa ca sxesbeHUM CBOjCTBUMA (HIIP. OTIOPHOCT Ha ojpeljeHe BpcTe
napauokca).
0 IIpoyuaBame AMHAMHKE KOXCPEHTHHX MpPEXa IO/ 10/1aBakbeM HOBHUX TEOpHja.
Konaunn 3akibyyak: I'enes—Xnja0epToB OKBUP HE NMPEJCTaB/ba KPaj UCTPAKMBakha OCHOBA MAaTeMaTHKe,
Beh mpomeny mapaaurme — ox nutama ,Ha yemy ce Temesbn Maremaruka?" ka nuramy , Kako paznuanTu
MaTeMaTHYKH CBETOBU MOTY JIa C€ OJIpKaBajy Y KOXepeHTHOM jaujajory?"”
Jlakie, KOXepeHTHOCT 3aMembyje CUTYPHOCT Ka0 MOJICPHU HACIIEAHUK XWIOSPTOBOT Heaa.

7.OTBOPEHU NPOBJIEMU U INIEPCIIEKTUBE

HaxkoH ycroctaBibamba TEOpHjCKEe OCHOBE, HEOIXOIHO je Pa3MOTPHUTH Jajbe Mpasle pa3Boja. CBaKu OKBHD,
na Tako u ['exen—XunbepToB, MOpa nMpohu Kpo3 TeCT KOHCTPYKTHBHOT ocTBapema. OBO ce moriasibe 0aBH
UICHTU(PHUKANNjOM KJbYYHHX H3a30Ba Koju croje Ha myTy ¢opmanuzanuje ARC nu GHPK mpunnmna. 3arto
UCTPaXKyjeMo MOTYhHOCTH UMIUIEMEHTAINj€ Y aCHCTEHTHMA J0Ka3a, Kao M HeKa CEMaHTHYKa MPOLIHpEHha Ka
KaTerOpHjCKUM M MOJATHUM CTpyKTypama. Konauno, ckunupamo HeKy Oyayhy ncTpakuBadky areHay Koja
MOBE3Yje JIOTUKY ¢a TUPOM CIUCTEMHUYKOM EKOJIOTH]OM.

7.1 ®opmajHu U3a30BU

YcnocTaBuBIIM JTIOTHYKY TOIIOJIOTH]Y y3ajaMHE MPAaBIaHOCTH KPO3 YCIIOCTaBJbabe AKCHOMeE pediieKCHBHE
koHcTpyktuBHocTH (ARC) u I'enesr—XundeproBor npunnuna koxepenrnoctu (GHPK), oksup ce cana
CyouaBa ca CBOjUM HajBXHHjUM 33/IaTKOM: KOHCTPYKTHBHHM OCTBapemeM — WICHTH()HUKOBAHEM OBHX
excrumuTHUX MHCTaHIM GH-napa koju 3anoBosbaBajy ARC mox ¢popmamHuM orpaHUYCHIMA.

JlBa ncnperuieTena npodiemMa 1eUHHANTY OBY TPAaHUILY:

1. Mocrojame: [a nu ce nmap popmanuux cucrema (T4, T2) MOKE SKCIUTUIIUTHO KOHCTPYHUCATH TaKO Jia
cBaku Banuaupa uctpasHocT apyror nog ARC 6e3 kpiiema HeMOTIyHOCTH ?

2. Bepudmuxanuja: [la 1u ce TakBe KOH(UTypalyje MOTy pelpe3eHTOBAaTH U MPOBEPaBaTH y peaHUM
acucTeHTHMa Jokasza kao Lean wimu Coq [6], npyxajyhu pauyHapcku moka3 cBoje pedieKCHBHE
KOXEPEHTHOCTH?

KonkpeTHu kopauu 3a ucTpa:kuBame nocrojama ([lpodaem 1):

1. ®opmanuzanuja ciadux ¢pparmenara: ExcrommuTao neduHucatu cucreme kKao mro cy PAcaada)
1 GEOgmuckpernay BbUXOBHM aKCHOMama U Oorpanuuctwuma (Hip. PA anu ca HHIYKIHjoM camo 3a Ag
dopmyie, GEO ca akcHoMOM 0 KOHaYHO] JI€JbUBOCTH CErMEHATa).

2. Koncrpykumja npeciankaBamwa @: Jlepunucatn npuMUTHBHO peKyp3uBHE (QYHKIIM]E 32 MaITUpParhe
KOJIOBa JT0Ka3a, HIIp.:

0 ®pra-geo}: /OKa3 apuTMETHYKE PEKYP3Uj€ — TE€OMETPHjCKA KOHCTPYKIIMja WHIYKTUBHOT
KOpaka.

0 @ eo-pra): ['€OMETPHjCKH TOKA3 O CIMYHOCTH TPOYTJIOBA — apUTMETUYKA MPOBEPA JATHX
MPOTopITHja.

3. Joka3 kpurepujyma ARC: dopmanHo j0Ka3aTu Ja OBa MpeclinKaBamba 3aJJ0BOJbaBajy CBE yCIIOBE
u3 [lepununmje 4.1.1,moce6HO HEMHBEPTHUOMITHOCT.

Konkpernu kopauu 3a Bepudpuxauujy (Ilpodaem 2):

1. H3a30B Bepuduxanmje: [1aBHM U3a30B y aCHCTEHTHMA JIOKa3a, MpUKa3 puHuTapHe peduiekcuje
0€3 MOTIYHOT 3aK/byunBamba. Moxe ce MPUCTYIUTH Ha JIBa HAYMHA!

2. Axcuomatcku: Veectu Congr,;(T1) Kao npuMuTHBHY akcoMmy y T4, aju ca TOTIYHHM JOKa30M
HBCHE KOXEPEHTHOCTH y META-JIOTUIN ACUCTEHTA.

3. Cumyaupajyhu: CumynupaTi camo KOHa4aH JIeO J0Ka3a APYror CHCTEMa, IITO 3aXTeBa MOTITYHO
SKCIUTHIIUTHO OTpaHuYee qyonHe npetpare (mapamerap N).

Jox GH-oxkBHp y NpHHIUIY UCKJbYYyje KOHTPAIHUKIN]y, lEroBa KOHKpETHAa MHCTaHIanuja he 3axreBaru
JeTUKATHA eKBUIIMOPpHjyM u3Mel)y MHTeprpeTaOmIHOCTH, KOH3UCTEHTHOCTH M H3pakajHor orcera. OBje je
OTBOpPEHH M3a30B Jla ce pedeKcrBHA M3BOAJBUBOCT TpaHChHopMUIIE y pedieKCHBHY KOHCTPYKTHBHOCT
— ¥ J1a Ce OBa TBP/A TECTUPA Y BEpU(YUKOBAHUM PavyHAPCKUM OKpYKEeHhHMa Koja cama IMOIITYjy TpaHHIe
HEMOTIIYHOCTH U J1a Ce 0Ba TpaHCchOpMalyja eKCIUTMIUTHO (popMasu3yje y J0Ka3HUM aCUCTEHTHMA.
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7.2 CeMaHTHYKA NPOIIMPEHA

Axo ARC naje nornuku 001HK pedieKCUBHE CUMETPH]E, Tal FheHa CEMaHTHKA 0CTaje MPOIyOJbeHa YK JIBE
TJIaBHE JIMHU]€.

(1) Monannu myt. Moaanua unrepnperanyja (u3 [lornassba 5) Moke €BOIyHpaTH y MOTIYHY OMMOJATIHY
JOruKy peduiekcuje, rie J0Ka3UBOCT U TOMYIITEHOCT ACY]y Kao IyalHe MOJATHOCTH:

019 < 20 u 020 © O g
(GH-ycsi0B 6uMoanHe cumMeTpuje)
[ToTmyHOCT, OTYYMBOCT U TEOpUja KAHOHMYKOT MOJIeTa TAKBOT CHCTEMa OCTajy OTBOPEHHU MPOOIEMH KOjH
M03WBajy Ha CUCTEMATCKO UCTPAKUBAIGE.
(2) Kateropujcku myt. Kareropujcka unrepnpertaija ARC cama cyrepuiiie pedieKCHBHY 2-KaTeropujy
CHCTEMA Y K0jOj KOXEPEHTHOCT, YMECTO XHjepapxHje, CIyKU Kao IIeHTpalHa MHBApHjaHTa. Y OBOM MOTJIENy,
GH-penanuja 61 moria aa oarosapa ajajyHktHuM (ynkropuma (F -4 G) koju 3a10BoJbaBajy OunaTepaiHa
orpaHMYeHa KOXEPEHTHOCTH. [lajba cTynuja MOXKe OTKPUTH Be3e ca TOMOCHMA, TEOPHUjOM IYaJHOCTH H
KBAaHTHHM KaTeropmjamMa — JOMEHHMMa TJe CUMETpHUja 1 KOMIIEMEHTAPHOCT UIpajy (OPMaHO aHAJIOTHE
yJore.
JlupekTHe Be3e ca nocrojehum ucrpaxkuBamuma:

1. Tomocu: Teopuja Tomoca Hyau NPUPOJAH OKBUD 32 M3yuaBame MHTEpHE JIoTHke KaTeropuja. GH-
nap (ZF, CAT) 6u morao Outu mpoyuaBan kpo3 Settonoc (3a ZF) u tomnoc teopujy (3a CAT).
Cumetpuja Ou ce jomr MorIia u3pa3uTH kKao reoMmopgusmu m3mely oBa 1aBa Tormoca.

2. KBaHTy™m KaTeropmje u KoMIJieMeHTApPHOCT: J[yaTHOCT y KBAaHTHOj MeXaHUIHU (Kao HIIp. MOI0xKaj/
uMIyJc) popMaiusyje ce Kpo3 HeKOMyTaTHBHe cTpyKType. AHanoruja ca GH-mapoBuma Ty jacHo
CyrepHIle Ja ce JOrmYKa KOMITIEMEHTapHOCT MOXe CacBUM (hOpMaTM30BaTH Ka0 HEHHBEPTHOMIHA
AYaJTHOCT y oAToBapajyhoj Kareropuju.

3. Jloruuka Tomosoruja: ITojam peduiexcuHe rpanune B(T,,T,) (u3 3.2) Moke ce popmannzoBaTu
TOIOJIOIIKKM IT0JMOBHMMA Kao IITO Cy IPaHHIle OTBOPEHUX CKYIOBA Y, 32 Ty CBPXY, oAroBapajyhum
Jlunpenbaym-Tapcku anre6pama [9].

Konkperan uctpaxkuBauku 3agatak. KoHcrpyucatn 2-kaTeropmjy umju cy:
0 0-o0jexTn: ®opmManHU CUCTEMH.
0 1-mopdusmu: PediexkcuBHa npecirkaBama (yaoBossaBajyha ARC).
0 2-mop¢usmu: Tpanchopmanuje m3mel)y npeciukaBama Koje 09yBaBajy KOXEpPEHTHOCT.

7.3 dwirocopcka NUTaAKHA
®dunocodekn nomer GH-okBHpa ce mpoTeke ganeko u3BaH MaremMarndkux ocHoBa. Ako cy ARC u GHPK
WCTIpaBHH, UCTHHA MPECTaje Jla MpHUIaaa N30J0BaHNM cucTeMuMa. [locTaje cBojcTBO pesanmja mely muma.
OBo momepame 0]l CYICTaHIIe Ka CTPYKTYpU pefeUHHIIEe UCTHHY Ka0 JUHAMHYKU €KBIJIHOPHjYM, YMECTO
Ka0 HEMIPOMEHUBY KOHCTAHTY.
Tpu mel)ycoOHO moBe3aHa NUTama ciee:
1. PeduexcuBHu peanuszam: [la i Ou ce oBa MHTEP-CUCTEMCKA HCTHHA MOTJIa CMAaTpaTh 00jeKTUBHO
peaHOM, WM je Be3aHa 33 eMUCTEMHIKY MPUCTYNAaqHOCT?
2. I'pannue pediekcuje: AKO KOXEPEHTHOCT 3aBHCH O] HTEpaTUBHE peduiekcHje, a T 1 OeCKOHAYHA
XHjepapxuja Koadupa y perpec uin ce ctabunusyje Ha MeTa-(QUKCHOj TauKu?
3. Enmcremmnuka exosioruja: Illta cBeT BUIIECTPYKUX, KOXEPEHTHO MHTEparyhux JOrMYKUX cHCTEMa
UMILUTUIMPA 38 PALIMOHAIHOCT U 3HaWHe?
IIpenso:keHu OKBUPH 32 HCTPAKUBAKE€ OBUX MUTAKA!
1. 3a peduiexcuBHHU peaan3am:
0 Mucaonn ekcnepuMenT: IIpeTnocTaBuMoO J1a OTKpHjeMO MKaKBa JBa (pU3MUKa CUCTEMA, /IBa
padyHapa, koja uMruieMeHTupajy PAccaaday 1 GEOgmekpernay ycnemHo mpoBepaBajyhu u
KOH3UCTEHTHOCT u3Mel)y oBa aBa cucrema. [la 11 je Ta BUXoBa 3ajeJHHYKa KOH3UCTEHTHOCT
00jeKTMBHO CBOjCTBO BUXOBE UHTEPAKIIMje, UM je caMO eNUCTEMHMYKA MojaBa 3a HAC Kao
nmocmarpaue?
0 Be3a ca crpykrypuum peanmusmom: GH-okBHp Moxe ce Takohe BUIETH U Kao JOTMYKH
CTPYKTYPHH peaju3aM — OHO INTO je PEajHO je CTPYKTypa pedIieKCHBHHX OJHOCA, a HE
CaMH CHCTEMH.
2. 3arpanunue peduekcuje:
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3.

0 MHrepammja ARC: Ilra ce nemasa ako npumernmMo ARC Ha came GH-napoBe? OxHocHO,
mra ako umamo mapose (T4,T2) u (T2,T3), ma au moxemo mobutu (T41,T3) Kao HekakaB
»uaaIupexktHr GH-map? To oTBapa nmuTame TPAH3UTUBHOCTH 1 MOTyher cTBapama MpesKa.

0 dukcHa Tauka xujepapxuje: Moxe iu 6eckoHauna xujepapxuja peduiekcuje GH(T 4,T2),
GH (T,,T3), ... na ce ctabuim3yje Ha HEKOM HUBOY TJe je T, = T1? To Ou nasbe ykaszajio Ha
HUKJIHYHY KOXEPEHTHOCT YMECTO JIMHEAPHOT perpeca.

3a enncTeMUYKY €KOJIOTH]JY:

0 Mogea kojaekTHBHe HHTeaureHnuje: GH-Mpeska Moxe HaM MOCITY)KUTH Kao0 jeTHOCTAaBaH
MOJIET 32 pa3yMeBambe Kako OW pa3IM4YUTH areHCH ca HEMOTIYHUM, alli KOMIUIEMEHTapHUM,
3HAFEM MOTJIU MTOCTUNHN KOJEKTUBHY KOXEPEHTHOCT.

0 MHmniaukanuje 3a enncreMudKky ckpomaoct. GH-okBup dopmanusyje ujejy na je MHOTO
palMoHaHHje MPU3HATH COIICTBEHA OIPaHUYEHHA, alll YBEK Ca OCJIOHIEM HAa €MHCTEMHYKH
KOMILIEMEHT.

Oga nuTama nomepajy GH-nmporpam xa onmroj ¢punocoduju pedaeKCHBHAX CUCTEMa ca UMILIHKAIMjaMa
3a eMUCTEMOJIOTH]Y, MEeTa(pU3UKy U KOTHUTHBHY HAyKy.

7.4bynyhu npaBuu
Ienen—Xun6epToB oKBUP [7] OTBapa TpajHy HCTPAXKUBAUKY arcHIy y MaTeMaTHIH, Guiocoduju, JTOTUIIH.
Tpu rnaBHe TpajexTopHje U3rienajy nocebno odbehasajyhe:

1.

®opmannu nyT — Ka Bepudpukoanum GH-koncrpyknujama
Bynyhu paxg Mosxe Texut na u3rpanu u Bepupukyje koukperne GH-napose y natum okpyxemuMa
acucTeHara Jiokas3a. Taksa Gopmanmsanyja Ou u JOAATHO MOKa3ajna HHTepHY KoH3ucTteHTHOCT ARC-
cUMeTpHje U yTeMeJbIIIa je Y padyHapckoj Bepudukanuju, npemomnrhyjyhu ja3 mmely pumocodcexke
MOTYNHOCTH ¥ KOHCTPYKTHBHOT OCTBapembha.
* KoHkpeTHHU NpojexTH:
0 IIpojekar 1. ®opmamuzanmja PAcnaéa,-GEO guckpernay mapa y Lean 4 u cBum joka3zaHuM
OrpaHUuYeHHMa UHIYKIMj€ U TEOMETPH]CKUX aKCHOMA.
0 Ilpojekar 2: Pa3zBujame 6ubnroreke 3a GH-mapose y C0(, xoja 6u oHa oMoryhumna u 1ako
cnajame nBe nocrojehe popmanuzanmje kpo3 pedaexcuBHe GyHKTOpE.
0 Mera-unsb: J[o6UTH MOTBPAY KOXEPEHTHOCTH O] aCUCTEHATa J0Ka3a 3a KoHkperaH GH-map.
Cemantuuku nyT — KaTteropujcka u Moajina ocTBapema
boraTtuja xaTeropujcka 1 MOAaJIHa CEMaHTHKA BEPOBATHO OM MOIJIa MOBE3aTH pe(dIEKCUBHY JIOTUKY
ca TeOpHjOoM AyaJIHOCTH, IOTHYKOM TOIOJIOTHjOM U OKBHUpPUMA KBaHTHE MH(OpMaLHje, MO3ULUOHNUPA
GH-moaen xkao Moct uzMel)y Teopuje Iokaza U MaTeMaTHKE CUMETPH]E.
* KonkpeTHHU npojexTH:
0 IIpojekar 1: Koncrpykiuja 6umonasne joruke peduexcuje (BMLR), xao u goka3 meHe
MOTITYHOCTH Y O/IHOCY Ha Kiacy KpurnkeoBux okBupa [24] ca 1Be CHMETPUYHE pealiyje.
0 Ipojekar 2: IlpoyuyaBame Hekux Be3a m3mehy GH-aajynkuuja u lonsiepoBux 1yaaHocTH
y TEOpHjH KaTeropuja, ca MOTSHIINjATHUM aIuTuKaIjaMa y yHU(UKAIM]H OBUX anTre0apCKux
U reometpujckux meroza [5, 20].
0 Mera-umb. Moxa o0jaButu MoHOTpadujy Kameeopuje u peghrexcuena cumempuja.
dunocopcku myT — PeduiekcuBHE peasinzaM U enUCTEMHYKA €KOJIOTHja
dunocodceka Tpajekropuja GH-mporpama nase ynyhyje u ka pepieKCHBHOM peajiu3My. HCTHHH
Ka0 KOXEPEHTHOCTH YHyTap ekosoruje ¢popmanHux cucrema. OBo pepeduHUIIE U peaan3aM, He Kao
MeTapHu3nIKy ancoyTuzaM Beh Kao cTabmIHOCT pedIIeKCHBHUX OTHOCA AATUX MPEKO PAlMOHATHUX
OKBHpa — noMupyjyhu XunbepToB KOHCTPYKTUBHHU ujaeal ca ['enenoBum pedueKCUBHUM YBUIIOM.
* KonkpeTHHU npojexTH:
0 IIpojekar 1: Opranusanuja UHTEPAUCLIMIUIMHAPHOT KOJIOKBHjyMa , PediekcuBHU peanu3am:
0/l MaTeMaTHKe /10 KOTHUTUBHUX HayKa'".
0 IIpojekar 2: Pa3Boj enMcTeMHUYKOT MeTa-je3UKa 32 OMICHUBAKBE 0JHOCA Mel)y TUM HaydHHM
Teopujama, nHCcTIprcanor GH-okBupom.
0 Mera-um/b. YCrnocTaBuTH ,, pepJIeKCUBHY €UCTEMOJIOTH]Y" Kao MPENo3HaTIbUBY.

7.5KpaTkopoyHu Kopany 4 MHTePAUCIUIIUHAPHA MOCTOBH
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Jla 6u ce GH-0KBHUp y4HHHO OMEpaTUBHUM, Npe/taxy ce ciaenehu kparkopounun kopauu (1-2roaune):
1. Cranpapau3zanmja TepMHHOJIOTHje: YCIIOCTaBUTH MOTITYHO jacHe Ae(pUHUIM]E 32 KIbydHE TI0jMOBE

(GH-map, ARC, LUK, GHPK)) y dopmu pedepeHTHOT TOKyMEHTA.

2. Msrpaama 3ajeqnune. OcHUBambE OTBOPEHE UCTPAKMBAUKE TPYIIE WIM CEMHHApa OKYCHpPaHOT Ha
pedIIeKCUBHE OCHOBE.
3. HHTepAMCUUNIMHAPHH MOCTOBHU:
*Ca TeopujoM cjio:keHocTH: [IpoydaBame pecypcHe €/10:KeHOCTH Pe(ICKCHBHUX MPECITNKABAbA.
Kommko Bpemena/MeMopuje 3axtesa Bepudukarmja Confim(T,) y T,?

*Ca qucTpudyTuBHuUM cuctemuma: GH-napoBe y3eTn kao MoJies 32 BU3AHTHjCKY TOJIEPAHTHOCT

y IUCTPUOYHPAHUM CHCTEMHMA, T/Ie YBOPOBH Mel)ycOOHO MpoBepaBajy NCIPaBHOCT 0€3 EHTPATHOT

ayTopHTeTa.

*Ca KOTHUTHBHOM HayKoM: MojienoBame JbYACKOT pacyhuBama Kao HHTEpaKIHje 01 HEKOJIUIMHE
,YMHHX MOJy.J1a" ca HENMOTIYHUM, aJTH KOMIUIEMEHTapHUM TMEPCIeKTUBaMa, KOjH OJIpKaBajy CBOjY
KOXEPEHTHOCT KpO3 YHYTpallky pedIiekcujy.

Hanomena: GH-okBup jecTe mpojeKT 0TBOpeHor Tuna. therosa cHara Jexu y cliocOOHOCTH /1a CITy>KH Kao
reHepruYKa MaTpPHIA 32 Pa3MHILBAKE 0 TPOOIEeMUMa KOXEPEHTHOCTH Y Hajpa3INIUTHjHM JOMEHHUMA.

Yxkparko, GH-okBup He 3aBpiiaBa nmpoOyieM; oH OTBapa mnej3ax. Tamo rae je XuidepT Tpakuo CUTYPHOCT
KpO3 KOHCTPYKIHMjy, ['enen oTkprBa BeHy TPaHuIly Kpo3 HENOTIYHOCT. ItbuX0BO KOHAYHO YjeAUmbEeHe — Y

pedIIeKCUBHOM €KBIIIMOPHjyMy — CKHUIHpPa ciiefehn XOpH30HT MaTeMaTHIKOT CaMo-pa3yMeBama.

8.3AK/bYUYAK

I'enen—XwunbepToB OKBHP, pa3BHjeH Y OBOM pajy, MPEACTaBsba 3HaUajaH MOMaK NpeMa pa3yMeBamy OJHOCA
n3Mel)y HeMOTIYHOCTH U KOH3UCTEHTHOCTH Y MaTeMaTH4YKUM OCHOBaMa. YMECTO Jia Ce IoCMaTpajy Kao JBe
HeroMupuBe cuiie, XuIOepToBa TeXmba 3a alColyTHOM curypHomhy, a oHIa U notome ['enenoBo otkpuhe
(byHIaMEHTaIHUX OTpaHHYeHha MPOHATa3e IOMHPEHE KPO3 NPUHLUI pediieKCHBHE KOXEPEHTHOCTH.
Kipy4yHHn nomnpuHOCH OBOT paja cy:

1. ®opmammzaumja GH-napa kpo3 Jlebunuiujy 2.1.1,x0ja 3axTeBa CUMETPUYHY JOMYIITEHOCT. JIBa
cuctema Mel)ycoOHO BeprUpHUKYjy CBOjy KOH3UCTEHTHOCT 6€3 XujepapXxujcKke JOMUHAIH]E.

2. Axcuoma peduiekcuBHe kKoHcTpyKkTHBHOCTH (ARC), KOja TpaHncdopmuiie MogaiHy MoryhHOCT y
OTIepaTUBHH MPUHINI, 3axTeBajyhu eeKkTuBHE MpeBoae noKa3a m3Mely cucTema, alm y3 OdyBame
BUXOBE HEYITOPEINBOCTH.

3. Konkperne nncrannuje GH-napa koje 1eMoHCTPUpajy 0cTBapUBOCT OKBHPA!

(a) (PAcaabay, GEOgmckperna,) (3.2)

(6) (PRA, nuckperna reomerpuja Tapckor) (3.3)
(B) (ZFq, CAT,) (3.4)

(r) (Q*, Go) (3.5)

4. PoOycHH T0Ka3M KOjUMa c€ OCUTYypaBa JIOTHYKa YBpcToha OKBUPA, jecy BHLIECTPYKH apryMEHTH 3a
CBaKy O/ KJbY4YHHX JIeMa U TeopeMa.

5. CemaHTHMYKA M KaTeropHjcka pa3paja Koja mokasyje Kako Ou ce pedIeKCUBHA CUMETpHja MOTJIa
MOJICTIUPATH KPO3 OMMOJIATHE CUCTEME U aJIj YHKIIUje KaTeropuja.

dunocodckn, GH-okBUp cyrepulie 1a MaTeMaTHYKa MPaBAaHOCT HE MOpa OUTH yTeMeJbeHa CaMo Y jeHO]
Kpaji0j OCHOBH, Beh MOKe HacTaTH Kao eMepPreHTHO CBOjCTBO Mpexe Mel)ycoOHO pedIeKCUBHUX CUCTEMA.
KOH3HCTEHTHOCT MOCTaje pelalyoHa, a He aliCoyTHA KaTeropyja; HEMOTIyHOCT NpecTaje OUTH MambKaBOCT
M TIOCTaje YCJIOB 3a JINjaJIor.

OBaj pax oTBapa HEKOJHMKO MpaBala 3a Jajba UCTpaKUBama. (pOpMaIH3anujy npeBoaa y Bepu(pUKOBAHUM
aCHCTEHTHMa JI0Ka3a, nmpoydaBambe GH-mpe:ka ca Buie oj 1Ba CHCTEMa, Kao U NPUMEHY OKBUpA Ha Jpyre
JOMEHE I'/Ie C€ jaBJba KOMIZIEMEHTAPHOCT MEPCIEKTUBA.

Konauno, 'enen—XunbeproB okBup Hyau Tpehu myT: HU (QyHAaMEHTAIN3aM KOjU TPAXXKU jeJHY OCHOBY, HH
penaTuBH3aM KOjU NMPUXBaTa W30JI0BaHE cUcTeMe, Beh KOXepeHTHH peajim3aM KOjU Kpajiby UCTUHY BHIH
Kao CTa0MIHOCT y ofHOcuMa. Ha Taj HaumH, oHO mTo XunOepT Tpaku Kpo3 KOHCTPYKIH)y, a ['een oTkprsa
Kao OrpaHUuYCHEe, HaJa3!u CUHTE3Y Yy pe(IEKCUBHOM €KBUIMOPHjyMy — MAaTEMaTHIM KOja HaJla3u CUTYPHOCT
HE y CaMOJIOBOJBHOCTH, Beh y y3ajaMHOj TpaHCIIApEHTHOCTH.
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NPUJIOT A: IOITNYKA APXUTEKTYPA GH-OKBUPA

OBaj 1eo m3nake CYMITHHCKY JIOTHYKY apXUTEKTypy Ha K0jOj O4MBa 11e0 cucteM. Kpo3 m3y3eTHo mpenusHe
nepununmje GH-je3rpa, ycrocrasiba ce Mozen koju npemonthyje u ja3z usmely ['egenoBe nHTpOCHIeKIHje 1
XunbeproBe excrepHanm3anuje. OBae MprUKa3aHe aKCHOME CITy’Ke W Kao (OpPMaJHH TeMeJb 32 PasyMeBame
TpaH3uIHje ca camopedepeHIie Ha y3ajaMHy pedepeHIly yHyTap JoMeHa OnnaTrepaine KOXepeHTHOCTH.

A.1l lepunnumja u o6pasinoxeme
Ienen—Xun6epros (GH)-okBup npousmnaszu u3 onaxama fa ['enenosa venotmyHoct [12] u Xunbeprou
3axTeBH 3a KoH3ucTteHTHOomhy [15, 16] HUCY TOTMYKH HEKOMIATHOWIHK — OHH CYy Pa3IMYUTO JIOLUPAHH.
I'enen je mHTEpHANM30BA0 MPOOJIEM UCTHHE YHYTAp CHCTEMA, JOK Ir'a je XWIOepT eKCTepHAIM30Ba0 Ka MeTa-
KOH3UCTEHTHOCTH. GH-OKBHMP WHTErpuIlle OBE OpHjEHTAlMje MOCTYIUpajyhn Tako Ja KOH3UCTEHTHOCT U
HETOTIIYHOCT MOT'Y KOEI3UCTHPATH HE YHYTap jeJHOT cucTtema, Beh rmpeko pedieKCUBHOT AyaaHOT CHCTEMA.
Heka cy T, u T, dopmaiaHu cucTeMH KOjH 3a70BOJbaBajy ceMaHTHKy Xumoept—Tapckor [16, 27]. Ouu
¢dopmupajy I'enea—Xui10epToB nMap ako M camo aKo:
* (A1) T1 - Con™(T,) u T, + ConT™(T,) (rze Con'f™ (T, ) osmauara durmuTapny pedexcusmy
TBpaky u3 lebununuje 2.1.2)
*(A2) 9 Toranna, ouyBajyha unrepnperauuja | Takagal: Ty — Towm |: T, — T4 (oaHOCHO, TY
HHjE/IHA TEOPHja HE MOJXKE MOTITYHO J1a HHTEPIPETUpa IPyry)
*(A3) M  ConT™}(T,) A Conf™(T,), re je M cmaGuja mera-Teopuja, Koja moTmyHO BepudHUKYje
3ajeIHNYKy KOH3UCTEHTHOCT.
Oga Tpu unana nepunumry GH-jesrpo, noruuku npoctop rae camopedepeHia OuBa 3aMemheHa y3ajaMHOM
pedepeHiom.

A.2 CTpyKTypHe UMILTHKALIHje

¥Y3ajaMHH yc/10B KOH3MCTEHTHOCTH — CBaKM CHCTEM BAIUMAUPA OHAj IPYTH, SIMMHUHHUIITYNH XUjepapXujcKy
aACUMETPH]y.

HerpuBujanna He3aBHCHOCT — T 1 1 T, ce CEMAaHTUUKHU Pa3NiuKyjy (QpUTMETHKA HACTIPAM T'€OMETPH]E).
CumeTpuyHu MeTa-Moaea —M crpedaBa mupKysIapHy IpaBIaHOCT.

®unocopexn, GH-oxkBHP TpaHCHOPMHUIIE TOKAZHO-TEOPUjCKY aCHMETPH]y Y CMMCTEMUYKH SKBUIHOPH)yM,
3aMemyjyhu yHIIaTepaiHy npaBIaHOCT OMIaTepaTHOM KOXepEeHTHOMINY .

A.3 Ilpumep-mema: PA cnabay—GEOguckperna,
Heka je:
T, = PAcaa6a, + Coni™GEOanckperna, n T, = GEOymnckperna, + Conf™PA caa6a,
Tana, mox npernocraBkama ARC,
Ty - Con™(T,) u T, - Contfimy(Ty) |
1ok meta-okBup M = PRA (wiu ciinvan GUHUTApHHE CHCTEM) MOKE J1a BEpUHKY]e
M F Con™™(T,) A Con™}(T,).
OBo naje HeTpUBHjaTHY peQIICKCUBHY METIbY, 3370BosbaBajyhn GH-je3rpo monx Axcuomom pediekcuBHe
koncTpykruBHocTu (ARC).

A.4 YnopenHa tagena

CgojcTBO Kaacnunm cucrem GH-oxBup Kibyuna pasaunka
Camo-pedepeHunjanna . i 3amMemyje caMo-I0Ka3 y3ajaMHOM
Konsucrentnocr {ﬁg} Gep ! V3ajamua Con!fin} (Ty) Y] A Y33
Con'""™(T) ¢$uHUTapHOM pediekcHjoMm
Henormyaocr Wutepna (y jemHom Pemarmona (kpo3 ogHoc | HemoTtmyHOCT mocTaje yciaoB 3a
y CHCTEMY) CHCTEeMa) KOXEPEHTHOCT, a He MaHa
Pedaexcnja Xwujepapxujcka (ox jauer | CumeTpryHa IIpena3zak ca BepTUKaIHE Ha
J Ka ciadujem) (6mnarepanna) XOPHU30HTAIHY CTPYKTYPY
Ekcrepna (13Ban M He mommHHUpa cucTeMuMa, Beh
Merta-ocHoBa pua Heyrpanua (M) JIOMHUHHP . ’
cHcTeMa) Bepu(UKyje BUXOB 3ajeTHUYKH CTaTyC

A.5 MeTa-TeopujcKH 3HAYA]
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Jloka3 mocTaje penanuja yMecTo cBOjCTBa! Con!fi™}(T)

(A4) Truth(T;) := Coherencef;, T;) 3a i # .

HenormyHocT j€ caja cTaOMIHOCT MO/ CHMETPUYHOM BaJHMIALMjOM; KOH3UCTEHTHOCT MOCTaje pesaloHa
WHBapHjaHTa.

A.6 JloMeH cTabMIIHOCTH (AJredpa dOMiIaTepaiHe KOXepeHTHOCTH)
Heka je DCH ckyn nmaposa nckasa (@, ) TakBUX Ja je:
T1|—01 (|)(=>T2|—02 V.
Tana je DCH 3aTBOpeH MOJ MOJATHOM KOHjYHKLMjOM M HeuecuTauujoM, aepunuiryhu anredapcko cpue
GH-oxBupa, y KOM MOZaIHe OMYIITEHOCTH U IIPEIMKATH JI0Ka3a y3ajaMHO OJpKaBajy KOXEPEHTHOCT.
®opmannuje: DCH mMoxke ce neduHICATH KAO!
DEI={ (¢, W)€ Form(L ;)xForm(L 2) | Ty 1¢ < Priy(T Priy(Tw ) ) u TRy P Priy(To ) 7 b,
rzie cy Prf; npeankaru nokasa, a i ogroapajyhe MoJaiHOCTH OMYINTEHOCTH.

A.7 Manupame Ha IJIaBHe J1eJIoOBe pajaa
OBaj nomaTak cymupa JOTHYKY apXUTEKTYypy Koja ce IeTajbHO pa3pal)yje y rlilaBHUM MOTJIaB/bHMa!
* (A1) onrosapa depunnuuju 2.1.1u Axcuomu ARC.
* (A2) oxrosapa ycioBy HeynopenuBuoctu u3 Jepunummje 2.1.1u Kpurepujyma 3.1.1
* (A3) oxrosapa yno3u mera-teopuje M koja ce momumbe y Ilornasmby 6.
* (A4) uzpaxaa GuIOCOPCKY TeMy peiallioHe UCTHHE pa3paleny y [MorinaBbuma 6 u 7.
* (A5) hopmanmzyje mojam KoxepeHTHOT aujajiora u3 [Toriassba 5u 6.
IMpumep y (A3) aupektHo ce oanocu Ha Konerpykuujy 3.1.2
Jlakiie, oBaj MPHUJIOT CIYKH Kao pedepeHTHA Mamna Koja ToBe3yje cBe kKjbyyHe KoHuente GH-okBupa.

A.8 3aBpmiHa HanoMeHa

I'enenoBe Teopeme OrpaHnyYaBajy rae ce KOH3UCTEHTHOCT MOKE TPAKUTH, HE U JIa JIM OHA MOKE TIOCTOjaTH.
[Momepajyhu mpaBmanocT o cede ka crpykrypu, GH-okBup nmomupyje XunbeproBy Texmy ca ['egenoBum
orpannuemuMa. JlonaTHO, OBaj OKBHp MOKa3yje Aa HEMOTIYHOCT HHUje Kpajibu HeJocTaTak Beh mpemycios 3a
nujasor. KoxepeHTHOCT ce jaBiba Kao pelallioHa HHBApHjaHTa KOja CTA0MIIN3yje MPEKy CHCTEMA.

MNnPUJIOI' b: CUMBOJIMYKHU UHIEKC U PEYHUK

OcHOBHa cBpXa OBOT TPHUJIOTA j& JOTPUHECE JAKIIEM pa3yMeBamy paja oJl CTpaHe Henormdapa. Mimamo Beh
HEKHUX orcepBanyja 1a he, y mepcrnekTHBH, PaloBH OBE TpHjajae OMTH WHTEPECAaHTHH M 32 HEKE JIpyre HayKe
ma CMO 3aTO CMaTpaJiv Ja CIM4YHe Mpriiore Tpeda JoaaTu y cBa Tpu paja oBe Tpujaae. Komuko he To mmarn
edeKTa 1 JONPUHETH J1a Ce 3a OBY TPHUjaay 3aMHTEPECY]jy M HEJIOTUIapH ocTaje aa ce Buau. Ho, kako ayropu
OBOT paJia pauyHajy ca cepujajioM pajoBa U3 MPUPOIHHUX HAyKa, HAPOUUTO (HU3MKe, HagaMo ce Ja he uMaTH.

Bb.1Jlornuku cuM001H1

Cumoboa 3Haveme Hanomene

+ Penanuja nokaszuBoctu ~Cuctem T noxkasyje ..."

E CemaHTHYKa MMOTKpena Mopeno-Teopujcka UCTHHA

O MopanuTer gfoKa3uBocTu y T 3anoBosbaBa Jlebose yciose [19]

i Moaanuter MmoryhHocTH JlyanaH ca 0

1 KoHTpanuknyja Heonpehus ako je KOH3UCTEHTaH

Con™}(T) | Mckas komsucrentnoctn 3a T -Prp(" 0=17)

Ki Enucremuuku onepatop » Ti3Ha ga...”

k(Ti, Tj) Mopanna cHara bunatepanna nyouna

DeH flowen buatepaite CrabuiHa anre6pa
KOXEPEHTHOCTH

M MeTa-oxBHp ElsiT{gi?Ha 0a3za xoja Bepudukyje
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b.2 Cucremu u CTpPYKTYpe

O3naka Onuc

(T4, Tp) ®dopmanHu cucremu Koju popmupajy GH-nap
(T4, T2h) Tpommpenn y3ajaManm mnpeaukarima Contfin
PA IleanoBa apuT™MeTHKA

GEO @duHHUTapHA EYKIIHCKAa T€OMETpHja

M Mera-teopuja (PRA wu ciaba SOL)

Th(S) Ckyn Teopema cucteMa S

I Mana unrtepnperanuje arith —geon

Fi,F> Mopamau oneparopu 3a GH ¢ukcHe Tauke
0,y dopmyre yzajamHe pedriekcuje

5.3 Jesrapue ¢opmyJie (Pesume)

O3naka | ®opmyaa Konnenrt

{fin} {fin} {fin}
AL-A3 IE:f{zg}(ngTZ)’ T2+ Con""™(T4), M - Con""™(T,) GH-jesrpo
A4 Truth(T ;)=Coherence(T, T) Penarona ucTuHa
b1-5b3 | 04(0; 1) <> 0y(04 1); dukcHe Tauke bunarepanHa 10ka3uBOCT
B5-b7 | CuMerpuja HHTEPIIPETALN]jE U METPUKA KOXCPECHTHOCTH KBanTudukoBaHa paBHOTEka
B8 Ki=K,l, K=Kyl Y3ajamHa He-OMHUCITH]CHIIH]ja
Bl T:4T,uT,4T, Kareropwujcka anjyHkiuja

b.4 KonuenryaJiHu OjMOBH

Iojam HJedpununuja

GH-nap JBa dhopmanHa cuctema Koja y3ajaMHO BepH(PHKY]jy KOH3UCTEHTHOCT 0e3
KoJIamca.

GH-oxBup Merta-cTpyKTypa Koja 3aMemyje caMo-Bepru(HKaIn]y peraanruoHoM
npasaaHony.

ALP , OHO IITO HHje JOTUYKH 3a0PabCHO je MATeMaTHYKH JonymreHo." [7]

busiarepanHa KoxepeHTHOCT | JIorH4ky eKBIIIMOPHjyM KpPO3 CUMETPUYHY pedieKcHjy.

EnuncreMmuuakn

. V3ajamHa Baiauganuja 0e3 OMHHUCIIM] €HIIH] €.
eKBUJIMOPHUjyM J At eI

Merta-ocHoBa Heytpannu cnoj M koju Bepudukyje oba cucrema.

b.53aBpmHa HanmomeHa

OBaj MHJIEKC YMHU eKCIUTMIUTHOM apxutektypy GH-peduexcuje — yjenumyjyhu qoka3, KOXepeHTHOCT H
3HaWE MO/ jeJHOM JIOTHKOM. JloaTHO, OH CIy’)KM M K20 OPHjCHTHp 3a OHE YUTAOLE KOjU HUCY JIOTHYApH,
omoryhaBajyhu UM fa mpate TeXHWYKe jAejoBe paaa. CUMOOIM U MOjMOBH OBJie cabpaHM MpeICTaBbajy H
MHHUMAJIHU PEYHHK 3a pa3yMeBame Lesor OKkBUpa. Tako ce 00e30ehyje jeqMHCTBEeHN TEPMUHOJIOIIKH OCHOB
3a CBE IITO je KOpHIITEHO y paxy. OBaj peuHUK je U MOCT Ka WHTEPAUCIUIUIMHAPHUM TPUMEHaMma, TJie ce
WCTH KOHIIETITH MOTY TPEBOJUTH y Jpyre Hay4yHe je3uke. Ha Taj HaumH, CUMOOJIMYKY MHJEKC IMOCTaje He
camo nomohnu anat Beh u 1eo came Metooiomke nHppactpykrype GH-nporpama.

MnMPUJIOI B: METOJAOJIOIKE HAITOMEHE

Mertopoomke HaOMEHE OCBETIhaBajy OHY TEOPHjCKY IO3HUIIHN]Y U3 KOj€ Ce MPUCTYIa OCHOBH MAaTEMaTHKE.
OBze ce nerasbHUjE 0Opa3maxe oclamame Ha XWIOepToB (GUHUTH3AM, BOpOBY KOMIUIEMEHTAPHOCT U HEKE
MoJIepHe JoTuKe nokasuBocTH. OBaj mpuior aedunume GH-mporpam kao Heku Tpehu myT Koju OMHpYje
KJIAaCHYHE CYMIPOTHOCTH KPO3 KOHIENT pe(hIIEKCUBHOT EKBHIMOPH]jyMa 1 THjaJIOIIKE UCTHUHE.

B.1 MeToaoJi01mKa opujeHTAHja
OBaj mpojekat MOHOBO apTUKYJHIIE (IIOCOPH]Y MAaTEMAaTHKE TIOMEPAmhEeM Ca HHTPA-CUCTEMCKOT J0Ka3a Ha
MHTEP-CUCTEMCKY KOXEPEHTHOCT.
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Meron:

(1) bopmanuu quzaju GH-jesrpa,

(2) monanHa cemaHTHKa pediiekcuje,

(3) dunocodeka pexoncrpykiuja. CHHTaKCa U CEMAaHTHKA C€ TPETHPAjy Ka0 KOMIUIEMEHTapHE MEPCIICKTHBE
YHYTap jeTHOT MeTa-pe(IeKCUBHOT MOPETKa.

OBaj TpoarMeH3HOHAIHHU pUCcTyn oMoryhasa ia ce GH-okBuUp Tpetupa jour u kao (popmasina Teopuja (ca
orepaTopuMa U akCuomMama), ajii ¥ Kao CeMaHTHYKH Mo/1eJI (Ca MOJAIHUM U KaTerOpHjCKUM CTPYKTypama)
1 Kao puiaocodeka mo3unmja (KOXepeHTHH peann3am). OBa KOMIUIEMEHTAPHOCT OTJIE/a Ce IUPEKTHO Y TOM
IpeMeTy MpoydaBama — pe(IeKCHBHO] CUMETPH]H.

B.2 EnucremoJionmka no3unmja

OxBwp je HeyTpanaH u3Mel)y rmiaToHn3Ma u KOHCTPYKTHBU3MA, (haBOpH3yjyhu penanuoHa onpenesbema. TO
IITO je Ba)KHO KaKO CHCTEMH 3aj€IHO MOTY OJIp)KaBaTH KOH3UCTEHTHOCT. OH pe30oHUpa ca CTPYKTYPATHUM
peaTu3MoOM U eNUCTEMOJIOTHjOoM Mpe:Ka, MpuKa3yjyhn MaTeMaTuky Kao eBoiyupajyhy Mpexy melhycoOHo
pedaekcuBHHUX CTPYKTYpa.

OsBa penanmoHa onpenesbeba He MOpHYy yHYTpalllby CTPYKTYpY MOjeIMHAYHUX cucTeMa, Beh ucTudy ja je
bUXO0B eMMCTEMUYKH CTATYC [10CTaje MOTIYH CaMO Y OJHOCY ca JPYTruM, KOMIUIEMEHTApHUM CHCTEMUMA.
VY tom cmucity, GH-0KkBHp npeacTaBba eKCTEPHATN3ANN]Y eNUCTEMHYKOT AyTOPUTETA.

B.3 ®uiocodcku ayr u HHCIHpPAIHja

Vrunaju ykibydyjy Xuabepros punutuszam [15, 16], yksyuyjyhu IenenoBy venormysoct [12] ma u bopoBy
KomruieMeHTapHocT [4] u noruke nokasuBoctu (JIe6 [19], bexknemures [2]). 3ajeaHo, OHM Cyrepuily aa cy
HETIOTITYHOCT M KOH3HUCTEHTHOCT OCE€ BHUILET-Pea CUMETPH]eE.

KonkperHo, Xu/10epToB (PMHMTH3AM Ce OTJIe[]a y 3aXTeBYy 3a KOHCTPYKTUBHUM TpeciukaBamuma y ARC;
IenesioBa HEMOTMYHOCT TTOCTaje OCHOBHH YCIJIOB, a HE Npernpeka; bopoBa KoMIieMeHTapHOCT Ty Tpyka
MeTadopy 3a HEepeAyHOMIHY JBOCTPYKY NEPCHEKTHBY; TOK JIOTHKE J0KA3UBOCTH 1ajy TEXHUYKU arapar
3a MOJaIHy (opMaTu3aIm;jy.

B.4 3aBpmiHa HamomeHa
GH-oxBup npeiake 1a MaTeMaTHUKa CHTYPHOCT MOYKE OTICTATH KPO3 PEIUIIPOYHOCT YMECTO 3aTBAPAEM:
HCTUHA Kao Jujasior Mel)y cucTeMuMa KojH MPErno3Hajy CBOje TpaHHIIe.

MNMPUJIOI I': BUSYEJIHA HIEMA PE®JIEKCUBHE KOXEPEHTHOCTHA
Busyenuzanmja ci10KeHUX JIOTHYKHUX OJHOCA IOMaXke y CXBaTamy Hexujepapxujcke npupoae GH-mpexa. Y
OBOM JIeJTy Cy IPHKa3aH! KOHIENTYaJIHH Irpad)OBU KOjU HIYCTPYjy U KaKO c€ KOHCTPYKTHBHA KOXEPEHTHOCT
IIUPU KPO3 pa3InuuTe MaTeMaTuike JoMeHe. JlujarpaMu cirysxe ¥ Kao HHTYUTHBHU BOAMY KPO3 TOIOJIOTH)Y
pedekcuBHOT peanu3ma, npukasyjyhu cumetpujy MeljycoOHO Bamuaupajyhux cuctema.

I'.1 GH-I'pad xoxepenTHOCTH (G(GH))
Heka je G(GH, ycMepeHu HeycMepeHH rpad Tie Cy:
* Ypoposu npescraibajy popmanHe cucreme T;.

* HBuUIIE Ipe/icTaBIba]y CUMETPUYIHY pedIeKCcHjy:
~ {fin} {fin}
I'pad koxmpa TomoJiorujy Mpe:xe pediaekcuBHor peanmsma. CTaOMIHOCT §(GHy IMIUTHIIUPA KOXEPEHTHOCT
MPEKO CHCTEMa, YIIPKOC JIOKATHO] HETIOTITYHOCTH.

I'.2 lujarpamcka penpe3eHTanuja (TeKCTyaaHa CKULA)
Ipumep 1: JennocraBan GH-nmap

[PAcna6a)] <—> [GEOguckperHa)
N N
{fin} {fin}
ConG;II(l)(ancxpeTHa) ConPll\I:cna6a)
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JIBocMepHa cTpenuiia IpeIcTaBba penanujy =<(ARC): y3ajaMHy GHHUTApHY pedIeKCH]y KOH3UCTEHTHOCTH
KpO3 KOHCTPYKTHBHA npecinkaBama ® u3 ARC.

YoBoM npuMepy nanu cMo Imemy 3a HajeaqnoctaBHuju GH-nap, nok hemo y cinenehem npukasatu kako Ou
TO MOTJIO M3TJIEAaTH 32 HEUITO CIOXKECHH]Y CTPYKTYPY.

IMpumep 2: Mpe:ka o BULIe cucTeMa (MJIyCTPATHBHA)

[RAaba,] <——> [GEO quckpeTHa]
T T
| 1
Confiy(ZF)  Conlfi™}(CAT)
| |

! !
[ZF] <—> [CAT]

OBa Mperxa MpHKasyje Kako ce KOHCTPYKTHBHA KOXEPEHTHOCT MOKE HIMPUTH MPEKO JOMEHA: apUTMETHKA,
reoMeTpuja, TeopHja CKyIoBa U Teopuja KaTeropuja. MBuie cy ABOCMEpHE, ajli OHE OBJE HE MMILTHLIUPA]Y
XHjepapxujy; caMo MOoKa3yjy OJJHOCE y3ajaMHOT OCUTYpamba.

Hanomena: OBu nujarpamu cy KOHIENTYaJHe Mamne, a He popManHu qoka3u. OHU CllyXe a BU3Yelu3yjy
TUCTPpUOYUpPaHU, HEXUjEPapXHjCKU KapakTep npasaaHoctu y GH-okBupy.

HHPUJIOI I: PESUME ®OPMAJIHUX KOHCTPYKATA

Cumb6o: / TTojam | 3Haueme

GH(T 1,T3) Omneparop I'enen—Xunbeprosor napa

ARC Axcroma peeKCHBHE KOHCTPYKTHBHOCTH
k(Ti, Tj) MopanHa 1yOuHa y3ajaMHe KOH3UCTEHTHOCTH
J(T4,T2) Ckyn uHTep-pedIeKCHBHUX UCTHHA

GGH, I'pad pedexcuBHE KOXEPEHTHOCTH

O(T4,Ty) KoHcTpykTHBHO npekinaname u3mely cucrtema
B(T1,T2) PedrnexcuBHa rpanuna

GHPK I'enen—XunbGepToB NPUHIMIT KOXEPEHTHOCTH
LUK Jloru4ku ycioB KOXEpEHTHOCTH

Oga Tabena KoHCONUAYje OCHOBHY (hopManHy TepMuHonorujy GH-okBupa.

MHNPUJIOI B: HIIYCTPATUBHU ITPOTOTHUII GH-ITAPA
Heka je:
0 T4 = PAccaa6ay: [leanoBa apuTMeTHKa Ca OTPAaHUYIECHOM MHTYKIIHjOM
0 T, = GEOgumuckpernay: JluckperHa reoMmeTpyja ca KOHAYHOM HHTEPAKIIH]OM
[TpernocraBumo na:
0 O0a cucteMa KoaMpajy NIPUMHTHUBHY PEKYP3H]jy
0 Caaku Moke m3pas3uT GUHUTAPHY pedIIeKCHjy KOH3UCTEHTHOCTH APYTOT
0 Hujenan He MOXe N3BECTH MOTITYHY pe(IICKCUBHY HIEMY APYrorT
Tana je:
11-— Con{ﬁn}(Tz) u T2 + Con{ﬁn}(Tl).
Ogaj nap 3amoBosbaBa ARC u GH-jesrpo, dopmupajyhn MUHUMATHN MOJieNn OMilaTepanHe KOXEPEHTHOCTH.

NPUJIOT E: OTPAHUYEKHA U KPUTUYKU ITOTJIE
Nakxo GH-oxBup HyI1 MohaH Mozen penanoHe MpaBIaHOCTH, alli HEKOJIIMKO OTPaHNYCHa HITaK OCTaje:
* Hujenan ynusep3annu GH-nap: He noctoju map koju oOyxBaTta CBy MaTeMaTH4Ky UCTUHY.
*  KouncrpykruBuu Tepet: OctBapuBame ARC Mana y acHCTeHTHMa J0Ka3a 0CTaje OTBOPEHH H3a30B.
e CeMaHTH4Ka KPXKoOCT. PediekcuBHA KOXEPEHTHOCT MOKE 3aBUCUTH O] CYNITHIIHUX MPETIOCTaBKU
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0 JOMYIITEHOCTU U KOIUPABY.
OBa orpannucma He MOTKOMaBajy okBHp Beh AeUHHUITY BEroBy IpaHuIly, OHaj MPOCTOP Y Kome ce Oyayhu
dopmarHu 1 GUITOCOPCKH pajl MOXKE OJIBHjaTH.

MMPUJIOTI K: OAI'OBOPU HA NIOTEHIIUJAJIHE KPUTHUKE

Kpurnka 1: Axo T, noka3yje KOH3UCTEHTHOCT 3a T, a T, 3a Ty, HHje JIM TO JTOTMYKH 3aTBOPEHH KPYT KOjU
HE JI0Ka3yje HUmTa?

Onrosop 1: GH-oxBup u3berasa TpuBHjaIHy HUPKYIAPHOCT KPO3 YCIOB HEYMopeanBocTu. CHCTeMH HUCY
WICHTHYHH; OHU KOPHUCTE PAa3InINTE TOKa3HE pecypce U CeMaHTHKe. Banunanmja Huje camo-mipaBiame, Beh
YCIIOCTaBJba-€ KOXEPEHTHOCTH m3Mel)y 1Ba He3aBHCHA m3BOpa ucTuHe. Mera-okBup M he BepudukoBatu u
JOJaTHO OBaj CTAaTyC, YAME ce€ ,Kpyr" TpeTBapa y CTaOWIHY pedIIeKCUBHY CTPYKTYpY.

Kpurtnka 2: ['egenoa apyra TeopeMa Kaxe Ja CUCTEM HE MOXKE JJOKa3aTH CONCTBEHY KOH3UCTEHTHOCT. Jla
mu GH-nap nokymasa na ,mpeBapu’ OBy TEOpeMy?

Oxarosop 2: He. GH-okBup y notnyHoctu nomryje ['enenoBy Teopemy. Hujenan cuctem y mapy He MOXe
JI0Ka3aTu CBOjy KOH3UCTEHTHOCT. OHO IITO ce€ OCTBapyje je AuCTpUOyHpaHa mpaBaaHocT. CBakU CUCTEM
MOjeJMHAYHO OCTaje HEMOTIIYH, aJli Mpeska KOjy OHH Ipajie MOCTHXKe CTAOUITHOCT KOjy MOjeMHAYHU CUCTEM
HE MOXE.

Kputuka 3: /la mu je Akcnoma pedyiekcMBHe KOHCTPYKTHUBHOCTH TIPEBUIIIE jaKa MPETHOCTaBKA?
Oxarosop 3: ARC je onepaTWBHU NPUHITUII, @ HE Maru4HO peniemhe. OHa 3aXTeBa eKCIUIMIUTHA, PUHUTApHA
MpeciInKaBama Jokasa. theHa BpeHOCT je y TOMe MITO MPUMOpaBa JIOTHYapa Jia ¥ 3arpaBo KOHCTPYHILE OBE
MocToBe (kao 1mTo je @ y pany), nperBapajyhu anctpakTHy MOTYHHOCT y IIPOBEPJBHB PadyHAPCKH J0Ka3.

EITUJIOI

»AKO je XunmbepT TpaKuo CUTypHOCT KpO3 KOHCTPYKIH]Y, [ een oTKkpno meHy TpaHuIly Kpo3 HEMOTITYHOCT,
I'enen—XwunbOepToB OKBUP CyrepHiie a OM KOXEpPEHTHOCT — YMECTO KOHCTPYKIMje — KOHaYyHO MOrJia Jia
ux nomupu.” [7]

OBaj exkBWIMOpPUjyM HHjE CTaTHYaH jep C€ OH OJp’KaBa JTUHAMHUYKOM CHMETPHjoM AKcHOMe pedieKcHBHe
koncTpyktuBHocTH (ARC), Koja onepalMoHanu3yje AUjaaor Kpo3 KOHCTPYKTHBHA MPECIIMKaBama J10Ka3a
n3Mmely cucrema. KoxepeHTHOCT ce Ty, Aakie, He OCTynHpa, Beh KoOHCTpyHine Kpo3 pedIeKCUBHY METIbY
GH-napa.

VY oBoj 3aBpmrHOj pedexcuju, GH-okBup oTkprBa cBOjy pumocodceky cpx. To mro je Xunbept 3aMHunIIsbao
Kao yjeIUbehe MaTeMaTUYKOT PE30HOBamba M0J] 3aCTaBOM KOH3UCTEHTHOCTH, a mTo je ['exen cpymmno kpo3
HEMOTIIYHOCT, MOKe MNaK Hahu momMupeme Kpo3 MPe3eHTOBAHU eKBIIHOPUjyM: KOXepeHTHOCT Mel)ycooHo
Baauaupajyhux cucrema. CymrruHa OBOT TpeJyIora JIeKH He y of0aruBamy Hacieha HUjeTHOT o1 BpCHUX
MajcTopa MaTeMaTHuKe JIOTHKe, Beh JIeXH y HBHXO0BOj CHHTE3H. PenHTeprnperupajyhn KOH3UCTEHTHOCT Kao
penanroHo, a He HHTepHO cBojcTBO, GH-okBHUp Tpanchopmuiie TeOpHjy J0Ka3a y HOBU OOJUK, TUjaNIONIKE
enucTeMosIoryje. Y TOM CMHUCIY, MaTeMaTHKa — JajJeKo Of Tora jaa Oyae MOHOJOT (opMaiHe UCTHHE —
MmocTaje CTPyKTypUCaHu aAujaior u3mel)y dhopMamHuX cBETOBa KOjH MPEMO3HAjy jeJlaH y APYroM BaJUJIHOCT
KpO3 JIOTHUKY MOryhHOCT.

OHo mTO OBAj OKBHP TOKA3yje jecTe Jla MaTeMaTHKa HUje 3aTBOPEH crcTeM, Beh TuHaMHUKa Mpeka Koja
CBOjy CHary LI U3 y3ajaMHE TPAHCHAPEHTHOCTH. YMECTO J]a C€ UCTHHA CXBAaTH KA0 MOHOJIUTHA, OHA
MOCTaje MPOIIEC KOjU Ce OJIPKaBa Kpo3 JUjajior CHCTEMA.

CymTrHa je 1a HeMOTIYHOCT HHje Kpajihy HelocTaTakK, Beh mpeyciioB 3a KpeaTHBHOCT U JTHjalior.
KoxepeHTHOCT rmocTaje HOBH Hieal — He Kao Kpajika CUTYPHOCT, Beh ka0 cTabmITHOCT OHOCA.
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POST SCRIPTUM

Ceaku 00Ka3 HOCU MPaz CONCMEEHO2 0ZPAHUYEIbA, AIU UNAK Y MO] CAMO] ZPAHuyu onaxxcamo cee eehu
nopedax koxepenmnuocmu! Taxea Koxepenmnocm, KpXKa aiu ceemiyuasa, je npaeo nomupeme I'edena u
Xunoepma. To nomupemwe nuje ocmeapeno Kkpo3 cunmesy, eéeh ynpago Kpo3 peghinekcuenu Oncmanax
camoz pasyma.
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CONSTRUCTIVE GODEL-HILBERT PAIRS

No system can fully illuminate itself; but in
reflection, one system can illuminate another.

ABSTRACT

Godel's incompleteness theorems have often beermpieted as the final word ddilbert's program .
However, their deeper implication may not be theadssibility of proving consistency, but rather the
structural asymmetry of justification itself. Thimper develops a constructively oriented extensiothe
Godel-Hilbert (GH) framework, introducing th&xiom of Reflexive Constructivity (ARC)—a principle
that generalizes Hilbertian verification througmsyetric cross-referencing. Instead of seeking glsiself-
verifying system, theGH approach constructs paired formal systemGH-pairs — each of which can
reflect the consistency of the other without seferentiality. We formalize this relationship thgtua
constructive operator defined on pairs of recutgiemumerable systems, showing that it producesra n
trivial space of symmetric justification. As a castidy, we examine four candidate pairs represgntin
orthogonal forms of constructive expressibility.eTiresulting framework reinterprets Hilbert's progras a
search, not for absolute consistency, but for epigt equilibrium among formal perspectives—i.eshit
from monological proof to dialogical coherence. Bigtermining the conditions under which such
equilibrium becomes constructively permissible, @id model itself provides a foundation for reuniting
incompleteness and consistency through relatiaséfication rather than self-containment.
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