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I'EAEJ-XWJIBEPTOB ITAP U PEJIAIIMOHA YHUJA

Hcmuna u ookas ce cycpehy ne y
oomunauuju, éeh y pepnexcuju.

AIICTPAKT

VYBomumo konnent GH-napoBa - 1Ba ¢popmanHa cucrema Koju MeljycoOHO T0Ka3yjy KOH3HUCTEHTHOCT jeIaH
APYTOT, 0K CY MOjeJIMHAYHO MOUIOKHH ['enenoBum Teopemama o HenormyHocTd [13, 32].Cam nojam GH-
yHHje omoryhaBa IyalnucTHUKy peanusaiujy XuioeproBor nporpama [17]. Ty mokasyjemo oacyctBo Ouio
KakBe NMPUHIIMIIHM]ETHE JIOTHYKe 3a0paHe NPOTUB TaKBHX MApoBa, Pa3BHjaMO TEOPHUjy HEYNOPEIUBOCTH, KAO
HEONXOJaH yCJIOB U aHAIN3UPAaMO MOTYNHOCTH pa3HHX KOHCTPYKIHMja, KOje OTKpUBAjy AyOOKe CTPYKTypHE
n3a3ose. VcnuryjeMo aaTepHaTHBHE KaHIUAaTe KPO3 PEBEP3HY MAaTEMaTHKY M KOHCTPYKTHBHE OCHOBE, alli
Jajbe pa3BUjaMo JieTajbHa EMUCTEMOJIOIIKA ONPaB/iamka KPO3 KOXEPEHTUCTHYKE OKBHPE U AKCHOMY JIOTHYKE
moryhuoctu (ALP) [2, 29]. Ham nentpainau pesyirat (Teopema 5.2):mogq ALP npuHIMIoM — aa oHO IMITO
HUje JTOTHYKU 3a0pameHo jecTe MaTeMaTH4KH peanusyjyhe — cinenu GH-nmapoBu nocrtoje y MaTeMaTuakom
npocropy. Taj 1oka3 nocrojama KOMOMHY]j€ OJCYCTBO JIOTHUKE 3a0paHe ca MOJAATHO-TOTUYKUM IIPHHIIUIIOM
MOTBPHEHUM HCTOPUjCKUM oOpaciyMa y MaTeMaTHIM. Tako mpeocTaiau u3a3oB MocTaje nuacHTudukamnmja, a
HE M0CTOjambe: MPOHAAKEeHE CKCIUTMIUTHIX NMpUMepa peHOMEHa 3a KOjU CMO JI0Ka3ajH Jja MOpa MOCTOjaTH.
Oxkeup y notnyHoctH nourtyje 'ezenoBe Teopeme o HenotmyHocTH [13]: OKBHp He Hpeuiake CUCTEM KOjH
JI0Ka3yje COINCTBEHY KOH3UCTEHTHOCT, Beh map umja je mel)ycoOHa KOH3UCTEHTHOCT CIoJba JAe(pHUHUCAHA U
CTOTa jecTe JIOTHYKH HECTIOpHa.

KU/bYUYHE PEUYM: [enenose TeopeMe O HEMOTIYHOCTH, XUIOEPTOB MPOrpaM, JOKa3u KOH3UCTEHTHOCTH,
MeljycoOHa HHTepHpeTabMIIHOCT, KOMIUIEMEHTAPHOCT, JOKA3HO-TEOPHUjCKHA OpIWHAIH, EMHCTEMOJIOTH]ja
MaTeMaTHKe, aKCHOM JIOTUYKEe MOTYhHOCTH, TeOpeMe TOCTOojama

AMS KIACH®UKALMIA (2020):

03F25 PenaTuBHA KOH3UCTEHTHOCT U MHTEPIIPETAIIH]E);
03F40 ("enenoBo HyMepHCambe U MUTakA HETIOTITYHOCTH);
03A05 (@unocodcka U KPUTHYKA).

1. YBOJ
1.1 Xuu0epror nporpam: CaH 0 ancoJyTHUM OCHOBaMa
JaBun XunbepToB mporpam Temesba [17], HajjacHUje je apTHKYJIUCAH y HErOBOM MMO3HATOM IPEAaBakby U3
1926.Tomune: Uber das UnendlicheDsne je npeacrasibao jenan oj HajaMOMIMO3HHjUX HHTEIEKTYaTHUX
npojekara 20. Beka. [Iporpam Huje 6uo camo texunuku Beh 1y6oko ¢umocodceku: 00e30eIuTH HEeTOKYITHY
MaTeMaTHKy Ha ariCOJIYTHO CUTYPHHM OCHOBaMa Kpo3 (popManu3anujy U GUHATHCTHIKH JTOKAa3.
VYmecto na okonua XuinbepToB nporpam [17], Tenenos pesynrar [13] camo npeobiukyje meros nusb. Mako
j€ amcoyTHa caMomnoTBpIa Hemoryha, MecTo ompaBaama MOpa ce€ MPEMECTHTH M3 YHYTPALIHOCTH jETHOT
cucrema y onHoc m3Mehy aBa cuctema. OBaj mOMak — OJ1 MOHOJIOIITKOT JIOKa3a Ka JIWjaJioIIKoj pediekcuju
— nedunuiie 'enea—Xuadept oxkBup [6].
OcHOBHY LIMJbeBU XWIIOEPTOBOT porpama Ouim cy:
1. MormyHoct: CBaka HCTUHUTA MaTeMaTHYKa TBP/IHa je JOKA3UBa yHyTap (POPMAIHOT CUCTEMA
2. KomnsucrentHoct: Cucrem He cMe caJipyKaTu MPOTHBPEYHOCTH
3. Opayuusoct: Tpeba 1a mocToju MexaHHYKa MpoLeaypa 3a yTBphuBame UCTHHE
4. MOUHUTHCTHYKH MeTa-Toka3. KoH3ucTeHTHOCT cucTeMa Tpeba na Oyae 1oKa3uBa GUHUTHCTHIKHM
Cpe/ACTBUMA JJOCTYITHUM UHTYHIHjH
XwunbeproBy Bu3njy [17] je MoTHBHcana Kpru3a TeMesba MaTEMAaTHKE M3a3BaHa MapajoKcuMa nMpoHaheHHM y
teopuju MHOXKHUHA [7] (Pacen, Bypanu-®optu) u ciopoBuma oko akcuoma m3bopa. Y ieros oarosop 6uo je
1



KapaKTepUCTUIHO cMeO: (pOpMaIM30BaTH CBE, a 3aTHM JIOKA3aTH UCTIPAaBHOCT Te (hopManmzanyje koprucrehn
caMo HajHECTIOPHH]j€, KOHKPETHO PE30HOBAHE — OHO MITO j€ HAa3MBAO (PMHUTHU3MOM.

Xunbeprosa Beweistheorigreopuja 1okasa) Ouna je TEXHUYKA OKBUP 3a OBaj mporpam. Meja: Tpetupatu u
MaTeMaTHUYKe JJOKa3e Kao caMe MaTeMaTH4Ke 00jeKTe, OJHOCHO Ka0 KOHaYHEe HM30BE CUMOOJIa KOJH C€ MOTY
KOMOWHATOPHO TpoydYaBaTH. AKO ce MOXKe JToKa3aTh, Kopuctehu camo pUHUTHCTHYKO PE30HOBAE O OBHM
HU30BHMa cUMOOJIa, J]a ce HUKAJa HE MOKE W3BECTH MPOTUBPEYHOCT, OHAA OU IeJia MaTeMaTHKa IMoYnBaia

Ha HEMOKOJIeOJbMBUM OCHOBaMA.

Vio3u cy 6unu orpomuu. Kako je Xunbept cBojeBpemeno uzjasuo: Wir missen wissen—wir werden wissen.
(+Mopamo 3natu — 3Hahemo”, To je u3 XunbeproBor ropopa y Kenurcoepry 1930). Marematuka mopa
OUTH criaceHa Of CKeNTHUIIM3MA; a FheHa U3BECHOCT MOpa OUTH jeTHOM 3ayBeK JEMOHCTPHpPAHa.

1.2TenenoBe Teopeme. Pazonjame XujaoepToBor cHa

Tomure 1931.Kypr I'eaen je o6jaBuo [13] pesynrate koju QyHIaMEHTATHO MCHajy TaIalllibe PasyMeBarbe
MaTeMaTU4Ke UCTUHE U JI0Ka3MBOCTH. Teopeme HHUCY Ouile caMO HeraTUBHHM pe3ynTatd Beh 1y0oku yBuau y
npupoay GOpMaNHUX CUCTEMA.

IIpBa I'enesioBa Teopema o HemornmyHocTH [13]: CBaku KOH3UMCTeHTaH (GopMmaiHu cucTeM F Koju caapku
ApUTMETHKY j€ HEMOTIyH — [TOCTOj€ MCTHHUTE apUTMETHUKE TBPJIEHE KOje Ce HE MOT'Y JI0Ka3aTH yHyTap F.
Jloka3s je xopucTtuo renujaidy camopedepennujy: I'eaen je koHcTpyncao TBpAkY G Koja CYIITHHCKH Kaxe
na G uuje nokasuBa y F. Axo 6u F morao nokasatu G, onga 6u G 6uia naxkHa (jep TBpIAHM HEIOKa3HBOCT),
yuMe O6u F mocrao HekoH3uCTeHTaH. AKo je F koH3ucrenta, G Mopa OMTH HCTUHMTA aJld HEJ0KA3HBa.
Npyra I'enenoBa Teopema o Henornynoctu [13, 32} Hujenan 10BOJbHO CHa)KaH KOH3UCTCHTAH (POpPMAITHH
CHCTEM HE MOXeE JIOKa3aTH CONICTBEHY KOH3UCTEHTHOCT.

[MpenmsHuje: ako je F KOH3UCTEHTAH M CaJIPKU TOBOJBHO apUTMETHKE (JOBOJBHO Ja (hOpMaIH3yje CHHTAKCY
¥ Teopujy n0ka3a), onna F ue moxe mokasati Con™(F), kao hopmanusosany TBpamy cBoje comcTBeHe
KOH3UCTEHTHOCTH.

OBO je aupekTHO Toroamio XuiabeptoB mporpam [17]. loka3 KOH3UCTEHTHOCTH KOjH je XUIOepPT TPakuo
— JI0Ka3 yHyTap CHCTeMa WJIM KopucTehu cpeicTBa He jaya OJf caMor CHCTeMa — I10Ka3ao ce HeMoryhum.
CBaku JJ0Ka3 KOH3UCTEHTHOCTH 3aXTeBao OU jaue MPETHOCTaBKe, IITO BOAU y OeckoHavyaH perpec [9].

1.3Mocr-renesioBcku pa3Boju. PesaTUBHA KOH3MCTEHTHOCT
[Mocne I'enena, Gokyc ce moMEpHoO ca aliCONYTHUX HAa PEIaTUBHE JT0Ka3e KOH3UCTEHTHOCTH. [Ipernomun je
ouo noxka3 ['epxapaa ['enuena u3 1936.roaune o konsucrentHoctH [leanose apurmeruke (PA) [12].
enrienoBa crpaternja je aa gokaxe Confi™(PA) u to He yryrap camor PA (nemoryhe je mo I'ezenosoj |l
teopemu [13]), Beh y cnabujem cucTeMy NpOUIMPEHOM HOBHM MPUHIHUIIOM, TPAHCHUHUTHOM HHIYKIIH)OM,
710 OpJIMHAJIA E€o!

PRA + Tl(go) F Confi™(PA)
rrae je PRA IlpumuTHBHA pekyp3uBHa aputMeTHka (cinabuja oq PA y Hekum acniektuma), a Tl(€o) jecte
TpaHC(UHHUTHA WHAYKIHMja 70 eNCWIOH-Hyma. OBO je OMJIO BETMYAHCTBEHO aJld aCHMETPHYHO. | eHIIEHOB
cucteM [12, 25, 27, 28]e ,cnabuju y CHHTAaKCH, a jaud y OpAMHAIUMA” - HE MOXE JJ0Ka3aTu cBe mro PA
J0Ka3yje, ali MOXke JJoka3aTtu KoH3ucTeHTHocT PA. KibydHo, 00pHYTO HE BaXKH:

PA i+ Confim(PRA + Tl(go))
OBa acuMeTpHja mocTaje ctanaapanu obpasair [25, 29]:jaun cucTeMu 10Ka3yjy KOH3HUCTCHTHOCT CIa0HjuX,
HUKajga oopHyTO. Jlobujamo xujepapxujy:

PA — ZFC — ZFC + BeJMKH KapAUHAJIA — ...
CBaku HUBO jecTe ompaBnaH cienehum, anu xujepapxuja ce MpoTeke OECKOHaYHO 0e3 arCOIyTHUX OCHOBA.
[Mutame Kpajmpux TeMeJba 0cTaje 63 OATOBOpa - WK je MOKIa MOKAa3aHo J1a j€ y MPUHIUITY HEOATOBOPHUBO.

1.4enTpanno nutame: Moxke U CHMETPHja 3aMeHUTH XUjepapxujy?

OBaj paj] MOCTaBJba PATUKATIHO MIUTAKE: MOPA]y JIH OBH JO0KA3U KOH3UCTEHTHOCTH YBEK OUTH aCHMETPUYHH?
Crannapana xujepapxuja Ham aaje [7]: Ty - Conf™(T,) y3 T, 1+ Con'fin}(T))

IlITa ako GucMo ymecro Tora umanu: Tq - Contfi™(T,) u T, - Conf™(T,)

ca 0ba crctema nojeannauno momioxkna lexeny |1: To it Conf™(T,) u T, # Conf™(T,)

Taxse mapose HazuBamo GH-nmapoBu — T0 cy cuctemu koju Mel)ycoOHO moTBpl)yjy KOH3UCTEHTHOCT jeaaH
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APYTOT, CBaKH MPEeBa3uia3d CONCTBEHA OrpaHuyeHa BUAChH y IpyroM OHO IITO caM ceOU HE MOXKE BUICTH.
HazuB GH-mapoBu je KOHCTpyHCao TJIaBHH ayTOp OBOT pajia jep ce paau o mapy Koju 3aJ0BOJbaBa MPOrpaM
koju je moctaBuo Xuwibept [17], a uctoBpemeno noimtyje u 'enenose teopeme [13], Axo 6u GH-naposu
MOCTaJIM CTAHJAP/HH JIC0 MAaTEMATHKE, YeMy C€ C IIYHHM [PAaBOM HaJlaMoO, OCTaBJbaMO MaTeMaTHYaprMa Ha
BOJbY JIa OCMUCJIC U HEKO NpHKIaanHuje ume. Ho, 10k ce To He Aecu MU heMo KOPUCTUTH OBY PajHy BEP3Hjy.
AKko, maKk, UMe OCTaHe — HeKa TO OyJe y 4acT JBOjHUIIe BEIMKAHA YHje Cy Ce BU3HUje, HAKOH YMTABOT BEKa,
KOHAYHO CpeJie Y OBOM KOHIICTITY.

VBoheme cumerpuje y ToKa3ze KOH3UCTEHTHOCTH HHjE MOKYIIaj TOHHIITaBama [ enenoBux pesynrara, Beh
HPOLIMPEHE TIOMEHA HBHXO0BE NPUMEHe. AKO HHAMBUIYaTHA CHCTEMU HUKAJ HE MOTY CAMOIIOTBPIUTHU CBOjY
UCIIPAaBHOCT, OHJA XMUIIOTE3a O MoCTojamy MelycoOHO pediekCHBHUX apoBa OTBapa IPOCTOP 3a 3aTBAPAHE
JIOTHYKOT Kpyra 0e3 majaa y mopodny kpyxHoct (ViCious circularity), anu To mox yciaoBoM ja ce aeuHuIIe
cnenuduIHa oucmanya Ui HeynopeAnBOCT u3Mely cucrema.

1.5Hama Te3a

W3HOCHMO JBE IIEHTpaJIHE TBP/HHE:

Tepamwa 1 (HeraruBHM pe3yatar). He noctoju HHjeHA TO3HATA TEOPEMa Y MaTEMATHUKO] JIOTHIIHA KOja Ou
y TpuHIUIY 3abpamuBana nocrojaie GH-mapoBa. I'exenose teopeme [13, 32] orpaHnyaBajy J0Ka3HBE
o6mke camopedepermmje (T + Con'fi™(T)), amn we tperupajy mehycobue pedepentre mukyce (T -
Confi™}(T,) - Con{fin}(T,)).

Tepamwa 2 (mo3utusHHU npenior): [log Axcromom noruuke moryhuoctu (ALP) [2, 29]kao npuHIunoM aa
OHO IITO HHjE JIOTUYKHU 3a0pamkeHo jecTe MaTeMaTHUKu peanu3yjyhe, onga u GH-mapoBu cTBapHO mocToje
y MaTeMaTHYKOM MPOCTOPY. AKO C€ jOII MOTY KOHCTPYUCATH SKCILTMIUTHY PUMEPHU, OHHU HYJIE €JIETaHTHO
AyaTMCTUYKO penemhe Xuia0epToBor nporpaMa — M TO HE Y HbeTOBOM OPHTHHAIHOM MOHHCTHYKOM OOJIUKY
(jeman caBpieH cucteM), Beh kao Mel)ycoOHO moaprkaBajyha cTpyKTypa iBa KOMIUIEMEHTapHa CHCTEMA.
ALP ce oBae KopHCcTH Ka0 METa-IIPUHIIMIT TIOCTOjamba Y OKBUPY METa-TEOPHje, a He Ka0 aKCHOM OWIIO KOT O]
dopmamaux cuctema T, i T,. Bumectpykn He3aBIUCHHU I0Ka3u HCTE TBPAKHE HE MEHa]y HCHY JIOKa3UBOCT
y ¢opMarHOM cuctemy, Beh ciryke Kao Mepa enMcTeMUIKe IMOY3JaHOCTH Pe3yJiTaTa y MeTa-aHaJIM3H JT0Ka3a.
Ba:kna paznuka: PasnukyjeMo nocrojame y npuHImny (mokasano Teopemom 5.2mnox ALP) u moctojame y
npakcH (SKCIUIMIMTHA KOHCTPYKIIMja, jOII YBEK OTBOpeHa). Haml neHTpaiHu JONpUHOC jecTe yTBphuBame
na GH-napoBu npunanajy noTBpl)eHoj OHTOJIOTHjH MaTeMaTHKe, YAME Ce UCTPAaXKUBAKE TIOMepa ca MUTamka
»J1a JIM TI0CTOje?” Ha NTamke ,I/1e Cy OHu?".

1.6 ®dunocodcka MmoTHUBaLIHja
3amro oBo uctpaxkusatu? [lopen texuudkor nunrepeca, GH-napoBu ocBeT/baBajy u Apyra ay0oKa MUTama:
o Enucremonomka: Moxe i1 MmelyycoOHa mojpinka 06e30eI1uTH KaKBO ONpaBiambe 63 0eCKOHAYHOT
perpeca Wi HOpoYHe KPY>KHOCTH?
e Omnrosnomka: Ja 11 MaTeMaTHyKa HCTHHA 3aXTEBA jeJ[aH TeMeJb, HJIH II0YMBa Ha KOMITIEMEHTAapHUM
cTtyboBHMAa?
* MeropoJomka: ITocToje n anTepHATHBE CTAaHAAPIHO] XHjepapXUju Y TeMeJbIMa?
OBaj KoHIIeNT MOpao OM UMAaTH OJ[jeKa U y CaBpeMeHoj Gpunocoduju:
» KoxepenTusam y enucremoJioruju [26] (Quineosa mpesica yseperna)
e Komnuementapnoct y ¢pusunu (boposo manacno-KopnyckyiapHo 080jcmeo)
o Ilaypanusam y matemaruuu [23] (Badiou, Maddy

1.7 Crpykrypa paaa
OBaj pax mpeacras/ba NPBH €0 TeopHujcke Tpujaae nocsehene I'exes—XundeproBum nmapoBuma.
OBa TpHjaza npatu JIOTUUKY NPOrpecHjy o MOryhHOCTH O HY’KHOCTH M KOHauHE aKTyelu3aluje:
» IlpBu pan (oBaj): MoryhHocT 1 oHTOJIOIIKO MOCTOjame. JI0Ka3zyjeMO OACYCTBO JIOTHYKE 3a0paHe
u, noJ Axcromom soruuke moryhuoctu (ALP), yrtBphyjemo u na GH-mapoBu mocroje y mpoctopy
MaTEeMaTHYKUX CTPYKTYpa.
o Jlpyru pax: Jloruuka Hy:KHOCT. Y OBOM pajy, MoKasyjemo na nocrojarbe GH-mapoBa ne camo na je
Mmoryhe, Beh je 1 Hy)KHO 3a KOXEpPEHTHOCT OJJpel)eHIX MeTa-MaTeMaTHIKHX OKBHPA.
e Tpehu pax: KoncrpykTuBHa akTyejn3anuja. 3aBpiiaBaMo TpHjaay ca KOHKPETHOM KOHCTPYKIIH]OM

GH-napa, notBphyjyhu TrMe 1 ipeTXoiHe TeOpHjCKe TrapaHIyje.
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VY okBHpY OBe cTpareruje, 0Baj IpBHU paj ce oABHja Ha cienehn HaymH:

Onemak 2 naje puroposue ¢popmanne nepunuiyje GH-naposa u GH-ynuje.

Onesbak 3 pa3BHja TEOPHjCKH OKBUP, TOKAa3yje OJICYCTBO JIOTHUKE 3a0paHe, HEOMXOJHOCT HEYIOPETUBOCTH
U TIpy’a METOJI0JIOIKE CMEepHUIIE 3a KOoHCcTpyHcame GH-mapoBa.

Onesbak 4 pazmaTpa enmMcTeMOJIONIKE TTPOOIIeMe U pa3BHja KOXEPEHTHCTUYKO OMPaBIakhe MPOTHUB ONTYKOU
3a KPYKHOCT.

Onemak 5 AkcroM Jormyke MOryhHOCTH B TeOpeMa O OCTOjamby

Opesbak 6 TuCKyTyje UMIUTHKAIH]jE 3a TeMeJbe MaTeMaTuke u punocoduje.

Opesbak 7 pazmaTpa OTBOpPEHA NIUTamka U npaslie Oy ayhux ucTpakuBama.

Onesbak 8 3akibydyje KpUTHUKOM NIPOLIEHOM Hay4yHE BPEJIHOCTH.

IIpunor A ucnutyje anTepHaTUBHE KaHAMIATE U3 pPEeBEp3HE MaTeMaTHKe, KOHCTPYKTHBHE MaTeMaTHKe U
Teopuje KaTeropuja.

Enunor

Pedepenue

Post scriptum

2. DOPMAJIHE JE®@UHHUIUJE
Osgaj neo paja AeUHUIIE PUTOPO3HN CUHTAKCHYKU M CEMAaHTUYKH OKBHP, OKBUD HEOIXOJaH 32 MOCTOjame
GH-napoga. YBol)emeM HOBUX METa-JOTHUKHUX CTPYKTypa, kao mto cy GH-ynuja u Akcnom mocra, oBjie
MOCTaBJbAMO MEXaHH3Me Koju oMoryhaBajy pedeKCHBHY KOH3UCTEHTHOCT, 8 YBEK Y3 CTPHKTHO IOIITOBAE
I'egenoBux rpanuia.
[Mojam I'enea—Xus10epTOBOT Mapa MOXKE CE YBECTH U HHTYUTHBHO, TIPE HEroBe (opMaiiHe crenruKarije.
KonmenT nMa 3a 1iiJb 1a yXBaTH MUHHMAJIHY peNIAlliOHy CTPYKTYpy m3Mely nBa ¢opmaiiHa cucreMa Koja cy
crocoOHa 1a peaeKTyjy KOH3UCTEHTHOCT jeaH APYyror 0e3 ypylaBama y caMmopedepeHIujy.
®opmanna naycrpamuja: Pazmorpumo nBa GopmanHa cuctema Tq1 1 T2, 01 KOjJUX CBaKH CaMO-TIPOIIHPYje
3ajeIHHUKY apUTMETHYKY OCHOBY Kao mTo je PA [7]. Heka je:

T, = PA + Con™(T,) u T, = PA + Con!f™ (T,).
Haxo TakaB map He MOKE ITOCTOjaTH Ka0 KOHAYHO aKCHOMAaTHU30BaH CHCTEM YHYTap COIICTBEHOT OKBUpA, OBa
nreMa wiycTpyje sornuku oonuk GH-mapa, y jemHom 00imky, Mel)ycoOHO oKa3uBe KOH3UCTEHTHOCTH 0e3
camopedepenmmje [13, 32].

2.1 OcHOBHHM NOjMOBH
Pagumo yHyTap cTaHmapHOT OKBHpa JOTHKE MpBOT pena U Gopmannux cuctema. @opmanuu cuctem T ce
cacroju ox [7]:

= @opmainor jesuka L(T) ca mormucom X

= Ckyna akcuoma AX(T) € Formulas(£)

* [IpaBuia 3aKk/by4HBamba (THNIUYHO JIOTHKA MPBOT pena)
[Mumemo T + @ na o3nauumo [7] , ¢ je nokasuBay T” u T ¥ ¢ 3a ,,¢ Huje noka3uBay T.”
Nepununuja 2.1 Konsucrentnocr). dopmanHu cucteM T je KOH3UCTEHTAH aKO HE MOCTOjU (opMysa @
TakBa fa BaXXu U T - @ u T  ~@. ExBuanenrtno [7], T # L (T He 1oKa3yje IPOTHBPEUHOCT).
3a cucreme criocoOHe aa Gpopmanusyjy cuntakcy (PA u jaun), [10] umamo:
Jedunnunja 2.2 @opmann3zoBana TBpama o komsucrentocern). Conf™(T) je dopmyna [9], amu camo
y je3UKy apUTMETHKE KOja U3pakaBa Jia , He O0CTOjU MPUPOAaH Opoj Koju Kojaupa jgokaz 3a 0=1y T.”
®opmaiHo:

Con{fin}(T,) := =3p [Prf;(p, " 0=17)], rae i € {1,2}.

rae je Prf; npumuTiBHO pekypsuBan npeaukat, a~ 0=1"T'€nenos 6poj [10, 13]JnporuBpeunoctu 0=1.

2.2 GHnapoBu: Puropo3na nepuHuiuja
Nepununuja 2.3 (GH-map). [Tap hopmannux cuctema (T4, T2) ynaun GH-map [2, 3, 29]ako Bake yca0BH:
(DP1) Mehycoona 1oxa3uBOCT KOH3UCTEHTHOCTH [13, 32}

* T,+ Con™(T,) (cucrem T, nokasyje konsucTeHTHOCT cuctema Ti)



= T, Con!f™(T,) (cucrem T, noKasyje komsucrenTHOCT crctema T ,)
(DP2) Ilojenunavna reaesioBcka orpanndera [13, 32}

* T,# Con'™(T,) (cucrem T He MOXe JOKA3aTH CONCTBEHY KOH3HCTEHTHOCT)

= T, Con'fi™(T,) (cucrem T, He MOXKe JJOKA3aTH CONCTBEHY KOH3HCTEHTHOCT)
(DP3) HezaBucHocT:

= AX(Tq) N AX(T2) =@ (ckymoBu akcHOMa Cy CYIITHHCKH JUC)YHKTHH) [23]

» T,¢& TuT,¢& T, (Hujenan Huje noacucrem apyror) [25, 27, 28]

» L(T1) # L(T2) (pa3nu4uTH je3uln, KOjU OIpaxaBajy pas3inuuute 1oMeHe) [23]
Hanomena o DP3: YciioB mucjyHKTHHX akCcHOMa MOXE OWTH CyBHINE CTPOT. Y TMPAaKCH, CHCTEMU MOTY
JCTUTH MUHUMAJIHU JIOTHYKH anapat (IPOMO3HIIMOHY JIOTUKY, OCHOBHA MpaBMiIa 3aKJbyunBama). OHO IITO
je OWTHO jecTe pasiHKa y CyIITHHCKOM aKCHOMAaTCKOM CaJpajy, OHOCHO y KJIACH TEOpHja KOje OIHUCY]yY.
Kibyd je pasnuka y CTpyKTypH TEOpHja, @ HE Y YMCTOj CHHTAKCHYKO] U30J10BaHOCTH [23].
HeynopeanBocT ce Moke pa3yMeTH U Kao OCYCTBO HHTEpPIPETAIH]je jeJHOT CUCTEMA Y IPYTOM.
Mojammeme o DP2: Jla 6u DP2Baxwuo, u T1 u T2 Mopajy OuTH ,, JOBOJGHO CHaXXHH — CIOCOOHHM Ja:

= ®dopmanusyjy conctBeny cuntakcy (['emenoBo Hymepucame) [13]

* U 3pase nojam nokasa [10]

* Penpe3eHTyjy IPUMHTUBHO peKyp3uBHe (yHkuuje [10]
OBO THITMYHO 3HAYM Jla Cy HajMame jaku kao PoouncoHoBa aputmernka Q [31], nako je Ty PA cranmapana
OCHOBA.

2.3 GH-ynmja: Huje cucrem Beh penanuja
Nepununuja 2.4 (GH-ynuja). 3a GH-map (T4, T2), numemo [2, 29]: T4 ¢ T, (uuta ce , T4 GH-jenuncTBeH
ca T2"), na o3HaunMMo Meta-penanujy mel)ycoOne enucremuuke nojpiike. To HHUje HOBU (OPMATHU CHCTEM
(auje T U T, wto 6u Hapyummio ['exena) [13, 32],8eh cTpykTypantu oHOC.
CaojcTBa ¢!

1. Camerpuja: T1$ T T4 T,

2. UpedaexcuBHoct: T ¢ T nukana ue Baxu (no I'eneny 1) [13, 32]

3. Herpamsutrusnoct: 3 T1 $ T2 u T2 ¢ T3 He MoxkeMo u3BecTH T1 ¢ T3

IMpono3unmja 2.1 (Yc/ioBHA MeTa-eKBHBAJIEHIIH]ja).

Ako cy Tqu T, 06a xon3uctenTHa u ynHe GH-map, oHa y MeTa-Teopuju BaXu:
Contfi"}(T)) — Con!fi™}(T,) u Con!fi™}(T,) — Con!fin}(T,),

aJy He Kao YHyTpallliba CKBHUBAJICHIIN]a HA Kao JIOKa3 YHyTap OWIIO KOT 0/ CHCTEMA.

Hoka3 1 (Kpo3 enncreMuuky BaauaHocT MelyycoOHe Basimaamuje):

[IpetnoctaBumo aa je Ty CTBApHO KOH3UCTEHTaH, Tj. Ja ConM™}(T,) Baxu y METa-TeOPUjCKOM CMHCITY.
ITIpema DP1 umamo T2 + Con'fi™}(T,). Axo 61 T, GHO HEKOH3HCTEHTAH, IOKA3MBAO OH CBE, yKIJbyuyjyhu
-Con™}(T,), wro maje T, + ConT™(T;) A -Confi™(T,). To 3maum na 6u T, msBeo mpormBpeunoCT,
notBphyjyhu cBojy HEKOH3UCTEHTHOCT, alll U3 HEKOH3UCTEHTHOT CHCTeMa He OMCMO MOTJIH J1a TTIOBEPY)jEeMO
nokasy Con{fim}(T,) y mpeom mecty. Crposke: ako je Ty komsucrenTan u T, mokasyje Confim(T,), onna T,
Mopa GHTH KOH3HMCTeHTaH (uHade 6u oH mokasuBao n ConT™(T,) u =Confi™(T,), amu Confim}(T,) je
UCTUHHTA, na 6u T2 JI0Ka3MBa0 U UCTUHHUTY U HEHY HETalHjy, YuMe O CBaKa CMUCTEMHYKA BPETHOCT TOT
noka3za Ouna nonumireHa. [1o cumerpuju, Baxku u 00pHyTO [7]. =

Hutepnperanuja: KoH3UCTEHTHOCTH CY ,,CyAOMHCKHU NIOBE3aHe” - OHE WIIM CTOj€ WM Majajy 3ajenHo. OBo
je hopmaiHo je3rpo muxoBe Mel)ycoOHe 3aBHCHOCTH.

Hoka3 2 (Kpo3 cumerpujy GH-nmapa u eKCIio3ujy HeKOH3UCTEHTHOCTH):

IpernocraBumo 1a je Ty cTBapHO KoH3ucTenTaH, Tj. 1a Confi™(T,) Basxu y Mera-Teopujckom cmucy.

Ilo ycosy DP1, umamo T, - Con{fimy(T ).

Axo 61 T, 610 HEKOH3ICTEHTaH, OHa 61 T, - ¢ 3a cBaky hopmyny @, ykbyayjyhn ~Confim(T,).

Asmn romto je T4 crBapro komsucrentan, Conf™ (T ) je uctunnra hopmyia.

HekoH3ucTeHTaH cUCTEM, OHAj KOjH JTOKa3yje UCTHHY W IEHY HEranujy, He MOXKe OMTH OCHOBA 3a BaJbaHY
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BaJTUJIAIIA]Y .
Jlakne, ako Con(fin} (T4) Baku u T TO Banuaupa, oHma T, Mopa OMTH KOH3HCTCHTAH.
CumMerpuyHO Baku 132 4. B

Joka3 3 (Kpo3 MeTa-10ru4Ky HMILITMKALNHjY YCJIOBHE 3aBUCHOCTH):
dopmynuiemMo Kao JOTHYKY UMIUTUKAIN]y y MeTa-Teopuju M:
M (Conf™(T ) A T, F Conf™(T,) — Con'fin}(T),)
Y oBoMm j0ka3y M je dukcupana Mera-teoprja y kojoj pasmarpamo n Conf™(T) u apyry tepamy T, +
ConM™}(T,) kao popmanmsoBane uckase.
[TpeTnocTaBUMO J1a aHTEIEJICHT BaXH.
Axo T, HHje KOH3UCTEHTaH, OH/a T JoKasyje cBe ¢popmye, ma u 0=1
Am T, Con{ﬁ“}(Tl) 3Ha4u aa T, TBpAM , He noctoju qoka3 0=1y T,".
[Tomro je T4 cTBapHO KOH3UCTEHTAaH, OBA TBP/IHha j€ NCTHHUTA.
AT HEKOH3UCTEHTaH |, OU MOpao JOKa3uBaTH U Confi™}(T,) u = Conf™}(T,), wro 3Haun na je merona
»BaJuaanuja" n3ryouna cMucao.
Jenunn Haunn 1a To F ConT™(T,) uma eNMCTEMHUKY BPEIHOCT je Ja T Oy/1e KOH3UCTEHTaH.
Jlakre Con'fi™}(T,) Mopa BakuTn. m

2.4 CHara u HeynopeauBoCT
Jedpununuja 2.5 PenatuBna cHara). Kaxxemo na je T, jaun on Ty, mumemo T, < T, ako:
= (Csaka teopema Tq jecte Teopema T (Tq1 € T2 y JOKa3HO-TEOPHjCKOM CMHUCITY)
= TlocToju popmyna @ TakBa 1a T2 F @ amu T4 i+ @
= OBo je cTaHJap/HU 10jaM JI0OKa3HO-TEOpHjcKe cHare [7].
Nepununuja 2.6 Heynopenusoct). Cuctemu T u T, cy Heynopeausu mo cHasu [25, 27, 28Jako:
= T.¢& T, (T, nokasyje ctBapu koje T, He g0Ka3yje)
» T, ¢& T, (T2 mokasyje ctBapu Koje T1 He JOKa3zyje)
Nepununuja 2.7 Komniaementapua u3paxajua moh). Tq, T, Cy KOMIUIEMEHTapHO H3PaXKajHU aKO:
1. CBaku MOKE MPEMO3HATH/UHTEPIIPETHPATH CTPYKTYpY Apyror [23] (MeTa-MaTeMaTHUKH)
2. Hwujenan He caapKu aKCUOMATCKY OCHOBY JPYTOT
3. CBaku nMa m3pakajHy CHary y , JUMeH3ujamMa”’ y KOjuMa JAPYTH HEMa
IIpumep: ApuTMeTHKa MOXeE ,, TOBOPHTH 0" reoMeTpHju Kpo3 KoopauHatuzanujy (N2 kao tauke), 10k oner
reOMETpHja MOXKE ,, TOBOPUTH 0" apUTMETHIM KPO3 OpOjeBHY MpaBy, ajlud HHXOBE aKCHOMATCKE OCHOBE CY
oproronainse [23].

2.5 ®opmanau3anuja 10Ka3a KOH3UCTEHTHOCTH
Ja 6ucmo DP1 yynHHMIM MPEUU3HUM, MOpaMO pa3jaCHUTH IITa OM TO 3HAYMIIO J1a jelaH CHUCTEM ,JI0Kazyje
Con{fin}() rpyror.”
Jepununuja 2.8 Apurmernsanmja). 3a cucrem T ca jesukom L u akcuomuma AX(T):

= (CgakoMm cumbomny L ce nozaespyje ['enenos 06poj

= (Caaka popmyia ce KOAupa KOMIO3UIIUOHO

= (CBaku /I0Ka3 ce KoAHpa Kao HU3
Ogo je cranmapano ['enenoBo Hymepucame [10, 13],3a koje ce MOXke MPETIHOCTABUTH JOCTYIHOCT Y CBAKOM
CHCTEMY KOjH CaJpH J0BOJbHO aputmeTtke (PA win jaun).
Jedpunnunja 2.9 @opmyaa komsucrentHoern). Conf™(T): = =3p [Prfi(p, ™ L W] [13] rze je Prfi (p,
() IPUMUTHBHO peKyp3uBHa penanuja [10], p xoaupa nokaz @ y T, a™ L 7 vy npexcrasiba ['€nenoB 6poj
npotuBpedHocTH (Tunuyao 0=1).
Jepununuja 2.10 Unrepnperanuja). Murepnperauuja I: T4 — T, jecTe oHO mpeciukaBamwe Gopmyna Ly
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y dopmyne L, TaKBO Ja:
e Ako T1F @,ouma T, F (@)
* | ouyBaBa JIOTHUKY CTPYKTYpy [16]
Wurepniperanmja omoryhasa na T, ,, cumynupa“ T, uume T, Moke 1a pe30Hyje 0 KOH3UCTEHTHOCTH T4.

2.6 Ilpunnun mocra (bridge): omoryhaBame mel)ycooHe Baimmaamnuje

Kputnuna kommonenTta oux GH-nmapoBa jecte Mexanu3am KojuM TH MelyCOOHM TOKa3u KOH3UCTEHTHOCTH
usberasajy kpmewme ['eaenose apyre teopeme [13, 32] o nemormynoctu. Caga heMo MexaHu3aM yYHHHTH
CKCILTHIIUTHUM.

2.6.1TIpobJem I'enenosa apyra teopema [13, 32]o HenmoTmyHOCTH 3a0pamyje CBAKOM CHCTEMY J1a JOKaXe
COTICTBEHY KOH3HCTEHTHOCT: AKO je T KOH3MCTEHTAH H I0BOJHHO CHaxaH, onaa T i Con'fi}(T).

A GH-naposu 3axresajy: Tq - Con'fi™(T,) u T,  Contfin}(T,)

KpuTHuHO MuTamse: Kako T ,MpuxBata’ T0Ka3 KOH3MCTEHTHOCTH U3 T, 1 To Ge3 nokasuBarma Conf™(T))
MHTEpHO, mTo Ou Hapymmio ['erena?

OIroBop JIeXKH Y pa3IMKOBaky HHTEPHOT J0Ka3a O]l eKCTEPHE BaIUAALH]e.

2.6.2AKCcHOM MOCTA
Nepununuja 2.11 Axcuom mocta). 3a GH-map (T, T2), cBaku cUCTEM YKJbYUyje aKCHOM MOCTa TaKaB J1a
omoryhaBa npuxBarame eKCTEpHE BaIualH]e:

Axkcuom MocTa 3a Tq: ,AKo0 TIOCTOjH JIOKa3 Ty T, TakaB aa T2 Con{ﬁ“}(T1), oHxa U |1 MOXKE MPEMO3HATH
Conf™}(T,) kao excrepro Bamuampan.”
Axkcuom MocTa 3a T, ,,AKO TIOCTOjU JI0Ka3 Ty Tq TakaB jga T4 Con{ﬁ“}(Tz), onna he u T, npeno3HaBaTu
Conf™}(T,) kao excrepHo Banuupan.”
Kputiano: Oo HE 3uaun Ty - Conf™(T,) (wro 61 mapymmmo I'eena). AkcroM MocTa OBJie Aenyje Ha
MeTa-HHBOY: T npenosnaje 1a je Con'fi™(T,) Banmaupan ox cTpane excTepHOT CHCTEMa, alli 6e3 HHTEPHOT
usBohema [2, 29].
2.6.3®opmanHo nojammeme Paznnka je cynTuiHa any KJby4dHa:
Wurepun 10ka3 (3a6pamen mo exeay) [13, 32} T, - ConT™(T))
OBo 3HauM: J1a je yHyTap JOKa3HOT cucteMa T4, Kopucrehu camo akcrome u npaBuia Ti, Moryhe u3BecTH u
Conf™}(T,) xao Teopemy. OBo je Hemoryhe 1o I'e/1eI0BOj APYTOj TEOPEMH O HEMOTITYHOCTH.
Excrepna Baanaanuja (omoryhena akcmomom mocra): T, npuxsata Conf™(T,) Ha ocHoBy:
T, + Con'f}(T))

OBo 3Hauu: T4 MMa MeTa-IPUHIUI (AKCHOM MocTa) Koju My omoryhasa na Bepyje npecyau T2 o cBojoj (T4)
xonzuctentTHocTH. T, He m3somu Con™(T,) u3 concrrennx akcuoma; npuxsata ceenoueme T .
Ananoruja: Hukaj cBeIOK Ha Cy/y HE MOXE CBEJIOYHTH O CBOjOj COICTBEHOj KPEOHUOMIHOCTH (IUTO jecTte
aHayioruo T F Con{ﬁ“}(T) 1 3a0parmbEeHO), alyd MOYKe OUTH BaUIAUpaH O]l HE3aBUCHOT CBeOKa (aHAIOTHO T2
BaUaUpa T4, 103BOJBEHO).
2.6.43amTo oBo He HapymaBa ['exena ['eenoBa Teopema ce OJJHOCH Ha OHO IITO CHCTEM MOXE JJOKa3aTH
MHTEPHO KOopHcTehu comncTBeHe akcHoMe | MpaBHiIa 3aKJby4HBamka. AKCHOM MOCTA JIOJIATHO YBOJH YCIOBHO
MPUXBaTamke 3aCHOBAHO HA €KCTEPHUM MH(OpMaIijama, a He HHTEPHO U3Boleme.
TexHUYKa TayKa: aKCHOM MOCTa MOXe ce (hOpMan30BaTH Kao:

Axiomg,iqge(T1): 3n T2 [Prfa(m, Con!f™(T,))] — Accept(Con!fi™(T,))
rae je ,Accept’ mMera-HHBO Cyj, a HE Teopema Ha 00jekT-HuBOY T4 [2, 29].
2.6.5Moaudukanuja Xua0epToBor nporpama AKCHOM MOCTa Ty NpeJCTaBJba MPEIU3HY MOAU(PUKAIH]Y
XunbeptoBor nmporpama Heonxoany 3a GH-napose:
Xunbepros opuruHanau 3axteB [17]: Cucrem T Tpeba ma nokaxe Conf™}(T) Kopucteh¥l Ty QUHHTUCTUUKU
MeTon yHytap .



Tenenos pesyntat: Hemoryhe: T £ Con™(T) 3a crakn noBossHO cHaxan kousnctentan T.

GH-naposn (kpo3 akcrom mocta): Ty Tpe6a na npuxsatn Conf™(T,), a kpos excrepuy Bammnammjy u3 T,
nok T, mpuxsara Contfi™}(T,) kpo3 excrepny Bamuarmjy us Th.

ITpomena je ox camomnotpe (Hemoryhe) ka Meljyco6HOj Banuaanuju (Huje 3a0pambeHo).

Kibyunn yBua: XunOepT Tpaku MOHUCTHYKY CaMOJOBOJHHOCT. GH-mapoBm MOCTHKY CaMO JyaTHCTHUKY
melhycobHy noBosbHOCT. AKcnom mMocTa (bridge) je dopmanni MexaHu3zam Koju oMmoryhaBa 0Baj moMax.
2.6.6CBojcTBa akcuoma mocta (bridge)

IMpono3unmja 2.2 (AkcuoM MocTa je KOH3epBaTHBaH). [lo1aBambe akcuoMa MOCTa y Tq1 HE YHUHHU |1 HUIITA
HEKOH3UCTEHTHHjUM (IO IPETIOCTABKOM a ¢y T1 U T2 MOjeANHAYHO KOH3UCTEHTHH).

Joka3 1 (KommieTaH - Kpo3 ouyBame MojieJia):

Hexa je M ; mpou3Bosban Mojen Teopuje T4 Ipe 1oJaBama akCHoMa MOCTA.

Axkcrom Mocta uma dopmy: Ia[ Prf, (x, Con'f™}(T,))] — Accept(Con!fi}(T,))

OBo je yc/JI0BHA TBP/AH-A KOja IIOCTaje aKTHBHA CaMO aKO aHTELEACHT BaXKH.

Cayuaj 1: Axo T, H Con{ﬁ“}(T1), OH/Ia aHTCIICJICHT HHUjE 3aJI0BOJbEH y M 4, TIa HM aKCHOM MOCTa He J10]1aje
uuiira. Mogen M4 octaje mozen mpommpene teopuje T4 + Bridge.

Cayuaj 2: Ako T, - Con'f™(T,) u T, je ctapHo kousucrenran, onaa Contfi™(T,) mopa Gutu ncTuamTa
¢dopmyna. [IpuxBatame nctuaute Gopmyre He yBOAU MPOTUBPEYHOCT, a MoAed M 1 ce MOKe MPOIIUPUTH J1a
3aoBossaBa Accept(Conf™(T,)) 6es ryburka KOH3HCTEHTHOCTH.

Cayuaj 3: Ako je T, Beh HEKOH3UCTEHTaH, OH/IA T'a J0JaBambe OmIo yera (ykibydyjyhu Ty akcHOM MOCTa),
HE MOKE€ YUYMHHTH ,,jOII HEKOH3UCTEHTHUjUM'" - OH Beh JloKkazyje cBe.

VY cBHUM cilydajeBHMa, aKCHOM MOCTA je KOH3epBATHBAH. W

Hoka3 2 (Kpo3 CHHTAKCHYKY aHAJIH3Y):

AKCHOM MOCTa HE YBOJM HOBC MPUMHUTHBHE aKCHOME - OH j& YCJIOBHO MPABHJIO MPUXBATAbA.

dopmMaiHO, MOXKEMO ra TPETUPATH Kao MeTa-NPUHIUN KOju He mpoumpyje ckyn akcuoma AX(T 1), oH camo
neduHMIIe KPUTEPUjyM MPUXBaTamba 3a GopMyJlie JOKa3aHe CIoJba.

ITowTO He TMOCTOji AePUBAIMOHO NPABHIO Koje 61 u3 akcroma mocta m3seno ConT™(T,) i To Ges Beher
criosbammer gokaza T, - ContfiM(T,). a akcnoM MocTa He MOKe MHTEPHO FeHepHCATH HOBE TEOpeMe.
CrnencTBeHo, ako je T4 OMO KOH3UCTEHTaH Mpe J0JaBama, 0CTaje KOH3UCTEHTaH U 1Mocie. W

Hoxa3 3 (Kpos prf-theoretic (1oka3Ho Teopujcke) opauHase):

Heka je Ord(T ) prf-theoretic opaunan reopuje T .

Axcuom Mocta He nosehasa Ord(T 1) 3aTo mITO HE YBOAU HOBE TPaHCHUHUTHE UHIYKIIMOHE MPUHIUIIC HUTH
pedrekcuBHe meme kKoje Ou 3axteBase Behe opanHae.

OH camo yCJIOBHO perucTpyje ekctepHy nHbopMmaiijy 6e3 HHTepHe JepuBallyje.

IMTomro Ord(T 4 + Bridge) = Ord(T4), a KOH3HCTEHTHOCT jeCTe CTPOr0 KOpPEJIMCaHa ca OPAMHAITHOM CHAroM,
[25, 27, 28Jakcrom MOCTa je KOH3EpBATHBAH. W

Iponozunuja 2.3 (Akcnom mocra nomryje Ieena). Akcrom mocta He omMoryhasa Ty - Contfiv}(T,).
Joka3 1: AKCHOM MOCTa je MeTa-HUBO YCIIOBHOT NIPUXBaTama, a He MPaBUIIO H3Bolhema Ha 00jeKT-HUBOY. T4
1 moxke npuxBatutn Con™(T;) excrepHo, anu He MOXe HHTEPHO H3BECTH Frg ConM™}(T,). OBze je
pasnuka usmel)y ,mpuxBatama’ U , HHTEPHOT J0Ka3uBamba’ ocTaja ouyBaHa [13]. m

Joka3 2 (Kpo3 ¢opMasiHo orpannyere MeTa-NPUHIIMNA U HEYNOPEIHBOCT):

Hexka Accept (@) Oyne mera-nipeaukaT nepunucan y T4 kao: Accepty(@) ako u camo ako 3w [Prf(w, ¢)] u
Ba)ku akcuoM mocta Bridge;.

Kiby4HO CBOjCTBO OBOT IpEMKATA j€ HEroBa CHHTAKCHYKa HENPOIIMPUBOCT: OH Ty HE MPOU3BOAHU T 1-/10Ka3,
Beh caMo MpoMeHy eMUCTEeMHUYKOT cTaryca y OKBHpY MeTa-teopuje. Mmak, na 6u ce Accept;(Conf™}(T,))
npersopmo y Prfy(" ConT™(T ) 7), Guo 6u meomxonno na T, MHTEpHANH3Yje yKyIaH JOKA3HH CHCTEM
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T,, ykibyuyjyhu Ty u cBe merose akcuome. To 6u 3axteBano AX(T 2) € AX(T 1), ITO AUPEKTHO KPIIU YCIIOB
nHeynopenuBoctu DP3 u3 lepunnnuje 2.3.

Jakie, akcuom Mocta (bridge )ocraje 6e30enan kao MeTa-NpHHIKIT oMOryhaBa pe)IeKCUBHO MPUXBATAHE
KOH3UCTEHTHOCTH, aJli HE U HHTEPHO H3BOl)eme. Tume ce mormTyje u CIoBo U 1yx ['exenoBe apyre Teopeme.
OBaxBa aHanM3a OTKpWBA W jeHY IyOOKy Be3dy m3mely mexaHm3ma mel)ycoOHe Banmumanuje u CTpPyKTypHE
OPTOTOHATHOCTH CUCTEMa — jEHO TapaHTyje Ipyro. m

Hoxa3 3 (Kpo3 HemoryhHocT 3aTBapama moj 1e1yKIujom):

TIpeTnocTaBuMO, pay KOHTPaIHKIHje, 1a akcuoM MocTa omoryhasa T4 - Contfin}(T,) .

Tasa Gu mocTojao HU3 GOPMYIa P, @a, ..., @° = ConT™(T}) i To Takas na cBaka @i win akcuoma T4, WIH

POM3HIIA3M U3 IPETXOAHMX MPHUMEHOM MPABHIIA 3aK/bydHBarba. ATH akcHoM Mocta He ysomu Con{fi™(T,)
Ka0 aKCUOMY - OH CaMO KaXKe ,,aK0 ITOCTOjHU JIOKa3 y T, OHA TIPUXBATH .

Ann 3a mpaljuBamse gepusarmje T4 - Contfi™(T,) | mopamo ykibyants kopak Kojin MaTepujaamusyje 10Ka3
u3 T, xao Teopemy T4, IITO O 3aXTeBaJO MPaBUJI0 yBohema obmmka: ,ako T, -y, onaa T4 - y", mro je
NOTITyHa UHTepHpeTanuja T, y T4 - 3a0pameHa ycioBoM Heynopeausoctu [25, 27, 28].

Jlakie, aKCHOM MOCTA He CTBapa 3aTBOPEHy AeAyKTHBHY myTamy ka Contfim(T,) | unme momryje Tesenoy
3abpany [13, 32].m

2.6.7Umnuementanuja y I'enen—Xunoepr (GH) mapoBuma
[Ipn KOHKpETHUM KOHCTPYKIIMjaMa akCHOM MocTa Jobuja cnenuduune dpopme:
-3p Prf, (p,” 0=17) — Bridge (mocT) akcroma 3a Ty: T, mpuxsara Contfin}(T,)
-3p Prfy(p, "~ 0=17) — Bridge (mMoct) akcroma 3a T,: T, npuxsata Confi"}(T))
OBo cy uHcTaHIe onmrer npuHnumna mocta (ledununuja 2.11).
2.6.8EnucTeMo 10K 3Ha4Yaj AKCHOM MOCTa OJTM4aBa enucreMosonku ctaB GH-naposa:
donganuoHaIM3aM. 3HakE M0YMBA HA CAMOOYHITICHIM TeMesbuMa (HUje MoTpeOHa eKCTepHA MOIPIIKA)
— HecarmacHo ca akcHOMOM MOCTa
KoxepenTuszam:3name mounBa Ha Mel)ycoOHO] moapimy yHyTap KOXEPEHTHE MpEeXkKe; eKCTepHa BaJTUIaIija
je nerutumua) — CaryiacHO ca akCHOMOM MocTa [6, 26] v/

AkcroM MocTa je (hopMalTHi U3pa3 KOXePEHTUCTHYKOT OIpaBIama MPUMEHEHOT Ha opmanne cucteme. OH
omoryhasa meljycoOHy Banmmnaimjy 6e3 mopodne Kpy>KHOCTH jep:

= CBak¥ CHCTEM MMa HE3aBHCHO OINpaBjame (CONCTBEHY HHTEPHY BaJHIHOCT)

= MelhycoOHa Bannaanmja aoaaje notephyjyhu qoxas

= Hewma GeckoHayHOT perpeca (CTpyKTypa je KOHaYHa: caMo J[Ba CHCTEMa)
Pe3ume Onepka 2.6: Akcrom Mocta je hopMamHu MexaHu3aM Koju omoryhasa GH-mapoBuma noctuzame
mel)ycoOHe Banupaanuje KOH3UCTEHTHOCTH 0e3 HapyluaBama ['enenoBe apyre TeopemMe 0 HemoTIyHOCTH. OH
Npe/ICTaBJba Mpenu3Hy MoanuduKanujy XuiadepToBor nmporpaMa cBe o] leroBeé MOHHCTHYKE CaMONOTBPAE
Ka JIyallucTHYKOj Mel)ycoOHOj Bamuaanuju. AKCHOM MOCTa je KOH3epBaTUBaH (HE yBOJH HEKOH3UCTEHTHOCT)
u nomryje ['enena (He omoryhaBa camookas), anu oH 00e36el)yje Hemocrajyhy Besy usmel)y KOHIENTyalHe
uneje GH-mapoBa u muxose GopmanHe peanusanuje [2, 29].

3. TEOPUJCKH OKBHUP

Capn ananusupamo teopujcke nMmIunkanyje GH-mapoBa kpo3 npusmy JOKa3HO-TEOPH]jCKe HEYIIOPEIUBOCTH.
Jloka3zyjemo u 1a ocycTBO (opmanne 3abpane y ['enenoBum TeopemMama oTBapa myT Ka HOBOj TAKCOHOMU]H
(dhopMaTHHUX cUcTeMa, TJie CHMETPH]ja MOCTaje KIbYYHU (DAKTOP CTAOMITHOCTH.

ALP ce Mosxe mocMaTpaTi Kao OuiaTepaaHo MPOLIUPEhe KITaCHuHUX npuHiuna pediekcuje [2, 29]. ok je
cTanzapaHa pedekcuja jeJHOCMEPHA - jadyu CUCTeM MOTBphyje ncnpaBHOCT cinadujer - GH-oxkBup Hamehe
CHMETPHYHO OrpaHHYeH-e NOMyITeHocTH. Ha Taj HauMH TpaHc(hopMHuIlIe JOKa3HO-TEOPH]CKY aCUMETPHjY Y
eMMCTEMHUYKY PABHOTEKY.

3.10xacycTBo JIorH4YKe 3a0paHe
Cana nokasyjemMo Hall PBH TJIABHU TEOPHjCKH PE3yJITaT.



Teopema 3.1 (Hema mo3nare 3a6pane). He mocroju Huje/HA MO3HATA TEOPEMa Y MAaTEMAaTHUUKO] JIOTHUIIH,
Koja Ou, MPUHIINITN]eTHO, 3a0paHuia nocrojare GH-maposa.
OBo je HeraTHBaH pe3yTaT - OJICYCTBO JIOKa3a 32 HeMOTryhHOCT — a He MO3UTHBAH JI0Ka3 MocTojama. Unak,
¢uocodcku je nocta 3HauajaH. Tum ce yrBphyje na GH-nmapoBu HICY HCKJbYYEHH Yy OKBHPY pa3MaTpaHUX
(dbopmaHUX TeopHja, OMHOCHO Ja Cy y TOM CMHCIIY JIOTHYKHA OTBOpPEHa Kilaca o0jexara.
Hoka3 1 (Jloruka untepnperaéuanoctu IL/ILM):

e [TocraBka: Heka cy Tq, T, pekyp3uBHO akCHOMAaTH30BaHH CUCTEMH Ca NpeMKaTuMa JokazuBocTu Prf;.

VY IL/ILM  kopuctumo mozanHu onepatop > (uareprnperaduinoct): UV, uwuraj ,,U uatepnperupa V™.
o Ancrpakmuja; Conf™(T) je I;-nckas; TBpheme, T1 1okasyje Con™(T,)” oju ce y IL monenupa kao
01m02L. MehycoOHa KOH3UCTEHTHOCT J1aje meMy: 0021 u 0204 L.

Kibyu:
VY IL/ILM He mocToju Teopema Koja M3 ABOCMEPHOT , HHTEPIPETaOMIHOCT/ TOKA3UBOCT KOH3UCTEHTHOCTH
u3BNaun camokoH3ucteHTHOCT Oi—iL. Pasmor: akcuome IL xoHTpomnwminy Tpanchep A0Ka3HBOCTH IyxH d,
anmy cBH pe3ynrtatu camopediekcuje (JIeOoB THIT) TpaXke UCTH MHICKC, CMellla HHAeKca 1«—>2 He UMILTHIHPa
camopedepentmjy [22] (IL = Interpretability Logic, ILM = Logic of Interpr etability).
®opmainHo: Ako 6u Baxkuino 02 LAO 0 L0110 L, 1o6uu Ou meMy Koja Kpiiu AepHBaOUITHOCT y
IL (3a ucry ,kytujy”) jep IL Hema HHKaBOT mpaBwia Koje HACHTH(DHUKYje UHICKCE Oe3 J0aaTHe MpeMHUCe
(01— D209).
Bakpyuak: Y IL/ILM He nocroju ,[IpuHIMI acHMETpUYHE HYKHOCTH', TakaB Koju Ou 3abpamuao GH-
KPY’KHOCT; OTYy/l HeMa Hu Jioruuke 3abpane GH-naposa [3, 32].m
IMToctoju nBomomanuu GL-monen (Godel-LObmonanna noruka) [16, 32]u To ca oaBojeHHUM penanujama
npuctynadHoctd Ry, R u Bamyauumjom y kom cy taunu 40zl u Op—0hl, anmm ve u O10hl HuTH

027021, OBo ¢opmanno nokasyje ma je moryha mehycoOHA KOH3HCTEHTHOCT (€3 CAMOKOH3MCTEHTHOCTH Y
JIOKa3UBOCHO] MOJIAITHO] JIOTHIIH.

Joka3 2 (ApuTrMeTHuka KoH3epBaTuBHOCT Il;-ncKa3a):

IMocraBka: Heka cy T4, T, cucremu Hax Gazom B (amp. 1X,), TakBu na cy meljyco6no Il-koH3epBaTUBHH
Haj B. To jecr: 3a cBaku Iy-ucka3s y, ako T4y onna Bly, n anayioruo 3a T,.

Te3a: Axo cy GH-ycaoBu ¢popmynucanu uCkibyurBo mpeko Il-uckasza (KOH3UCTEHTHOCT, apUTMETH3AIH]a
JI0Ka3a), TaJa OBa ,,omacHa” ecKalalyja Ka CAaMOKOH3UCTEHTHOCTH 3axTeBa u3ia3ak u3 Il;-HuBoa (Makap X,-
peduiekcHjy), IITo ce He MOXKE TOOUTH YHCTO JIOTHYKH.

[MpernocTaBuMo 01—02L 1 O—05L. OBo cy Ili-uckas3u y apurMetuny. A Taj 0;—0qL 3aXTeBa YHYTpaIlbhY
peduekcujy Xq-kopektHocTH 3a Prfy, koja Huje moctynHa u3 Ii-koH3epBaTHBHOCTH 0€3 J0JaTHHX aKCHOMA.
[Tpema Tome, Hemoryhe je grcTo JOrHYKy moauhu HUBO Ha Cqi—Oq L.

3axsbyuak: I1-KOH3epBaTHBHOCT KaO METa-XHIIOTE3a OCUrypasa na oBu Mehycoonu Ily-mokasu He MoTy na
TeHEePUIY CAMOKOH3HCTEHTHOCT; HeMa Jiornike 3a0pane GH-mapa [10, 13].m

Hoka3 3 (HactaB/baMo ca HCIIMTHBAaH-€M MOTEHIHjaJJHHX U3BOPa 3a0paHe):
Jlema 3.1.1 {enen || u mukayceun). ['enenosa npyra teopema o HenotnyHoctr [13, 32]koja kaxe: Ako je T
KOH3HMCTCHTAH ¥ JOBOJFHO CHaXkaH (Croco0aH 1a popMann3yje apUTMETHKY U CUHTAKCy), OHJA:
T# Conf™(T)

OBo 3a0pamyje camopedepeHTHe oKa3e KOH3UCTEHTHOCTH. Melyytum, ctporo roBopehu, nara Teopema ce
OJIHOCH Ha jeJlaH CHUCTEM M HeTOB OJTHOC IpeMa caMoM ceOu. OHa He TBP/M HHUILTA O [UKIYCUMa O0JIHKA:

TiF Con™(T,), T, - Conf™(T;), ..., T, - Con'fi™}(T))
Joka3 1 (Kpo3 HemoryhHoCT yHyTpalimhe HHTEPHATU3AIMje MeTAa-KOH3UCTEHTHOCTH):
['enenoBa KOHCTPYKIMja KOPUCTH AMjarOHAIN3AIM]Y B camopedepeHiyjy. 3a oBaj mukiayc T — T2 — Ty,
nujaroHanuzanyja y T, pedepenmmpa Ti, a He T,. OBaj nukinyc HHje camopedepeHiia y TEXHHIKOM CMHCITY
koju ['enenoB noka3s 3axTeBa.
Moskemo i npumennty ['enena ureparnsro? Ipermocrasumo Tq - ConT™(T,) u T, - Conf™(T,). Axo
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T1 MOXe ,, HHTEepHAIM30BaTH  J0Ka3 U3 T2, 3ap HE O MHIUPEKTHO J0Ka3a0 U Con{ﬁ“}(T1)?
He uyxHno. Jla 6u T, urTepHamu3osao goka3 T2 0 Con'f™(T,), T, 6u Mopao xa:
= Jlokaxke: Con'f™(T,) (zato DP1)
*  ®opmammyje ummaukamujy: Con™(T,) - (T, Con!fi™(T,) — Con™(T,))
* Bayun: Confin(T,)
Kopak 2 je cynrunan. Jla mu o Conf™(T,) nvmmmmmpa na je cse mro T, mokasyje neruunto? Camo ako
uMaMo (OpMaNN30BaHy UCIPABHOCT T2 YHyTap Ti1. A GopMann3oBame UCIIPABHOCTH 3aXTEBA CEMAaHTHYKE
nojMoBe (MCTHHA) jadye OJf CHMHTAKce, IITO 3axTeBa Ja [, Oyae 3Ha4ajHuje jauu on Ta2. Ako cy T u T,
HEYNOpeIuBH, T, MOX/Ia HeMa pecypce Ja GopManu3yje UCIPaBHOCT T ».
Kipyyna noruuka OpaHa e y UnbeHUIH aa Ty He moceyje CBOjCTBO Xq-aeKBaTHOCTH 3a CUCTEM T 2; OH
npernosuaje T, Ka0 CHHTAKCHYKY MalllMHy Koja m3bartyje uckaz Confi™}(T,), a 6e3 mera-teopujckor pecypca
KOjUM OM IMTOTBP/NO 1A j€ CBAKH JT0Ka3 U3 | 2 HY)KHO HCTHHUT Y CTaHAAPIHOM CMHCIY. B

Hoxa3s 2 (Kpo3 'exenoBy 6apujepy unrepHe peduiexcuje):
OBo ce Moxe jomr majke popmanmzoBaTu Kopuctehu pesynraTe 0 HE3aBUCHOCTH pe(ICeKCHBHUX MPUHIIHIIA
(Bumetn [10, 25]).Heka Prfi(x) Oyne npenukar nokasuoctu 3a Ti. Kanonnuna ['exenosa peuenuna G 3a
cucteM T uma obnuk VX —Prf; (X,” G 7). ¥ npeanaranom nukiycy, Tq1 Ou JOKa3uBaio TBPImbY o0nnka VX
=Pra(X, "y 7) rae je y Heka TBpIEba 0 T4, ali HEe ¥ JUPEKTHY camopedepeHTHy hopmyy VX —Priy(x,™ ¢ 7)
3a HeKy @ u3 Tq1. Teopeme 0 HE3aBHCHOCTH MOKa3yjy Jia CUCTEMH MOTY JIOKa3MBAaTH KOH3UCTEHTHOCTH KOje
cy MeljycoOHe a 1a mpUTOM He JI0Ka3yjy COINCTBEHE JIOKAITHO KOHCTPYHCAaHe He3aBHCHE pedcHHMIle (Kao MmITo
cy Pocepose Bapujante I'emenoBux pedennia) [11, 25]. [IpennsHuje peueHo, MO OU Ce KOHCTPYyHCATH
naposu cuctema (T, U) taxeu ma T + ConT™(U) u U + Con'™™Y(T), amu npurom T ¢ ConT™(T) u U ¢
Conf™ (V). Kipyuna pasmuxa je y Tome mro goxasu Conf™(U) y T u Con™™}(T) y U mujaronammsarmjy
Yy OIHOCY Ha COIICTBEHH CHCTEM He KopucTe, Beh camo Ha oHaj Ipyru, mTo UM U omoryhasa nma 3ao0uby
orpaHuvema HameTHyTa ['enenoBom |l TeopeMoM 0 HEMOTITYHOCTH 3a CBaKU cuCTeM moHaocoO [13, 32].m
Joka3 3 (Kpo3 ceMaHTHYKY HHTEePIPeTALUjy MOJIeJIa):
I'enenoBa KOHCTPYKIMja 3aXTeBa Aa cUcTeM | KoHCTpywuiie hopmyry G Koja ,TOBOpHU 0 ceOu'™:
Gt < —Prf;(" Gt 7).

Y muknycy T4 - Con™(T,) u T, - ConT™(T ), craka dopmyma ,roopu o apyrom cucremy”, He o ceGH.
KoHnkpeTHO, Heka je My cranapamn Mozen Tq. Y My, dopmyma Confi™}(T ;) tepu , He mocroju konauan
JI0Ka3 KOHTpaauKiuje y T" - OBO je TBpmba 0 eKCTEPHOM CHCTEMY.
Kana T, mokasyje ConM™(T,), o ce y M1 uHTEepnpeTHpa Kao ,MOCTOju 00jeKaT KOju penpe3eHTyje 10Ka3
Conf™(T,) y T," - anm M 1 He Moske xupekTHO , yByhn'" oBaj 06jeKaT Hasax Kao CONMCTBEHH JOKA3.
Pasnor: CemanTtnuka uHTepnperanuja T,-q0ka3a y M 3axteBa trust assumption o ucnpaBaocts T o, MITO
T, He MoXxe (hopmanu3oBaTu Oe3 U3Taxemwa u3BaH ['enenoBux orpannyeta [13, 16, 32].m
Hoxa3s 4 (Kpo3 prf-theoretic complexity (10ka3Ho-TeopHujcka CJI05KeHOCT)):
Heka |T| 6yne Kommoroposcka cioskeHocT [19] (MuHuManHa qyxuHa omnuca) cucteMa T.
Ienenosa aujaronammsamuja 3a T = Conf™(T) koucrpymme popmyny G umja cnoxenoct pacre ca |T| -
IITO j€ CICTEM CIIOKCHHUjH, IFjaroHaIHa GopMyia je Jyxa.
Y muknycy Ty — T — T4, cBaka konsuctenTHOCT-TBpABKa Conf™(T;) mMa cnoxenoct nponopruonanuy
|Til.
Mebhyrtum, na 6u T4 uHTepHANIN30BaO T4 Con{ﬁ“}(Tl) U U3BEO T4 Con{fi“}(Tl), Mopao Ou na:

»  Koaupa 1ieo T, ynyrap cebe (ciaoxeHoct |Ts)

= Cumynupa T,-n0ka3 (nogataa cnoxenoct O(|T2|?)

» l3Bnauu 3aKJbyyak (IoJaTHa CI0XKEHOCT)
VKyIHa CJI0KEHOCT OBOT ,, MHAMPEKTHOT" joKa3a Ou Owmima >> |T4|, a To mpemarnryje muMut koju I'enenos
apryMeHT MocTaeJsba 3a aupekrtan gokas Confim(T ) y T
Jlakie, yak ¥ J1a HUKIyC MOCTOjH, |4 HE MOXEe e()UKAaCHO KOHBEPTOBATH CKCTEPHY BalUIAlWjy Yy UHTCPHH
nokas [10, 25].m
3akspyuak Jleme 3.1.1:Tenen |l ce He npomupyje ounrienHo aa 3abpanu mukiayce [13, 32].0
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OBJie HarnamaBamo Jia CBH pe3yirati y 83.1umajy cTaTyC METaTeOpPHjCKUX TBP/EH O OJCYCTBY MO3HATUX
dopmanuux 3abpaHa y OKBUPY CTaHIapaHHX cuctema aokasuoctu (IL/ILM, GL , aputmernuka Teopuja
nokasza). Hujenna o, oBJie HaBeJCHUX, JeMa He TBPIH nocTojatbe GH-nmapoBa y 00jeKTHOj TEOpHjH HUTH
UMILTUIAPA BUXOBY KOHCTPYKIHjy. CBe yrnmoTpeOibeHe MOTATHE M apUTMETHYKE MHTEPIIPETAIIHje OTHOCE Ce
Ha PEJaTUBHY JOKA3MBOCT M MHTEPIPETAOMIIHOCT, a HE HA AlCOIYTHY CEMAaHTHUYKY TapaHIHjy MOCTOjama
CTPYKTYpa.
Jakie, 83.1ycnocTaBiba camo ,, IpocTop 103BoJbeHOCTH” GH-KOH(DUrypalmja, a He BUXOBY pealu3alujy.
Jlema 3.1.2 {‘eHieHn u cumeTpHuja).
I'enrieHoB pesynrat [12], o mokasuBocTH KoH3UCTEHTHOCTH PA y cuctemy PRA + TI(&) , HHje HCKIBYYHO
MOTYhHOCT CUMETpUYHHMX KOH(UTYpalHja T/e ABa CUCTeMa JJOKa3yjy KOH3UCTEHTHOCT je/iaH JPYToT.
Joka3 1 (Kpo3 acumMeTpujy HHTEepHe U eKCTepHe peduieKcuje):
Ienneros pesyirar [12] mokasyje: PRA + Tl(g) F Confi™(PA)
OBo je acumerpuuno: PRA + Tl(&o) u He Moxe qoka3zatu cBe mrto PA mokasyje (HemocTtaje My MyHa mema
UHJYKIIU]j€e), alli JOKa3yje KOH3UCTEHTHOCT PA jep nma mpucTyn TpaHC(HUHUTHO] HHIYKIHUJH JI0 €o. | CHIICH
MoKasyje Jia CHCTeM ,,cllabuju y TuMeH3uju X, jaun y AUMEeH3Uju Y~ MOKe TOKa3aTH KOH3UCTEHTHOCT OHOT
»jager y X, cmabujer y Y.” OBo mokasyje MOryhHOCT HECTaHAApAHUX OJHOCA CHare. AJM He J0Kasyje /a je
acHMeTpHja HEeONXO/IHa. W
I'enrnieHoB pesynrat [12], je jenHa Tauka mojataka ¥ OH HE UCKJbYYyje MOTYhHOCT Apyrux KOH(HTypaIuja
ryie MeljycoOHa I0Ka3UBOCT BaXKH.
Joka3 2 (Kpo3 cTpyKTypHY pa3iuky u3Mmel)y cucreMa u MeTa-cuCTeMa):
Ienueros pesynrar [12] mokasyje ma PRA + Tl(go) nokasyje Con'fi™}(PA), mako PRA + Tl(g) He caapxu
nyny PA uHnykiujy. OBO WIyCTpyje OPTOTOHAJHOCT JOKAa3HMX pecypca: PA jecte jaka y WHIYKTHBHO]
auMeH3Hju (myHa Imema HHAyKIuje 3a cBe hopmyie), 1ok je PRA + Tl(gg) jaka y opauHAIHOj TUMEH3UjH
(TpaHCcuHHMTHA UHIYKIH]A TI0 €).
dopMaiHO, MOXKEMO TPEICTABUTH ,cHAry" cucrema kao Bektop (I, O) rue:

* | =uHayKTHBHA cHara (KoJuKo (opMyIia MOKpPHBA HHIYKIHOHA [IeMa)

* O =opauHaiHa cHara (10 KOr Oop/MHANA K¢ TPaHCHUHUTHA HHAYKIIN]ja)

= PA: (0, ®) - beckoHaYHa HHIYKIIMOHA [IIeMa, aJld CaMo 10 KOHAuYHKX opauHana PRA

+ Tl(go): (finite, &) - koHauHa 1ema, aau 10 Beher opauHana

I'ennen mokasyje [12] ma cucrem ca Bekropuma (14, Oq) u (I, O,) rme |1 < 1 amu Oy > O, Moke umatu u
aCHMETPHYHY pelalyjy J0Ka3uBOCTH KOH3UCTEHTHOCTH.
MelyTum, HUIITa y OBOj aHAIM3U HE UCKJbyUyje Aa aBa cuctema ca Bekropuma (14, Oq) u (12, Oy) rae cy Te
JIMMEH3H]e , YKPIITEHe" Ha Jpyrayuju Ha9YMH MOTY UMaTH CUMeTPUYHY penauujy [12, 25, 27, 28]m
Joka3 3 (Kpo3 KOHTPano3uIujy HHTePHAJIHE T0KA3UBOCTH):
I'enueHoB pesynrat [12] He ycnocTaBiba TOTaMHO Ypeleme cucTeMa 1mo CHa3u.
Ja 6u GH-nmapoBu 6mnu Hemoryhu, Mopano Ou MOCTOjaTH TOTaTHO ypeleme < Ha CBUM CHCTEMHUMa TaKBO
na: Tq + Confim(T,) - T, > T,
Mebhytum, y pri-theory je nosnaro na cucremu nucy TotanHo ypehenu no chasu [25, 29].
Konkperan npumep: [locroje cucremu Tq u T2 TakBu Aa:

= T, MoXe ToKa3aTu HEKe apuTMETHUKE TBpAE Koje T2 He Moxke

= T, Moxe JOKa3aTH HEKe Jpyre apuTMETHYKe TBpAme Koje Ti He Moke

= Hujenan He ,, JOMUHUpA" APYTOT Y TOTATHOM CMHUCITY
I'enuenoB PRA + Tl(g) VS PA je jenan takas npumep [12], anu noctoje u npyru (Hmp. HA vsPA).
OncycTBO TOTAHOT ypehema 3Hauu Ja He MOKEMO & Priori UCKIbYYUTH CHMeTPUYHe KoH(Urypamumje rie
T1 F Con™}(T,) u T, - ConT™}(T,) ucropemeno Baxe [12, 29].m
3axibyuyak Jleme 3.1.2:eHieH nokasyje 1a aCMMETPUYHH CIy4ajeBH IIOCTOje; HE JOKa3yje Jia je CUMeTpHja
nemoryha [12, 25, 27, 28]o
Jlema 3.1.3 OacycTBo NpuHOMNA acCHMeTPUYHEe HYKHOCTH). /Ta 6u GH-napoBu 6uiu Hemoryhu mopaina
OU MOCTOjaTH OMIIITa METa-TeopeMa O0JIHKa!
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PAN (IIpunuun acumerpuune nyxkuoctn): V Tr, T2 [(T1 - ConT™(T,)) — (T, i Con!fi™}(T,))]
»AKO jelaH cucTeM JI0Ka3yje KOH3UCTEHTHOCT JIPYror, OOpHYTO HE MOXKE BaXXUTH.”
Tepaumo: PAN Huje mo3HAT Ka0 UCTUHUT.
Joka3 1 (Kpo3 nperJiex JjurepaType H NO3HATHX pe3yJTarTa):
1. PAN uwmje HaBezeH y cranaapanuM yubenunuma (Enderton, Kunen, Boolos—Jeffrey [7])
2. PAN nuje nocnenuna I'egenoBux Teopema o HenotmyHocTH [13]
3. PAN Huje mocneauiia Jlebose Teopeme [22] wnu Apyrux MO3HATUX MPHHIKIA PeIICKCH]e
4. PAN ce He nojaBibyje y mutepatypu aokasue treoprje (Pohlers [25], Rathjen [29], Feferman [10])
Moxe mu PAN Outu nokazan? Jloka3 Ou, BEpOBaTHO, 3aXTEBA0 MOKA3UBALE J1a JJOKA3U KOH3UCTCHTHOCTH HE
CTBapajy HY)KHO aCUMETpHUuaH ,rpaaujeHt cHare.” Amu ['enienoB pesynrat [12] Beh noka3syje na je u cHara
MYJITH-IUMEH3UOHaNHA. Hujeana, nocan mo3HaTa, TeopeMa He yTBphyje a CBe MmoKa3aHe TUMEH3Hje MOpajy
OWTH aCHMETPUYHO TIOPABHATE 32 JOKa3€¢ KOH3UCTEHTHOCTH. M
3akspyuak Jleme 3.1.3:PAN nuje yrephen [10, 25, 29]o
Joka3 2 (KoHCTPYKIMja CHMETPHYHHX pedieKCHBHUX CHCTEMA).
KoHcTpynmemMo eKCImmmuTaH mpuMep J1Ba CHCTeMa KOjU 3a/10BOJhaBajy yciioBe MelycoOHe mokasmBocTH
KOH3UCTEHTHOCTH, YnMe mokazyjemo 1a PAN Huje HyxaH.
Heka je S noBospHO jaka 6a3zHa Teopuja (Hrp. PRA). JlegunumimMo 1Ba cKymna akcuoma:
I, = {Con'™(S U RFN(SU I',))}
I', = {Con™(SU RFN(SU IN))}
OBo je KopeKyp3uBHA JeuHHIIAja, alTd O ce MOTJIa PeIUTH TeXHUKOM (ukcHe Tauke (KinHujeBa Teopema
pekyp3uBHe (ukcHe Tauke) [10].
Cana nedpunumemo:
1FS + REN(SUT?,) + Ty
2 ¥FS+RFN(SUTY) +T,
CaojcrBa:
T1 campxn RFN(S U Ty), mro My 1 omoryhasa pesonoBame o ucrpasioctd S U Iy, TTomro Confin}(T,)
TBpM KomsucTeHTHOCT S U Iy U Ty, Ty Moxke a mokaxe ConfiM(T,) kopucrehn RFN(S U T',) [10, 29].
Cumerpuano, T, - Confi™(T,) kopucrehn RFN(SU Ty).
Hujenan cucrem ve caapxu notnyau RFN apyror, jep je RFN(SU I'i) orpanndeH caMo Ha CONICTBEHH CKYTI
akcuoma (RFN(S) =pednekcronu npuHIuim 3a cuctem S).
[To xoncTpykuuju, T1 1 T2 HUCY YHOPEAHBH MO UHKITY3UjH.
OBa KOHCTpPYKIIMja MOKa3yje [a CUMETPUYHH MApOBU HUCY & Priori MCK/bydeHH. AJM YU-CHHUIIA 12 je TaKBa
KOHCTpYKIIHja, y3 oaroBapajyhy texuuky ¢ukcae tauke [10], moryha u nasbe ykasyje na PAN Huje noruuka
HYKHOCT. W
Joka3 3 (Kpo3 MoaajiHy JIOTHKY 10KA3UBOCTH):
VY monanHoj noruiy gokazuBoctu GL (GOdel-Lob),noctoju Jle6osa teopema [22]: GL + o — ooe.
Mebhytum, 3a 1Ba MozaiHa oneparopa 0; u Oz, GL He campxu akcuomy obnuka: O — —O¢ (10Kasyje
jenan — He mobuja IpyrH)
Jla 6u PAN Baxxno, Tpebayio 01 Ja MoCTOjU MOJAJTHA aKCHOMa: Oyl — =0, 04 L
Anm TakBa akcuoMa Huje aeo ctanmapaHor GL, HuTu Omiio Koje mo3Hare OMMOJATHE JIOTUKE TOKa3HBOCTH
[16, 32].
[IraBuie, nmocroje Kpunke monmenu 3a GumonanHe cucreme riae cy 06a 0Oi-0zL U 0,0l MCTHHUTA Y
HEKOM CBETY.
OBo dopmainHo nokasyje ma PAN Huje morudka HyxHoct [16, 32].m
3axibyuak Teopeme 3.1: [omro:
0 Tenen 3abpamyje camo T F Confi™(T), a ne muxmyce
0 [l'enmen mokasyje ga Cy HecTaHAAapIHU OJHOCH MOryhu, a He Ja je acuMeTpuja
HEOITXO/IHA
0 PAN Huje nokazan
3akspyuyjemo: He moctoju mo3Hata Teopema koja 3adpamyje GH-mapose [10, 12, 13, 25, 291
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Jlema 3.1.4 O HemoryhHocTH HHIHPEKTHE camopedepeHire).
Heka cy T1 u T, pekyp3uBHO aKkCHOMaTH30BaHH, JOBOJFHO CHaXKHHU (campxe PoOuHcOHOBY aputMmeTuky Q)
[31] u KOH3HUCTEHTHH (POPMAITHH CUCTEMH.
Tagam3 T1 - Conf™(T,) u T, - Con!f™(T,) ne creqm ma T, - Con{fim(T,).
Hoxa3 1 (Kpo3 xourpano3utus u prf-theoretic opaunase):
Jlokazahemo kouTparosutis: Ako T, - Conf™(T,), onna ne Baxu ncrospemero T1 + Confi™(T,) u T, +
Con'fi™}(T,) mox yobuuajernm mpeTnocTaBkama o OHOCY CHaTe.
[IpeTnocTaBUMO, KOHTPAJIUKTOPHO, /1A BaXKH:

1. Ti+ Conf™(T,) (kpmeme exena Il [13])

2. T1+ Con'fin}(T,)

3. ToF+ Conifin}(T,)
13 (1) u (2), npumeHoM yHyTpammse Joruke Ty, Beh nvamo Tq - ConT™(T;) A Con™(T,). Ako T, uma
JIOBOJbHY CHAry Jia opmaiusyje IujaroHaJanu3anujy mpeko T ,, Morjio OW Ja ce u3BeJic HeKakBa XUOpHUIHA
I'enenoBa pedyenuna. [Ja 6ucMo TO CripednIii, MOPaMo Pa3MOTPUTH YCIIOBE.
Kopuctumo TeopemMy o peiaTHBHOj Xqi-KomiieTHocTH [10]. Ako T, MoXke aa ToKaxe ConM™(T,), onna
nocroju Xi-opmyna Prf* TakBa na 3a cBaky Gpopmyny @, ako T1 F @ onaa T, - Pri*("™ ¢ 7). Meljytum, ako
6u T1 UMao JAOBOJBHY CHAry Ja MHTEPIpPETHpa 0Baj Xq-tipeaukat Pri* u ma u3 Conf™(T,) 3aKJbY4H Ja Cy
cBe (popMylie IOKasuBe y cucteMy T, mcrTuaute, oHga 6u u3 Con™(T,) u T, F Con'™(T,) morao na
saxspyan ConT™(T,) u 6e3 kopumhiema (1). Amn tana 6u Ty mMao anrepratusan myT 10 ConT™ (T,) 1 1o
MyT KOjU HHTZIE HE KOPUCTH AMPEKTHY camopedepeHIly, mTo je cynpoTHo ['eesioBoj Apyroj teopeMu o
HEMOTIIYHOCTH Y jaueM 00JIMKY, KOja U TBP/H Ja YaK U UHIUPEKTHHU JIOKa3H CONCTBEHE KOH3UCTEHTHOCTH,
J0Ka3W KOjU HE KOPHCTE IWjaroHajH3alyjy eKCIUIMIUTHO, 3aXTEBajy IMpeKopademe oapeheHnX ITOKa3HO-
TEOpHjCKUX opauHana [32].
KonkpeTHo, 1o Teopemu 0 ¢j1a60j peduiekcuju, ako je CUcTeM | MOTao J0Ka3aTH KOH3UCTEHTHOCT JPYror
cuctema T KOjH je caMm crioco0aH Ja JoKake KOH3UCTEHTHOCT T, OHJa U JOKa3HO-TCOPH|CKU OpIuHAT o1 T
Mopa 6utu ctporo Behu on opaunana on T [27, 28]. A ako T, u T, mel)ycoOHO 10Ka3yjy KOH3UCTEHTHOCT,
ona 6u mopaio Baxkutu Ord(Tq) > Ord(T2) u Ord(T 2) > Ord(T,), mto je kouTpanukimja. [IpermocraBke
(1) u (2) m (3) 3ajeqHo Boxe Y KOHTPAAHKIIN]Y Y TOKA3HO-Teopujckoj xujepapxuju. Ctora, ako u (2) u
(3) Baxke (wto nedpuuuine GH-map), onga (1) He Moxe BaxkuT. OnHocHO, U3 (2) u (3) He cnenu (1). OBaj
JI0Ka3 ce MOTIYHO Ocliarha Ha JyOOKe pesysitare qokasHe Teopuje [25, 27, 28, 32 mokasyje na je oBie
MeXaHHU3aM HHAMPEKTHE camopedepeHirje 6JOKHMPaH HA HUBOY OPAMHAJIHE CHAre, YUME CE jOII TOJJATHO
Opanu unrerpurer GH-napa. m
Hoka3 2 (Kpo3 X;-KOMILIETHOCT):
Ipernocraumo Ty F Contfi™(T,) u T, - Con'fim}(T,).
ITo Teopemu o Er-kommrerroctH [10], ako T2 gokasyje Confi"}(T,), onma mocroju Lq-bopmyna ¢, Taksa na
T2 F ¢ umMmIMIUpa 12 @ BaKH y CTAHAAPIHOM MOJICTY apUTMETHUKE.
Mebhytim, Contfi}(T,) je I-popmyna (yruBepsanna kBaHTH(HKAIMja IPEKO KOIOBA T0Ka3a). Ao 6u T
MOTao0 J1a ,, u3By4e HazaJ' oBYy MH(OpMaIMjy Kpo3 HHTepHpeTanujy T2, Mopao 0u na kouseptyje Il;-caapxaj
y X4-caJpiKaj, MTo 3axTeBa peICKCUBHU MPUHIIMIT jauu OJ] caMe T 1.
Jlakie, Tq He Moske gokazatn ConT™(T,) vak Hu WHAUPEKTHO KPo3 T2. W

Hoka3 3 (Kpo3 ceMaHTHYKY HE3aBHCHOCT):
Pasmatpamo crargapaae moaene Ny u N, cuctema T u To.

Axo Tq - Conf™(T,), onaa y crakom mozeny M & Ty Baxkn nrrepnperarmja Conf™(T,).
Mehytnm, ako 6u Ty morao mokazata Conf™(T,) kopucrehu unmenuny 1a T, F Con™(T,), To 3uaun na
nocroju hopmyrna y y Ty TakBa 1a W Koxupa ,moctoji Mogen T, koju Bepudukyje Confim}(T,) ",

Amu o I'enenoBoj Teopemu o HenotmyHoctu [13, 32], T4 He MOXe KOHCTPYHCATH COTCTBCHH KaHOHCKH
Mojen caMm yHyTap cebe. Jlakiie, He MOXe ,BUACTH T 2-OB MOJIEN KOjU ra Bepu]uKyje 0e3 n3nakema BaH
COIICTBEHHX I'PAHUIIA. W
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Hanomena: To Hucy nokasu na GH-nmapoBu nocroje [6, 23], anu nokasyjy /a ux caBpeMeHa MaTeMaTH4Ka
JIOTHKA HE UCKJbYUyje y MpUHIUITY. KOHCTpYKTHBHU MPOoOIIeM OCTaje, joII yBeK, y MOTIYHOCTH OTBOPEH.

3.2HeonxoaHOCT HEYNOPETMBOCTH
Ham npyru rmaBamM Teopujcku pe3yaTar yrBplyje orpanudemne 3a GH-mapose.
Teopema 3.2 (HeonxoaHa HeynmopeanBoCT).
Ako je (T4, T2) GH-nap, onaa T, u T, Mopajy OUTH HEYTOPEANUBH 110 JIOKA3HO-TEOPH)CKOj CHA3H.
Hoxa3s 1. [IpernoctaBUMO paay KOHTPAAUKIIUje 1a Baku T2 & Tq (cTpora unkiysuja: T, je ctporo jaun). ITo
reHepanu3oBaHoj ['enenoBoj apyroj Teopemu o HenornyHoctH [13, 32]: Ako je T2 & T4 u 06a cy 10BOJEHO
cHaxHa, oHAa: T2 K Conim}(T,)
Pe3oHoBame: AKo crcteM T, Moxe nokasatn Contfi™(T;), a T, &€ T, onma 6u T, nokasusao Conf™(T,)
(jep cBe miTO je M0Ka3uBO y T2 JOKa3uBO je Uy T1). Anu oBo nporuBpeun ['exeny 1l [13, 32] npumemeHom
Ha Ts.
MehyTum, yenos DP13axresa: T, - Contfi™}(T,), mrro je nupexrra konTpazukimja.
CumertpuuHo, axo je T1 & T», 106ujamMo KOHTpaaAUKIHjy ca apyruM mnpasiem DP1.
Crora, vu T1 € T, Hu T2 € Tq He Mory BaxkutH. [lo edunnmmju 2.6, T, u T, Mopajy OuTH HEYyOpeIuBH. W
Joka3 2 (opAMHAJHA MOJIY-TOMHHALHja)
o IlocraBka: Heka cy T4, T, peKyp3uBHH CUCTEMH Ca OpAMHAIHUM MHBapHjaHTaMa JIOKa3He cHare
kao Ord(T ), Ord(T ), aedunucanum Kpo3 peayKimjy TpaHchuHuTHEe HHAYKIH]je [25, 27, 28, 29]
frp. npexo €o, Lo, utn.). [IpernocraBumo na je T1 & T2 u Ord(T4) < Ord(T>).
 Tepheme: Ako Ty - Coni™(T,), onga T, - ConT™(T,).
» Mexanm3am: Beha opaunanna cHara y T, omoryhaBa nHTepHaNIM3anujy Xi-KOPEKTHOCTH 3a JOKa3e
y T1. ConM™}(T,) je My-uckas; u3 Ty - Conf™(T,) cnenn 3p Prfa(p, Con{fi™(T,)). Kaxo oBxe T,
CUMYJIUpa CBaKy TpaHC(HUHUTHY PEKYp3Hujy Kojy T1 KOpUCTH Jia popMHpa J0Ka3, OHAa T2 J0Kazyje
11a je oBaj p kopekTan kox — gakne Contfim(T,) y T,.

o ®opmanno: OpanHaNHA TOMHUHAIM]jA Aaje MeMy JJokainHe peduekcuje: 3a ce Ili-popmyre y, ako je
Ty onaa T, k. Mpumerom Ha ;= Conf™(T,) no6ujamo T, + ConT™(T,), mporuspeunocr ca
I'enenom.

3akspyuak: Yribydewe/nomunanuja pyun GH; Heonxoaua je Heynopeausoct [25, 27, 28, 29]m

Joka3 3 (CemaHTHYKH apryMeHT Kpo3 mojeie). [IpernoctaBumo, kKoHTpaaukropHoct, aa je Th & Ta.
Pa3MOTPHMO OHJIA jOLI M CEMaHTHUKY mepcrektusy. Ycnou GH-napa 3axresajy Tq - Confi™(T,) u T, +
Con{fi™}(T). Ta 6u Ty + Con{fi™}(T,) Baxnro, cBakm mozen M cucrema Ty Mopa Ja 3a10BOJbABA TBP/IIbY
Conf™(T,). CacBum KOHKpeTHO, y M Mopa 1a moctoju (MOKIa HeKakaB HECTaHIApAHH) MPHUPOAaH Opoj
KOju Koaupa T2-710Ka3 KOHTPaJIUKIIMje caMO aKo |, 3aucTa HUje KOH3WCTeHTaH. Mehytum, momTo je T2
jauu, oH OM MOTa0 UMaTH MoOJieNe Koje T1 He MOXKE J1a ,BHJIU" WM CHUMYJUpPA Y MMYHOM OOMMY — MOXE
noctojatu mojien M ox Tq Koju HHMje pomupuB 10 Mojena T,. Y TakBoM M, TBpama ConM™}(T,) 6u Gua
naxkHa, jep 6u y M mocrtojao, HeKr HeCTaHapIHU TI0Ka3 HEKOH3UCTEHTHOCTH T 2. Jlakine, T4 HE Ou MoTTIO 112
nokaxe Conf™(T,), mrro 61 6uno y cynporsoctn ca DP1. OBaj ceMaHTHUKM YBHJ IOKasyje 1a YCIOB
HEYNOPEIUBOCTH HHjE CaMO JIOKa3HO-TeOpHjcKa (pOpMaTHOCT, Beh OHTO/I0IIKA NMpenpeKa: ciaduju cucTeMm,
O]l OBa JIBa, HE MOXKE J1a TapaHTyje KOH3UCTEHTHOCT jader CHCTeMa aKo HEe MOXKe J1a 00yXBaTH CEMaHTHYKU
MPOCTOP Y KOM OBaj jayl CHCTEM JKHBH. 3aTO je HEYMOPEIMBOCT HEOMXOHA — jep OHAa W OCHTYpaBa Ja ce
CEeMaHTHUYKU CBETOBHU CHCTEMa JIOBOJFHO MpEKIIanajy aa Mel)ycoOHa KOH3UCTEHTHOCT OyZe BHIJbHBA, ald HE
Y TOJIMKO J1a jeJlaH TOMUHUpa apyrum [16, 23].m

Kopoaap 3.2.1. GHnapoBu He MOTy NOCTOjaTH YHyTap CTaHIApJHE TEOPH]jCKO-MHOKHHCKE XHjepapxuje
PA ¢ ZFC ¢ ZFC+IC < ...[7, 23]rne IC o3HauaBa HETOCTIIKHE KapMHAIIE, UT/I.

Joxka3 1 (Kpo3 MOHOTOHOCT HHTEPNPETAGUIHOCTH):

VY crangapanoj xujepapxuju PA & ZFC © ZFC+IC & ..., cBaku cHCTEM je MPOUIMPe-e MIPETXOAHOT - CaJPKU CBE
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bEHE aKCHOME TUTYC J0/IaTHE.
AKo0 T4 € T, (cBu akcuomu T4 cy y T,), oHOA T, nornyHo uHtepnperupa T4 (TpuBHjanHo, nomro Beh caapxu cse
FETOBE AKCHOME).
TTo ycnoy Heynopeausocty GH-nmapa DP3, aujenan cucrem He cMe MOTIYHO HHTEPIIPETUPATH JPYTH.
Jaxne, ako T, € T, oHAa onu He mory 6utn GH-map [7, 23]. =
Hoxa3s 2 (Kpos prf-theoretic opaunase):
3a crucreMe y CTaHIapAHOj XHjepapXuju BaKu CTpOra MOHOTOHOCT opauHana: |PA| < |ZFC| < |ZFC+IC| < ...
rze |T| osnauasa pri-theoretic opaunasn cucrema T.
Ako Ty + Con'fi™(T,), onna [T4| > [T,| [25, 27, 28].

V GH-nmapy T, + Con{ﬁn}(Tz) unT,k Con{ﬁn}(Tl), wto 6u ummtaImpano |Tq| > [Tz u |To| > |T;| ucroBpemero -
KOHTpPaVKIIH]ja.
Jlakie, cMCTeMH Y JIMHEApHOj Xujepapxuju He Mory popmuparn GH-map [25, 27, 28].m
Hoxka3z 3 (Kpo3 I'enestoBy camopedepeHiy 4 HHTepHAJIU3ALM]Y):
Heka je Ty & T, y cTannapiHoj Xujepapxuju.
[Momro T, campsku cBe akcrome T 4, T, MOXKE MOTITYHO CUMYJIMPATH CBE T 1-/TOKa3e.
Axo T, + Con{fim™ (T4), oHma T, Moxe hopMaTH30BaTH: ,,CBE IITO T4 J0Ka3yje je ucTuHUTO (y OKBUPY T2)".
A momro T4 € T, 0BO HOCTaje U3jaBa O IMOJICKYIY COIICTBEHIX akcHoMa T ;.
Kana T4 mokymia na ,Bpatu” oBaj moka3 (kopucrehu T4 F Con{ﬁn}(T 2)), 106uja MOryhHOCT 2 HHANPEKTHO JOKaXKe
Con{fi“}(Tl) Kpo3 Tz, mro kpumwm ['enenosy 3adpany [13]. jep je T, edextuBHO mpomupeme T 4.
Jlakie, cranmapaHa xujepapxuja He qo3sosbaBa GH-cumerpujy [13, 32].m
Kopoaap 3.2.2.GH-napoBu 3axTeBajy 1a cBaku cucteM Oyne ,jaun” [23] ox Apyror u TO y pasiuduTHM,
OpPTOTOHATTHUM JUMEH3H1jama.
HNuTtepnperanmja: OBa TeopeMa TauHO TOBOPH KakBe cucTeMe Tpeba Tpaxkutu. [loTpeOHu cy cuctemu ca:

*  KomniemeHnTapHuM u3pakajauM mohuma

*  PazguuuTuM npopuianMma cHare

*  OpTOroHaJTHUM aKCHOMATCKHM OCHOBaMa
3aro cranaapaHu naposu kao mwro cy (PA, ZFC) wiu (HA, PA) He ycrieBajy - OHH Cy JIHMHEAPHO MOpPEAaHH
1o cHa3u. To MOTHBHIIE TN3ajH OPTOTOHATHUAX CUCTEMa — Kao Ha IpUMep, ApUTMETHYKN CHCTEMH Ca jaKOM
WHIYKIFjOM M T€OMETPH]CKH CHCTEMH Ca KOHTHHYHTETHHM aKCHOMHUMa — YMECTO OHE jeTHOJMMEH3HNOHE
ecKaJaIje cHare.
Hoka3 1 (Kpo3 ofcycTBo JiMHeapHe JOMUHALHjE):
[IpetnoctaBumo na cy T4 u T, TUHEapHO YHOPEAUBH CUCTEMHU-TIOCTOjH jeIUHCTBEHA JUMEH3HU]a ,,cHare" 1o
KOjOj jeIaH TOMHHUPA APYTHM.
Tana Baxku T4 < T, unu T, < T4 y TOj IuMeH3UjU.
Ako T4 < T,, onna T, uma cBe nokaszHe pecypce T4 Tuiyc gojgaTHe. Y OBOM CiIy4ajy, T, MOXKe MOTIYHO Aa
uHTEepIpeTHpa T 4, MITO KPIIU YCIOB HEYMOPETUBOCTH.
Haxne, GH-mapoBu Mopajy UMaTy OPTOTOHAJIHE JUMEH3H]E CHATE - CBAKH O] IhHX j€ ,jau’ y pa3uiuToj,
HEKOMITapaOHiIHO] quMeH3uju [23]. |
Joka3 2 (Kpo3 koMILIEMEHTAPHOCT U3PaKajHUX Mohu):
Hexka Expr(T) o3HauaBa CKyIl KOHIIETIaTa U3PA3UBHX Yy CUCTEMY T .
3a GH-map T4, T, ycI0B HEynmoOpeIMBOCTH 3aXTeBa:

= Tlocroje kouuentu y EXpr(T 1) \ Expr(T ) (T u3paxasa Hemrro mro T, He MOXe)
» Tlocroje kouuentu y EXpr(T 2) \ Expr(T 1) (T, u3paxasa Hemrro mro T, He MOXe)

OBo je TaYHO KOMILIEMEHTAPHOCT - CBAKH CUCTEM MOKPHBA ,MPTaB yrao" OHOT JPYTOr.
OBa KOMITJIEMEHTAPHOCT je OPTOTOHATHOCT y M3PaKajHOM CMHCIY. CBEKH CHCTEM j€ ,jadd’ y CBOM JIOMEHY
[23]. m

Hoxka3z 3 (Kpo3 vector moje 1oka3He cHare):
[peacTaBUMO J0Ka3HY CHAry CHCTEMa Kao BEKTOP y BUIIEANMEH3HOHATHOM MPOCTOPY T/e CBaKa AUMEH3Hja
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OJICOBapa pa3In4YUTOM THUILYy JOKa3HOT pecypca:
= | =uHOYKTUBHA CHara
= O =opauHaIHA CHara
» C =KoHTHHyaJIHa cHara (aKCHOME O peaJHUM OpojeBUMa)
= G =reomerpujcka cHara
" UTH.
3a cuctem T, merosa cuara je V(T) = (I, Oy, Cy, Gy, ...)
3a GH-map T4, T, norpebHo je:
= V(T4) uVv(T,) Hucy ynopeausu mo napiwjaaaoM ypehemy (ae moctoju V(T 1) < Vv(T3)
KOMIIOHEHTA-[10-KOMIIOHCHTA)
» Tlocroje unaekcw i, | Taksu na v(Tq);
= >V(Ty); amu v(Ty); < v(Ty);
OBo je nperm3Ha qeGUHHUIIHja OPTOrOHATHOCTH Y MYJITH-IMMEH3HOHAIHOM TipocTopy [23, 25, 27, 28]m

3.3 AHaTOMHja KOMILIEMEHTAPHOCTH
Jla Gucmo oBe ,,OpTOTOHAITHE TUMEH3Hj€ CHare” YYMHWIN MPEUU3HUjUM, Pa3MOTpUheMo pa3InyuTe acleKkTe
MaTeMaTH4Ke MONH:
Jumen3uja 1: ApuTMeTHUKA U3paKajHoCT [7]

e CnocoOHOCT KBaHTH(UKOBamka Hall N

e CnocoOHOCT neduHucama peKyp3uBHUX QYHKIHja

¢ Cnara nmeme WHAYKIIH]jC
Numensuja 2: FeomeTpujcka/npocTopHa uspazxkajuoct [33]

*  CnocoOHOCT Pe30HOBaka O KOHTUHYYMY

*  CnocoGHOCT u3pakaBama TOIMOJOUIKUX CBOjCTaBa

* [Ipucrtyn peannnm OpojeBrmMa
Numensuja 3: Opaunaiana cuara [25, 27, 28, 29]

* [Ipuctyn TpaHC(UHUTHUM OpIUHATIUMA

* CHara TpaHC(UHUTHE WHIYKIIH]jE

*  JloKa3HO-TEOPHjCKH OpAUHAI
Jumensuja 4: Kareropujcka ancrpakuuja [1]

* CmocoOHOCT paja ca BUIIUM CTPYKTypama

e OYHKTOpHjaTHO PE30HOBAHE

* VYHHBep3alHa CBOjCTBa
Jumensuja 5: Koucrpykrusna moh [5, 34]

* EdexruBna peannzadmiHocT

* Pauynapcku caapxaj

* AnroputaMcKka KOHCTPYKIIH]ja
JIBa cucteMa Mory OUTH HEyHopeauBa ako Ce UCTUYY Y Pa3IUUUTHM AMMEH3Hjama.
Mpono3unuja 3.3 (KommieMeHTapHOCT je cTPYKTYpHA). bpoj akcMoma WM CHHTaKCHYKa CJI0XKEHOCT He
MOTy OWTH peNeBaHTHU 332 KOMILIEeMEeHTapHOCT. OHO mTO je oB/ie OMTHO jecTe CTPYKTYpHA OPTOTOHATHOCT
u3paxajuux mohu [23].
Ananoruja: BpaBa u kiby4. Pazmorpumo OpaBy u kipyd. OONHK KJby4a je MPEennu3HO KOMIUIEMEHTapaH Ka
00Ky OpaBe, anu oHH HUCY UcTOT ,Tuna”. Kibyd Huje Mama OpaBa; HUTH je OpaBa Behu kibyd. Hbuxosa je
(GyHKIMOHATHA KOOpAWHAIMjAa U TMPOM3MIa3u U3 opToroHasHocTH Gopmu. CiamaHo Tome, GH-mapoBu Ou
MMl aKCHOMAaTCKe CTPYKType U u3paxajHe Mmohu koje cy MeljycoOHO KOMIUIEMEHTapHE M TO TaKO Ja CBAaKU
MPEIo3Haje CTPYKTYpy OHOT APYyror 0e3 HEeroBor capikaja.
Ipono3unuja 3.4 (Ipeno3HaBame 6e3 caap:kaja). Cuctem T, MOKe MPENO3HATH CHCTEM T2 (Y CMHUCITY a
MOKe pe(ICKTOBATH HEroBy CTPYKTYPY M JOKA3aTH HErOBY KOH3MCTEHTHOCT) aili 0e3 cajipiKaja HeroBHX
akcroMa win Teopema [16].
Mexanuszam: Kpo3 unTeprperanujy — T1 rpaau mogaen T, yHyTap cebe, kopuctehu concTBene nzpaxajHe
pecypce.
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Ipumep: PA Moxe U3rpauTi MOJIEN TEOMETPHje U TO KopucTehn ypelhene mapose mpupoaHux OpojeBa Kao
»Tauke,” aJi TCOMETPUjCKH aKCHOMH HHCY J1eo PA.
OBo jecTe KJbYY 3a TO Kako Mel)ycoOHU ToKa3u KOH3HCTEHTHOCTH MOTy OuTH Moryhu 6e3 cTBapama KpyKHE
HEKOH3HCTEHTHOCTH.
OBuM ce 3aBpuIaBa Ae(pUHUIIMOHH U TEOPHjCKU OKBUP. MiMamo:

* Puroposno nepunucane GH-nmapose 1 GH-yumjy

* Jloka3aHO O/ICYCTBO ITO3HATE JIOTUYKE 3a0paHe

* Jloka3aHy HEONXOAHOCT HEYHNOPEIUBOCTH

* PazjammeH KOHIENT KOMIIEMEHTAPHOCTH
Hanomena: Teopeme 3.1 u 3.2 3ajenHo mocraBikajy okBup: GH-mapoBu HUCY JOTHYKH 3a0pambeHH, ad
3aXTeBajy HEYMOPEIUBOCT MO J0Ka3HOj cHasu [12, 13, 25, 29]0OBo nedunmie mpocTop mperpare 3a 0cTaje
MOTEHIIMjaTHe KaHAWAaTe Y HApeHUM CeKIMjama, urja he ce aHamm3a HaCTaBUTH Y OKBHPY IIeJie TpHjale.

4. EIIMCTEMOJIOT'NJA GH-IIAPOBA

Hakon mTo cMo ytBpauiu GpopMaliHO-TOTHYKO OACYCTBO 3a0paHe 3a noctojatbe GH-nmapoBa, nedunucanu
HUXOBY HEOIXOHY HEYIOPEMBOCT, HEOIIXOTHO je Pa3MOTPUTH HBUXOB ca3HajHu cTatyc. OBa cekuuja he ce
najbe OaBUTH MUTAKEM KaKO Ce MOKE ONPABIATH BEPOBAIE Y CHCTEME KOjH ce MeljycoOHO moapxkaBajy, a
Jla ce PUTOM He YIaJHe Y 3aMKY Iapaiokca Kpy>KHOCTH. AHanmm3upamo nepunucany GH-cTpykrypy xpo3
cyko0 (oHmanmoHanm3Ma 1 KOXepeHTU3Ma, Hyiehn pememe y BUay pedIeKCHBHE PaBHOTEXKE KOja J01aTHO
ONITUMHM3Yje HaIle MOBEepeme y (hopMaHe OCHOBE MaTEMaTHKE.

4.1 Tlpumenda KpPyKHOCTH
Hajuenocpennuju dunocodcku npurosop GH-mapoBuma jecte 1a OHU Jie1yjy MTOPOYHO KPYKHO:
Ipumenda: , Ako BepyjeM 1a je A komsuctenTan 3ato mro B kaxe ConfiM(A), wmn ananorno Bepyjem ma
je B xonsucrenTan 3ato mro A kaxe Conf™(B), onna Hemam HesaBHCHe OCHOBE /12 BepyjeM HIjEIHOM.
Ogo je circulus in probande— kpyxHo pe3oHoBame.”
Ogaj npuroBop uma prima faciecunary. ¥ cranaap/Hoj enucTeMOIOTHjH, KPYXKHO OIPaBIamke cMaTpa ce Kao
napajurMaTcKy MorpemHo. AKO onpaB/iaBaM BepoBame P mo3uBajyhu ce Ha BepoBame (], a OpaBaaBaM u
no3uBajyhu ce Ha P, HUCaM onpasaao HuMITa. KibydHO je mpUMeTHTH J1a oBa (popmaii3anuja mpeTrnocTaBiba
7la ONpaBAamke Mopa OWTH W JIMHEapHO M Xujepapxujcko. MehyTuMm, ako je 0BO ompaBlame CTPYKTYpPaIHO
(Mpexno), onna u3 (P1—P2 He cienu na HUjeqHA Bepa HUje OmMpaBiaHa, Beh caMo J1a He MOCTOj! JIMHeapHa
OCHOBA.
Crora 3akJpydak perpeca Huje HeyTpaias, Beh 3aBUCH 0] YCBOjeHOT MOJIeNIa eMUCTEMUYKE CTPYKTYpE.
IIpurosop ce Mo:ke popMaTN30BATH:
Mpemuca 1: Bepa y Con{fi™(T,) je onpasnana camo axo mocroju onpasana sepa y Confi™(T,).
Mpemuca 2: Bepa y Conf™(T,) je onpasmana camo axo mocroju onpasana sepa y Conf™(T,).
Bakspyuak: Hujeana Bepa Huje onpasaHa (IOPOYHU perpec y Kpyry).
Kputnuno nutame: [la 11 je oBaj npuroBop ¢aTaiaH, MM OYMBA HA MPETHOCTaBKaMa O ONPaBAamy Koje
Ce MOT'Y JOBECTH Y MUTAE?

4.2(I)OHIlaIII/IOHaJII/I3aM IMPOTHUB KOXEPECHTU3MA
Jla OucMo oAroBOpwIIM Ha NMpUMeAly KPY>KHOCTH, MOPaMO UCIUTATH OHa AyOOKa MUTama €MUCTEMOJIOTH]E,
KOja ce TU4YY CTPYKType OIpaBama.
4.2.1Knacuunn ponganuonanuzam OonpanmonanuzaM TBPIU:
1. Heka BepoBama Cy OCHOBHA (CaMoOIpaB/iaHa, CaMOOYHIJICJHA, HEITOTPELINBA)
2. Cpa ocTana BepoBama ce U3BOJIE U3 OCHOBHHX BEPOBamba KPO3 OMPABIAHO 3aKJbYIHBAHE
3. OmpaByame Te4e jeTHOCMEPHO: OCHOBA — H3BEICHO
4. KpyroBu HHCY 103BOJbEHU Y CTPYKTYPH OIpaBaama
[MapagurmMaTcku npuMepu:
= Jlexapt: COQIit0o ergo Sunkao TeMesbHO
= EMmupuzaMm: 9yJTHO UCKYCTBO K20 TEMEJHHO
» Maremaruka (TpaJUIMOHAIHH MOTJIEN): AaKCHOMH Ka0 CAMOOYUIIICIHU
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VY oBoMm oxBupy, GH-mapoBu cy 3ancra npobnemarnyau. Ako ce T1u T2 Mel)ycoOHO onpaBnaBajy, HujeqaH
HUje TeMeJbaH, H J00HjaMo KPYT.
®onpanuoHaIucTHIKK cya: GH-napoBu Cy enmucTeMONOMKHA HEIOITyCTHBH.
4.2.2Koxepentu3am KoxepeHTH3aM HYIM paJUKATHO APYTadyHjy CIUKY:
1. Hema npuBHIIeroBaHUX OCHOBHHUX BEPOBaa (CBa BEpOBaba Cy Ha HCTOM SMUCTEMUYKOM HUBOY)
2. OnpaBaame je XOMMCTHYKO (BepoBama Cy ONpaB/aHa y CKIIaly ca LEJOKYITHOM MPEKOM)
3. Mehycobna noapiika je serutumua (Huje mopouHa Beh BpiauHCKa)
4. KoxepeHTHOCT 11e51or cuctema 06e30eljyje onpasaame
KibyuHe JTUYHOCTH:
= W.V.O. Quine: Two Dogmas of Empiricisi26]
= Laurence BonJour: The Structure of Empirical Knowled{g)
= Keith Lehrer: Theory of Knowledgd21]
HenTpanuu yBua: BepoBama He 100ujajy onpaBrame JMHEAPHO U3 TeMeJba, Beh OHa cTHYy BaJbaHOCT KPO3
CHCTEMCKY KOXEPEHTHOCT — Mel)yCOOHY KOH3HCTEHTHOCT, 00jallllbUBY HHTETPALH]Y, jeTHOCTABHOCT.
Ananoruja: 1 kamenunhu y IyKy moaprxaBajy jefan Ipyror 0e3 oCJIOHIIa Ha He3aBUCaH TeMesb. CTpyKTypa
Kao I[IeJIMHA je cTa0miIHa, MaKo HUjelaH KaMeH HHje caMonoapkaBajyhu.
VY oBom okBupy, GH-nmapoBu cy noTeHnujasHo JETUTUMHHU. 11 U T2 MeljycoOHO ce mojpxkaBajy, cTBapajyhu
KOXEPEHTHY CTPYKTYDY.
KoxepentucTuuku cya: GH-nmapoBu cy enucremosiomku gomnyctusu [7, 21, 26].
4.2.3 QuineeBa Mpe:ka yBepema
QuineoBa metadopa je mocebHo npukaaaHa 3a GH-napose. Quinerspau [26]:
Quine-oBe Te3e:
1. Hama yBepema unHe MelycoOHO MOBE3aHy MPEXY WIIM MPEIKHILY
2. TlepudepHa yBepema (IUPEKTHO IOCMATPabe) CYOdaBajy ce ca eMITHUPHjCKUM CYI0M
3. Ienrpanna yBepema (Jioruka, MateMaTuka) 1yooko cy yrpaheHa
4. Hujenno yBepeme HUje MOTITYHO HIMYHO Ha PEBU3H]Y
5. OmnpaBaame je cTBap KOXEPEHTHOCTH Ca MPEKOM
IIpumena Ha MmaTeMaTHKY. MaremaTnika yBepema cy OIu3y IeHTpa Mpeke. lbuxoBo ompaBmame aoma3u
HE M3 CaMOOUUTIIeTHOCTH Beh H3:
*  VHyTpauimbe KoXepeHTHOCTH (Hema mpoHal)eHuX mpoTHBPeYHOCTH) [5]
* He3sameHJbHBOCTH 3a HayKy (mpuMeHe y Gpusuiy, uta.) [26]
= CucTeMaTCKHX Be3a ca JIpyruM JeJoBuMa Matematuke [7, 21, 26]
GH-napoBu ce ykiamajy y OBy CIHKY: 1Ba (hopMasiHa cuctema Mel)ycoOHO KoXepuIry, CBaku OJ] lbUX jadyajy
NOBEpemE y APYru, 00a 1y0oKko yrpaljeHa y Mmarematuuky npakcy [7, 21, 26].
Hurat u3 Quine-a: ,l{enokymHOCT HaIIET TAKO3BAaHOT 3HaWa UM YBEPCHA jeCTe YOBEKOBA TBOPEBUHA KOja
JO0AUpPYj€ UCKYCTBO CaMmo I10 UBHIAMA....... Cyko0 ca uckycTBOM Ha nepudepuju u3asusa npuiarohasama y
yHyTpammocth mossa.” (Two Dogmas of Empiricism1951 [26]).
GH-napoBu 6u 6win yHyTpaliiiha npuiarohaBama Koja 0p»kaBajy yKyIHy KoXepeHTHoCT [7, 21, 26].

4.3 PediiekcuBHA paBHOTEXKA
Llon Porc je pa3sro Metoay pediekCHBHE pPaBHOTEXE 33 €TUKY, a KOja ce MPUMEbYje Ha eMUCTEMOJIOTH]Y Y
ommteM cmuciy [30].
MeToaa:
[ToueTu ca pa3MOTpeHUM Cy0BUMa (IPETEOPHjCKa YBepeHa Koja APKUMO ca CUTypHOIIhy)
dopmysrcaTu MPUHIKIE KOjH CUCTEMATH3Y]y TE CY/10BE
[IpoBepHuTH KOXEPEHTHOCT U3Mel)y Cy10Ba M MpUHIKIIA
PeBuanpaTy Win Cy10BE WK MPUHIKIE 1a OU Ce MOCTUTIIA PABHOTEKA
IMoHOBHTH MOCTYIIAK JOK HE HACTAHE CTA0MIAH, KOXEPEHTaH CUCTEM
I[Ipumena na GH napose:
IHoveTHHU cynoBH:
» PA nenyje koH3UCTeHTHO (neneHuje ynorpede 6e3 mpoTuBpedHocTH) [7]
=  GEO nenyje KOH3UCTEHTHO (YCIIEIIHO T€OMETPH)CKO pe30HOBambe) [33]

orobNE
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= (O0a cy nyboko yrpaheHa y marematuky [23]
Hpuamunu:

= DopMaHU CUCTEMH 3aXTEeBajy JOKa3e KOH3UCTCHTHOCTH [7]

= Tenen mokasyje na je camomokas Hemoryh [13, 32]

»  Melhycobuu noka3 6u MOrao npy>xutu onpasaame [2, 29]
PeduiexcuBHu npouec:

= Jla nu mehycoOnu noka3s nosehasa nosepeme? ([a, ako je uctuncku) [7, 21, 26]

= Jla nu cTBapa nopounu kpyr? (He, ako je y KoXepeHTHCTHUKOM OKBHDY) [7, 21, 26]

= Jla v HEeJOKYITHA CHCTEM MOCTHXKE PaBHOTEXKY? (3axTeBa nasby ananusy) [30]
3akpyuak: GH-mapoBu Mory OutH y pedIeKCUBHO] PaBHOTEXH ako moBehaBajy yKyMmHY KOXEPEHTHOCT
MaTeMaTHYKOT 3Hama 0e3 yBohemwa HectabmmHocTu [30].

4.40aroBOp HA IPUMEN0Y KPYKHOCTH
Cazna MmoxkeMo (popMyJIucaTy U JeTaJbHU]JH OATOBOP Ha MPUMEAOY KPYKHOCTH.
4.4.1Pa3znukoBame NOPOYHHUX 0] BPJIMHCKUX KPYrosa
ITopouna kpy:xHoct: Kopuurhemwe p na 6u ce onpasao ¢ u ( Aa 61 ce onpasaao P Kaja HeMa He3aBUCHOT
pasznora na Bepyjemo HujeaHoM. [Ipumep: ,,bubnuja je uctunura jep bor tako kaxe. 3Hamo aa bor moctoju
jep bubnuja Tako kaxe.”
= [Ipodaem: Hema excTepHOr onpaBiama HU 32 jeJJHY TBPIbY.
Bpauncka kpy:kHocT (Mehycoona moapmka): Kopuiheme p 1a Ou ce ojauaiio nosepeme y ( 1 00pHYTO,
kanga o6a Beh nmajy HezaBuCHO omnpasrame. OB/ie HE3aBHCHOCT HE Tpeba CXBATUTH Kao ariCOTYTHY JIOTHUKY
HE3aBUCHOCT, Beh Ka0 METOHOJIOIIKY ¥ UCTOPH]CKY HE3aBUCHOCT Y €MMCTEMHUYKO] TIPAKCH.
Mpumep: Emnupujcka Hayka u MaTeMaTHka Mel)ycoOHO ce moapkaBajy:
» Hayka xopuctu MmatemMatky (pusuka 3axreBa qudepeHiujaniu pauyH) [7]
= Maremaruka ce notBplhyje kpo3 Hayky (npeasuhama GpyHkuuonumry) [23]
= (Cgaka nosehaBa noBepeme y APYry
Auu cBaka MMa HE3aBUCHO OIpaBJame (IocMaTpame 3a HayKy, J0Ka3 3a MareMatuky) [7, 21, 26].
GH napoBu npunaaajy apyroj kateropuju: He3aBucHa onpaBiama:
1. Emnupujcku ycenex: PA u GEO cy kopumhenn ycrienHo, BeKoBuMa, 6e3 mpotuBpednocT. OBoO je
CHa)kKaH MHIYKTUBHH JI0Ka3 3a KOH3UCTEHTHOCT [7, 33].
2. Bumectpyke He3aBHCHe McTpare. Xujbajie MaTeMaTuyapa cy pajusie y oBUM cuctemuma. Jlo caga
y BbHMa HHje npoHaljeHa npotuBpeuHocT [23].
3. JlokazHo-Teopujcka ananuza. Pazymemo ctpykrypy PA u GEO. Mmamo u opaunHanHe aHanmse, a
umamo mozere (y jauum cucremrma). OBO J1aje MeTaMaTeMaTHUKO pasymeBame [25, 27, 28, 29].
4. ®unocodcka KoxepeHTHOCT: CUCTEMHU KOHIIENITYalHO UMajy cMHUCTIa. AKCHOMH jecy MHTYUTHUBHH,
a TOoOMjeHH pe3y/ITaTH Cy Y CKIIaJy ca MaTeMaTH4KoOM mpakcom [6, 23].
MebhycoOnu noxa3u 101ajy oBoMe: Kaja IMaMo HE3aBHCHE pasJiore Jia BepyjemMo y o0a cucrema, OHJia OBU
Mel)ycoOHU JI0Ka3u KOH3UCTEHTHOCTH nmoBehaBajy mosepeme mokasyjyhu ja ce onn mel)ycobHo Bamuaupajy
[2, 29].
Amnanoruja: J[pa cBenoka norahaja. CBaku ncka3 nMa He3aBHCHY KpeanOmTHOCT. Kana ce u \ixoBH Halaszn
MOKJIamajy, moBepemwe pacte. OBO HUje KPYKHO PE30HOBakEe — TO je Koiabopanwmja [7, 21, 26].

4.4.20n6pana kpo3 ,bootstrapping”
Jpyru HauuH na pasymemo GH-mapoBe: enucremuuku ,,bootstrapping”.
Bootstrapping (y enucremoioruju): Kopumrheme MeTo/e 1a Baauaupa camy cede Moke OUTH JETUTHMHO
aKo:
1. Meroma ¥Ma He3aBHCAH J0CAAIIBH ycreX [7]
2. CamoBanuaupame j1oaaje morBphyjyhu gokas [26]
3. He nocroju 60spa antepuatuba [23)]
Ipumep: Kopumihemwe nepuenuuje aa npopepumo nepienuujy (morieaaTu asa myTa, KOPUCTHTH Orjieana)
HHj€ TIOPOYHO KPYXKHO aKko Beh ©MaMo pasJior Ja BepyjeMo mepleniyju yomrire [7].
GH mapoBu kao bootstrapping:
1. PAwuma He3aBHcaH JI0CaIallby yernex (eMIHpHjcKu yerex) [7]

2. GEO uma He3aBucaH jgocajaiimy yenex [33] 50



3. MeljycoOHna Banuaaiuja gonaje notephyjyhu cioj [2, 29]

4. AntepnaruBa (OeckoHaYHa XHjepapxuja) uMa u npodieme (Hema Kpajier Temesba) [25, 27, 28]
Kibyuna noenta: Ty He cTBapamo onpasaame €X nihilg Beh jauamo noctojehe onpasname Kpo3 CHCTEMCKY
KOXepeHTHOCT [7, 21, 26].

4.5 KomnapaTuBHa NpoLeHAa
Xajne na cucremarcku ynopenumo GH-mapoBe ca ainrepHaruBama:
4.5.1Jenan cucrem (T camocTaHO)
Temesn: CucteM MokyIasa a omnpasa cam ceode.
IIpoGaemnu:
= T i Con'™(T) (Fexen I) [13, 32]
* Hewma moryher unrepHor 10Ka3a KOH3UCTEHTHOCTH [13]
= Mopa ce o3BaTH Ha eKCTepHy MeTa-Teoprjy [10]
Craryc: Hemoryhe o I'egeny [13, 32]
4.5.2beckonauna xujepapxuja (T —> T, > T3 — ...)
Temess: CBaku cUCTEM ONpaBJaH jauuM HACICTHUKOM.
IIpo6aemu:
» DBeckoHauaH perpec: Hema Kpajiber Temesba [25, 27, 28]
»  DoHgaMOHATUCTHYKA JUIeMa; IITa onpasaasa Too? [6]
MparmaTuunu npodaem: CTBapHH MaTeMaTUYapy He paje Ha Taj HauuH [23].
Craryc: ®unocodceku jecte npodiieMaTuuHO (HeMa 3aBpIIETKA).
4.5.33aycTaB/bame Ha jakoM cuctemy (Hnp. ZFC + BeJHKH KapIuHAJIH)
Temesn: [IpuxBaTUTH BeOMa jak CHCTEM Kao ,,CAaMOOYHIIICIaH .
IIpoGaemnu:
* Benuku KapauHaIH HUCY caMOOYHIIeAHA (KOHTpoBep3HH) [23]
* U nasbe He MOKE JI0Ka3aTH corncTBeHy kousucteHtHocT (['epen Baxn) [13, 32]
= Jlenyje npou3BospHO (3amTo cratu oae?) [23]
Craryc: Jecte mparMaTHYHO KOPHCHO ajH je Gumocodckn He3a10BobaBajyhe.

4.5.4 GHnapoBu (T, <> Ty)
Temess: Mel)ycoOHa KOXEPEHTHOCT [[Ba CHCTEMA.
IIpexnocru:
» Konauna cTpykTypa (Hema 6eckoHauHOT perpeca) [2, 29]
» Tlomryje I'enena (Hema camonokasa) [13, 32]
»  OgpaxxaBa MaTeMaTUYKYy Ipakcy (BHIIE TeMesba ce mpoyuana) [23]
= JIoCTymHO KOXEPEHTUCTUYKO onpasrame [7, 21, 26].
OTBOpPEHO MUTALE OCTaje J1a JIK ce MeljyCoOHa KOXEPEHTHOCT MOKE CMaTPATH JOBOJBHUM YCIOBOM 33 CIHCTEMUIKO
yTeMeJbere 0e3 eKCTePHOT CHIpA.
I[IpobGaemu:
»  QuurienHa KpyKHOCT (pa3MoTpeHo u3Han) [7, 21, 26]
» Hewma no3nare koHCTpyKIje (joir yBek oTBopeH mpobiiem) [25, 27, 28]
= 3axTeBa HECTaHIAPHY eMUCTEMOJIOTH]Y [6, 26]
Craryc: ®uroco(Ccku jecTe OIPKHUBO aKO e MPUXBATH U KOXEPEHTH3aM; TEXHUYKH U3a30BHO.

KomnapatusHa Tadesa

Ipucryn Temesn I'enea-komnatuouiano? | Konauno? | ®uinocodcku KOXepeHTHO?

Jenan cucrem | Camo He [13, 32] a He (Hemoryhe)

Xwujepapxuja | Perpecusno | Jla [25, 27, 28] He CnopHo (Hema kpaja)

Jak cuctem TBpama Ja* [13, 37] Ha CnopHo (Ipor3BOJHHO)
GH-mapoBu | Mehyco6uno | [a [2, 29] Ha Ila (axo xoxepenTucTuyko [7, 21, 26])

* U nmajee HE MOXKE JOKA3aTH COICTBEHY KOH3UCTCHTHOCT
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3axsbyyak: GH-napoBu Hyzne GuIocopcku o10pamUBY aNTEPHATHBY aKO NMPUXBATHMO KOXEPEHTHUCTUUKY
SMUCTEMOJIOTHjY M aKO e MOTy KoHcTpyucaTu [7, 21, 26].

4.6 [IparMaTHYKO ONpaBAam€
[Topen yncTe eMUCTEMOJIOTHj€, TOCTOjU U MIParMaTHYKH apryMEHT:
IIparMaTHYKH apryMeHT 32 KOH3HCTEHTHOCT:
e P1.Maremaruka je Ouia U3y3eTHO yCIICIIHA BEKOBUMA (HAayKa, TEXHOJIOTH]a, HHKSHEPCTBO CBE O]
e 3aBucH) [23].
» P2. Axo Ou maTematuka Onia GyHJaMEHTATHO HEKOH3UCTEHTHA, Taj ycreX Ou OO CTBApHO peTka
ciyvajaoct [7].

e P3.YynecHe ciyuajHoctu He Tpeba npuxBaTtaTi 0€3 N3y3eTHUX J0Ka3a [26].

e C1. Crora, MmaTeMaTHKa je BEpOBaTHO KOH3MCTCHTHA (TaKBa IparMaTHyka HHPEPCHIMja Ha Haj00Ibe
objammemne) [23].
IIpumena na GH napose:

e P4.U PA u GEO cy kby4HH [1e/I0BH ycrieliHe Matemaruke [7, 33].

« PS5 huxoB ycrex npysa mparMaTHdke A0Ka3e 3a KOH3UCTEHTHOCT [23].

e P6.MelhycobHu 1oka3u KOH3UCTEHTHOCTH (HOPMAK3Yjy U jadajy OBe mparMaTH4ke Jokase [2, 29].

e C2. GH-napoBu npyxajy CTpyKTypy Koja ce yckialjyje ca mparMaTuukuMm onpasaamem [7, 21, 26].
OBaj apryMeHT He JI0Ka3yje KOH3HCTEHTHOCT (HHIITA TO HE MOJXKE aIrlCOJIyTHO), alld OH MpY)Ka PallOHAIHE
OCHOBE 3a moBepeme [6, 26].

IMapanena ca npupoanuM Haykama: Hemamo anconyTHOTr j0Ka3a J1a MHAYKIHMja (QyHKIMOHHUIIE, adl HBeH
ycmex mpy’ka nparMaTudko onpasjaame. CIMYHO TOME, yCIieX MaTeMaTuKe Mpyska IMparMaTuuko OINpaBIabe
3a KOH3MCTEHTHOCT [23].

4.7 CTreneHH U3BECHOCTH
Emncremonoruja GH-mapoBa tpeba 1a nperno3Ha rpajauje H3BeCHOCTH:
Hugo O: Hema noka3a KOH3MCTEHTHOCTH
= (CucreM TeK MpeIokKeH, HePOBEPEH
* Upycra criekynanuja
= PannoHaIHO MOBEPEHE. BEOMa HUCKO
Huso 1: EMnupujcku qocagambsm ycnex
»  Cucrem xopuiiheH aenennjama 6e3 npoTuBpeyHocty [7, 33]
* 3ajeqHMIA MpAaKTHYapa ra cMatpa noy3aanum [23]
® PalMOHAIHO MOBEPEHE: YMEPEHO
Hugo 2: MeTa-MaTeMaTHYKA aHAIN3A
=  Mojenu KOHCTpyHCaHu y jaunM cuctemuma [10, 25]
= Jloka3HO-TEOPHjCKH OpIHHAIN u3pauyHatu [25, 27, 28, 29]
»  KOH3HCTEHTHOCT J0Ka3aHa penatuBHO (y jaueMm cucremy) [12]
* PanroHagHO MOBEPEHE. BUCOKO
Hugo 3: GH-nap
= CucreMm uma cratyc Husoa 2
»  Tlnyc mehycobno Banuaupa apyru cucteM Ha Husoy 2 [2, 29]
= KoxepeHnTHa cTpykTypa 6e3 perpeca [7, 21, 26]
* PamnuoHaJ HO MOBEpEHE: BeOMa BUCOKO
Hupo 4: AncosiyTHa u3BeCHOCT
= CaMmoouurieaHa UCTUHA
= JIOrMYKH HEOIXOIHO
* PanmonanaHo moBepeme: HeaocTwkHO (0Bo I'enen mokasyje) [13, 32]
GH-napoBu nyzne Huso 3 — He anconyran (Hemoryhe), ajau BHUIIH O H30JI0BAHUX CUCTEMA WU CHUCTEMa
OeckoHauHKX xHjepapxuja [2, 29].
Kbyunu yBua: Enucremornoruja Tpeba 1a npenosHa j1a MmateMaTtrka GyHkiuonume na Husoy 2—3,a He Ha
HuBoy 4. Anu I'enen je nokazao na je Huso 4 nenoctikan [13, 32]. GH-napoBu ontumusyjy yHyTap THX
OTpaHUYCHA.
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5. AKCHOM JIOI'MYKE MOT'YRHOCTHU U TEOPEMA O IIOCTOJABY

Hakon mTO ¢MO y IpeTX0IHUM TOTIaBbiMa pUropo3Ho aedunucann GH-mapose a u 010paHIIN HBIXOBY
EMHUCTEMOJIONIKY OJPKHBOCT, JOJTA3MMO H IO KJbYIHOT OHTOJIOMIKOT NMUTamka: J1a I OBAKBH CUCTEMH 3aKCTa
MOCTOje Y MaTeMaTHYKOM YHUBEP3yMy? Y OBOj CEKIMjU YBOJH ce AKCHOM Joruuke moryhunoctu (ALP) u
TO Ka0 METOJIOJIOUIKH IMPUHIUIT KOjH, OCllamhajyhn ce Ha HCTOpHjy MaTeMaTHKE ali U XEHKUHOBY TEOPEMY O
MOCTOjaby MOJIEINA, JT0Ka3yje JAa OJICYCTBO JOTWYKe 3a0paHe MMIDTHIMpPAa MaTEeMaTHIKO 1TOCTOjambe. Tume Mu
GH-napoBe mpeBoanMo U3 CTaTyca TEOpHjCKe CIEKyNalyje y cTaTyc MOTBp)eHnX MareMaTHYKuX oOjekara
KOjH YeKajy CBOjy EKCIUTMLUTHY KOHCTPYKIIH]Y.

5.1 Akcuom jgornuke moryhnocru

Canx yBoaumo 1y0JpH MMPUHIAI KOjU TIOMepa Hatre pasymeBambe GH-mapoBa ox mpoctor oacycTBa 3a0pane
Ka MO3UTUBHOM IIOCTOjamby.

5.1. 11punHnun

Martemarrnuke CTpYKType, YKIbydyjyhu dopMaiHe cucreMe — TMOCTOj€ 1O CBOjOj JIOTUYKO] KOXEPEHTHOCTH.
OCHOBHM NPUHIIMI YNIPaBJ/ba MAaTEMAaTHUKUM ITOCTOjambEM:

Axcuom Joruuke moryhnoctu (ALP): .V MaTeMaTHykoj JOTHIH, OHO IITO HUje JIOTHYKH 3a0pareHo je, y
MPUHIMITY, MAaTEMAaTHYKH pean3aOuiHo. 3a 10BOJBHO OoraTe U J0Opo JepHUHUCAHE CTPYKTYpe OBa JIOTHUKA
MoryhHOCT mopa3ymeBa MaTeMaTHiKo mocrojame.” [6, 23]

(CBe pedepeniie Ha T0Ka3MBOCT CE pa3syMejy Ha METa-HHBOY, YHYTap MO33JMHCKE TEOpHje Kao ITo je Z,
win ZFC. Cam GH-okBHp ocTaje mieMaTcKu U Hecrneuduyan 3a Teopujy.)

dopmanHa u3jaBa: 3a MaTeMaTHUKe CTPYKTYpE X TOBOJHbHE CIOKEHOCTH:

—(Provablyjypossible(X))—3X (y maremaTnuxom npocropy) [13, 32].

IMpumena na GH-napose: Jloka3zanu cmo (Teopema 3.1) na HujeqHa Mo3HaTa TeopeMa He 3abpamyje GH-
napose [13, 29].TTo ALP, oBo oxacycTBO 3abpaHe HHje caMO HEraTHBaH pe3y/TaT Beh OHO MpeacTaBiba U
no3uTHBaH 10ka3. GH-nmapoBu mocroje y mpocropy cBux Mmoryhux gpopmaianux cucrema [2, 29].
Kpuruuna paznuka: ALP Huje jenan nmpousBoJbaH moctynat Beh je 1 MeTOM0NONIKY PUHITUT BaTuAupaH
LIEJIOKYITHOM MCTOpHjoM MaTeMaTHke. CBaKO BEJTMKO MPOIIUPEHE MaTeMaTHUKe OHTOJIOTH]€, 0]l HETaTUBHUX
OpojeBa 10 TpaHCHUHUTHUX KapAMHANA, CIEAUIO je Taj oOpa3all: KOHLENTyalTHa KOXEPEHTHOCT + OZICYCTBO
NPOTUBPEYHOCTH — MPUXBATakE Kao moctojehnx MaremMatuukux odjekata [23].

5.1.20mnpaBaame ALP
Hcropujcku npecenax:
o KommiekcHu 6pojeBu: Y noverky KOHTpoBep3HH (, uMarnHapHu'), npuxBahieHH cy Tek oHza Kajaa
je TMoKa3aHo Ja Cy KOH3UCTEHTHH [23].
o Beckonaunu ckynoBu: KantopoBu TpaHCGUHUTHH OpOjeBH Cy HAMIILIM HA OTIOP; KaJa je MOKa3aHO
Ja cy KoH3ucTeHTHH ca ZF, mpuxBahenu cy [23].
e Besmku xkapaunaau: Hemoctmwkuu kapauaanu, Mahlokapaunanu uta. npuxsahenu kao nocrojehun
MaTeMaTHYKU 00jEKTH Ha OCHOBY JIOKa3a KOH3HUCTEHTHOCTH [23)].
o Heeykianacka reomerpuja: Kazna je mokazana konsucteHTHOCT (kpo3 KitajHoBe Moiene), TeK oHIa
je xumepOonYKa reoOMeTpHja mocrana ,peanna” kao u Eykiaumnosa [33].
Hanomena: lcropujcku mpuMepu ce OBIe KOPHCTE Kao MHAYKTHBHA MOTHBAllMja, a HE Kao (GOpMallHH
noka3 ALP-a
O6pasan: KonsucrentHa 1euHUOMIHOCT — MaTeMaTHYKO MocTojame [23].

o @uocopcku aprymedT: Y GU3NIKOM CBETY, MOTYNHOCT M aKTYEITHOCT Cy NMPHIMYHO pa3anauTe. Y
MaTeMaTHIIM, Ta pa3jhKa ce TyOu: cMaTpa ce Ja MaTeMaTHYKU 00jeKTH MOCTOje TI0 CBOjOj JIOTHIKO]
KOXEPEHTHOCTH, a He Kpo3 (usnuky nHctaHuujauujy [6, 26].

 IInaToHucTHYKA HHTepnpeTanuja: [IpocTop cBUX MaTeMaTHYKUX CTPYKTypa IMOCTOjU HE3aBHCHO
O/l JbYJICKOT 3Hamba [23].

o dopMaNMCTHYKA HHTEpPNpeTanuja: MaTeMaTH4KO MOCTOjambe AeHUHHMIIEe KOH3UCTEHTHOCT [7].

o CTpyKTypaJMCcTHYKA HHTEpHpeTanmuja: MartemaTrka npoy4yaBa CTPYKTYpe U BbuxoBe oaHoce [23].

ALP kao meromosiomiku npuHuun: I[IpuHiun: Ako je MaTeMaTUYK{ KOHIICTIT:
(a) mpenmsHo nedunmCaH,
(0) yHyTpalimbe KOH3UCTEHTaH U
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(B) HUje 3a0pameH yTBpheHUM TeopemMama,

OHJIa OH IpHIaJla MATEMATUYKO] OHTOJIOTHjU U JISTUTHMAH je 00jeKaT uctpaxuama [6, 23].
OBaj MpHUHIUI MTOYTIMPE LEIOKYITHY MOJICpHY MaTeMaTHKy. be3 mera, He 0MCMO MOTJIH TPUXBATHTH.

=  Kowmrmmiekcue 6pojese [23]

= beckonaune ckymnose [23]

» HewmusepsbuBe ckymnose [23]

» Benuke kapaunaie [23]
OAroBop Ha KOHCTPYKTHBHCTHYKH NPHUToBop: KOHCTPYKTUBUCTH 3aXTEBajy eKCIUTMIUTHY KOHCTPYKIIH]Y
3a TBpIE-E 0 mocTojamy. OxroBop: Yak u KOHCTPYKTHBHCTH MPUXBATAjy CTPYKTYpE UHja jé KOH3UCTEHTHOCT
J0Ka3aHa MHAUPEKTHUM cpeacTtBuma [5, 34]. 3a GH-mapoBe TBpauMo 1a 07CyCTBO 3a0paHe UMILTUAIMPA H
KOHCTPYKTUBHOCT y NMPUHIMIY — KOHCTPYKIIMja MOXKe OUTH TeIlIKa, ajly HUje HeMoryha. 3aTo HU KiacH4yHa
MaTeMaTHKa He 3aXTeBa CKCIUTMIMTHY KOHCTPYKIHM]Y 3a TBPIE 0 OCTojamy. M came Teopeme 0 oCTojamy
PYTHHCKH yTBpl)yjy Ja peierba mocToje 6e3 aa 1ajy alropuTMe 3a lHX0BO MpoHanaxeme [7, 23].
5.1.3KpeaninoHMCTHYKH AaPpryMeHT
JlommyHCKO onpaBame ocliamkba ce Ha IPUPOY MaTeMaTHYKOT CTBAapama;
Kpeaunonuncrnuka Te3a: AKCHOMATCKU CUCTEMH jecy apTe(akTH UHTEIUICHIM]E U TO aKO UHTEIUTCHIIN]a
MOXe:
KoxepeHTHO 3aMUCINTH CTPYKTYpY (Crienn(rKoBaTH akcHOMe U npasmuia) [5]
[TpoBepuTH HHTEPHY KOH3UCTEHTHOCT (HEMa HemocpeaHe npoTuBpednocty) [13, 32]
[TpoBepuTH eKCTEpHY KOH3UCTEHTHOCT (HeMa 3abpaHe u3 Mera-teopuje) [2, 29]
Omnpa Ta CTpyKTypa MOCTOjU Ka0 MaTeMaTHYKH 00jeKar, TOCTYIaH 32 HCTPAKUBAHE

[23].

O O O0Oo

IIpumena:

=  Mu cmo koxepenTHo 3amucmin GH-nmapose (edunumuje, Cekuuja 2) [2, 29]

= TIpoBepuiu cMO Ja HEMa WHTEPHE MPOTHBPEYHOCTU (CBAKU CHUCTEM j€ IMOjEMHAYHO

KOH3HCTeHTaH) [13, 32]

= TIpoBepuiu cMo Ja HeMa ekcrepHe 3abpane (Teopema 3.1) [13, 29]

= Jlakne, GH-nmapoBu, Mmarematuuku, noctoje [23].
Kibyunn yBua: Uun puroposne nedununmje, kana Huje 3a0pameH, je yIpaBo 4uH cTBapama. [Ipennsnum
nedunucameM mrta cy GH-nmapoBH, MU MX J0BOAMMO y CTaTYC MaTeMaTHYKOTI ITOCTOjama. 3aTo MPeocTalio
MHUTambe HKjE J1a JIK OHU MocToje Beh Ja jii MOKEMO eKCIUTUIIMTHO KOHCTPYHCATH KOHKpEeTHE nHeTaHie [23]7?
5.1.4®opmyanuja y MOJAJIHOj JIOTHIU
VY tepmuHuMa MojaiHe Joruke, ALP ce moxe uspasutu [3, 32]:

= M1. OP (Pje nornuku moryhe) y MaTeMaTuIu

=  M2. 70-P (P Huje HY>KHO JIa)KHO)

= M3. Consistent(P)(P ue campxu npotupeuroct) [13]
3 M1-M3, y MaTeMaTH4KOM KOHTEKCTY:

* M4. P noctoju y MaTeMaTu4kom mpoctopy [23]
OBa nMIUIHKAIM]ja BaKH y OKBHPY NpUXBaheHOT MOJTATHOT TyMauekha MaTeMaTHYKOT IOCTOjamba
3a GH-napose:

=  OGHPair(T4, T2): Moryhe je na (T4, T2) uune GH-map [2, 29]

» —0-GHPair: Hujenna teopema He 3abpamyje HyxHO (Teopema 3.1) [13, 29]

= Consistent(GHPair): KourenT He caap:ku uHTEpHY npotuBpeuHocT [13, 32]
3akspyuak: GH-mapoBH nocroje y MaremMatuukoM mpoctopy [23].
Mojammeme: ,[locToje y MaTeMaTHUKOM IPOCTOPY” 3HAYM Aa CY M OHU JISTHTUMHU MaTEeMaTHYKH 00jeKTH
npoyyaBama, a He 1a IMaMo eKCIUTMIUTaH npumMep. Paznuka je namely:

* Tlocrojama y npuHuumy: KoHIenT je KoXepeHTaH U Huje 3abpameH [23]

* Tlocrojama y mpakcu: MiMaMo eKCIUTHIIMTHY KOHCTPYKUHjy [25, 27, 28]
ALP rapanryje npBo; 10K ApYro, 3a caja, 0cTaje OTBOpeH mpobiiem [23].
5.1.5UMmunkanuje 3a HEeHTPAJIHU NPOdIeM
ALP ¢ynmamenTamHo mpeoOinKyje Halle HCTPAKUBAHE:
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Tpaanunonaano murtame: , Jla 11 GH-mapoBu nocroje?”
0 ALP oarosop: ,/la, y MarematiukoM npocTopy (mpema oacycTBy 3abpane).” [2, 29]
HoBo nurame: ,MoxeMo 71 eKCIUTMIUTHO KoHCTpynucatn GH-map?”
0 Craryc: OTBOpeH TexHUYKHU podiem [25, 27, 28].Anu Hema pasziora 1a He
MOKEMO.
OBaj moMak UMa BaskHe MOCJeAUIIE!
* Teper noka3a: Panuje cMO MOpanu Ja J0KaXeMo MocTojame (KoHcTpyuiiemo mnap). Can he Mopatu cBu
NPOTUBHHUIM J0Ka3aTu HemoryhHocT (mpoHal)y ckpuBeny 3abpany). OBo je 3HauajHa npeanoct [13, 29].
» OnpaBaame HCTPa:kuBamwba: 1 6e3 eKCIUTMIINTHE KOHCTPYKIH]j€, UCTPAKUBAE j€ BPEIHO jep MU OBJIE
UCTpaxyjeMo MoTBpheHy 00JacT MaTeMaTHYKOT IPOCTOPA, a HE JypuMO HEKakBy xumepy [23].
» ®uinocodeko nosepeme: Moxemo ca curyprourhy TBpanTu 1a GH-nmapoBH nocroje MaTeMaTHuky y3
KOHCTATAIIMjy Ja X jOIl HUCMO €KCIUTUIIMTHO MPOHAILIH, OJHOCHO KOHCTpyHucaiu [6, 26].
[Topeheme ca npyrom matematrkoM: OBO je yIpaBo CTaTyC MHOTHMX BRXKHUX MaTeMaTHYKUX o0jeKata jep je
MO3HATO JIa MOCTOj€ MO0 KOH3UCTEHTHOCTH, a TPAXKe ce KPO3 KOHCTPYKIH]Y.
IMpumepu: crieruUUHE BEIUKU KapAUHAIH, pellickha 0TBOpeHuX [InodanToBuX jeqHaunHa, Uti. [23].

5.1.6 ALP u ucropuja matemaTrnke

IIpumep:

Konnenr Y no4verky oadmjeH Kputepujym npuxsarama TpenyTHu cTaTtyc
Heratusau OpojeBu ;;gl;cyp A (cpenrbu [MTokazana konsuctenTHoct [23] | Cranmapa
KOMHHGKCHH »varusapan” (16. [MTokazana kou3ucteHTHOCT [23] | CyImTHHCKH
OpojeBu BEK)

Komsucrentaoct (NSA,196(-¢)

Wudunanresumanu | bepxmu: , myxosu” 23] [IpuxBahenn
beckonatmm »11atonomku” (19. Bek) | KonsucrentHoct ca ZF [23] Tewmess
CKYIIOBH

Benuku kapaunamu |, Cymmusu” (20. Bex) | Jlokasu konsucrentHoctu [23] | HanpenHa uctpakiBama

ALP o6jammasa o0pasai y HCTOpHjU MaTeMaTHKe:
Oopa3zam:
= HoBu KOHIENT NpeIokKeH (KOMIUIEKCHH OpojeBH, OSCKOHAYHH CKYIIOBH, UTI.)
* V¥V noueTKy KOHTPOBEpP3aH, JOUYEKaH ca CKEIICOM
= Tloka3aHo aa je koH3ucTeHnTan (6e3 mpoTuBpedHocTH) [23]
» Tlocreneno npuxBahen kao ,mocrojehn” [23]
= Tlocraje cranmapaHa MmatemMaTrka [23]
Osaj ucropujcku obpasai moaceha na KynoBy ananusy HayuHux peonyiuja [20].
Tpajexropuja GH-naposa:
0 TpenyrtHo: [Ipeanoxenu, touekanu ca (OueKMBaHOM) cKericoM [2, 29]
0 Ham nonpunoc: ITokazano oacyctso 3adpane (Teopema 3.1) [13, 29]
0 Byayhnoct: buhe npuxBahienn ako ce npoHalje eKCIUIMIMTHA KOHCTPYKUHUja (YaKk u
0e3 me, mo ALP) [23]
3akspyuak: ALP npensuba na he GH-mapoBu Outn npuxsahenu, nparehu ucropujcku obpasair [23].
5.1.7 ALPu Teopema o nocrojamy Mojena
Axcuom Jornuke moryhnoctTu Huje u3onoBan npuiun. CTporo je moBe3aH ca yrBpheHHM pe3ysitaTuma y
MaTeMaTHUYKO] JIOTUIH, KOHKPETHO ca XeHKHHOBOM TeopeMom o mocrojamy moneJia [16].
Teopema o mocrojamy Moaena (Xenkun, 1949):
CBaku KOH3HCTEHTAaH CKyl (popMmyIia mpBor peaa uma mozen [16].
®opmanHo: ako je I' KOH3UCTEHTaH cKyI (opMyJia y JOTUIM IPBOT pelia, OHAa OCcToju Moaea M TakaB aa
MET.
Ta teopema opmanuzyje GpyHIaMEHTATHNA TPUHIMIT Y MATEMAaTHYKO] JIOTUIN: KOH3UCTEHTHOCT HMILTHIIMPA
noctojame (y CMHCITy MOJIeNIa-TeOpHjCKOT mocTojama) [16]. OHa mpysxa puropo3Hy OCHOBY 3a HHTYUILIHjY Aa
»OHO IIITO C€ MOKE KOXEPEHTHO OITUCATH, MAaTEMaTHYKH MOCTOju.”
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IIpumena na GH-nmapose: GH-napoBu 3a10B0JbaBajy yCIIOBE 32 MOAEI-TEOPH]jCKOT ITOCTOjamba:

o IIpeunsna nepununuja: GH-napoBu cy puroposno aedunucanu kpo3 yciose DP1 — DP3 koju ce
(Teburuimja 2.3)Mory GopMaNn30BaTH y je3UKY MaTeMaTHuKe Joruke [2, 29].

» Kon3ucrenrnocr: /Iepunnimja jecte HHTEPHO KOH3UCTEHTHA (HEMa MPOTUBPEYHOCTH HH Y 3aXTEBY
3a Mel)ycoOHe JJoka3e KOH3UCTEHTHOCTH, MojeruHauHa ['efenoBa orpaHuyYeha, HU HEYOPEAUBOCTH)
[13, 32]IlITaBuie, Teopema 3.1yTBphyje U 1a HUjeTHA OJ] MO3HATHX TEOPEMa MAaTEMATHUYKE JIOTHKE
He 3a0pamyje GH-mapoBe — Hema ekcTepHe HEKOH3UCTEHTHOCTH [13, 29].

o (dopmanu3aduaHOCT y npBoM peny: Mako cy GH-mapoBu Meta-mMaremMaTuuke CTpyKType, AaTe Kao
(bopManHu cucTeMH, BHUX0Ba JepuHUIIyha CBOjCTBA MOTY CE€ M3Pa3UTH U Y JIOTHIIM PBOT penia Kpo3
apurmetusanujy ([emenoBo Hymepucame) [10,13]. Ycenosu DP1-DP3npesoe ce y ¢popmysie mpBor
pena o mpearKaTHMa JJOKa3UBOCTH U (popMyriama KOH3UCTEHTHOCTH.

[To Teopemu o mocTojamy Mojesa, OMITO je KapakTepuzanyja GH-mapoBa KOH3UCTEHTHA TOCTOjU MOJIE
M y KoMe mocToje CTpyKType Koje 3am0BosbaBajy DP1-DP3[16]. OBo mpyka MaTeMaTHYKO yTEMEJbEhE 3a
TBPAY 0 MocTojaky u3 Teopeme 5.2.
Onnoc usmel)y ALP u Teopeme o nmoctojamy moaena: ALP je moryhe pazymern jomr u xao ¢uiocodeky
apTUKYJAIN]jy TPUHIIAIA [T0CTOjaka MOJeNa, 1ajke MPOIIMPEHY W U3BaH (opMyIIa MPBOT penia Ha CIO0KEHE
marematuuke ctpykrype [6, 23]. [lok Teopema o moctojamy Mojena yTBphyje mocTojame Mojenia camo 3a
KOH3HUCTEHTHE cKymoBe (opmyia [16], ALP npommpyje oBo pe3oHOBame Ha METa-MaTeMaTHUKE CTPYKTYPE
Kao MITO Cy OpMaITHA CHCTEMH, FEOMETPHUJCKH POCTOPHU H ATllCTPAKTHA MaTeMaTH4YKH 00jexTh [23].
HWcropujcku obpasan koju nmoapxkasa ALP (komiiekcHU OpojeBH, TpaHCHUHUTHH OpIUHAIN, HECYKITHI0BA
reoMeTpHja) OiparkaBa MOHOBJbCHE MPUMEHE MPHHIIHIA , KOH3UCTCHTHOCT UMILTUIMPA MOCTOjame”, Koje Ta
Teopema o noctojawy Mozena popmanusyje [23, 33].CBaku UCTOPHjCKHU CITy4aj YKIbYUHBAO je:

»  TIpeuusny nepununnnjy (Gopmanuzaduimy)

*  VHyTpauimby KOH3UCTEHTHOCT (0€3 NPOTUBPEUHOCTH)

=  OxcyctBo 3abpane (HHjeHA TeopeMa HHje To 3abpamuBaa)

» KonHauyHo mpuxBaTame Kao nmocrojehinx Mmarematnukux odjekara [23]
3akspyuak: Teopema 5.2 He mounBa Ha ALP kao MeTo0m0mkoM NpUHIKITY BATUAMPAHOM HCTOPHUjOM, Beh
[6, 23] u Ha yrBpheHoj Be3u m3Mel)y KOH3UCTEHTHOCTH M MOJIEIa-TEOPHjCKOT MOCTOjarba y MaTeMaTH4Koj
noruim [16]. Teopema 0 MoOCTOjamby MOJIENa MpyKa MAaTEMAaTHUKU TeMesb, ad ALP mpyxa u dunocodcku
OKBHUD 32 IIPUMEHY OBOT NIPUHIIMIIA HA TeMEJbHE CTPYKTYpE.
Kputuuna nanomena: Heku 6u mornu npuroBoputu na ce GH-mapoBu, kao MeTta-MareMaTHYKu 00jeKTH
(dbopmasau cucTeMu), pasauKyjy ox hopMmyiia Ha Koje ce XeHKHHOBA TeopeMa JUPEKTHO mpumemyje. To je
Ta4HO, aJIM IPHUHIMII CE TEHEPAIHO MPOIIMpYje. KAo ITO KOH3UCTEHTHU CKYNOBH (OpMyJa UMajy Mojene
[16], Tako ¥ KOH3HMCTCHTHE KapaKTepHU3allhje MaTeMaTHYKHX CTPYKTypa uMajy peanusanuje [23]. O6uman
pa3Boj Teopuje Mojena o XCHKHHOBOT pajia MmojapxaBa oBy renepaiusanujy [16]. GH-napoBu, nocienHo
KapaKkTepHCcaHH, TPHUIAJIaj)y MaTeMaTHIKOM YHUBEP3YMY CTPYKTypa — OHH IOCTOj€ Y HICTOM CMHUCIY Y KOM
MOCTOjU CBaKa MaTeMaTHYKU KOXepeHTHA cTpykTypa [23]. OBa reHepaimu3aiyja Hije TeK MyKH aHaJIOTHjCKH
CKOK. Mlako XeHKHHOBA TeopeMa TUPEKTHO BaXKH 3a CKyNoBe (hopMyia y jeJHOM je3UKy, NPUHIIUIT KOjU OHA
¢dopmanusyje - 1a KOH3UCTEHTHA KapaKTepu3alyja rapanTyje peajn3anjy - IpuMembyje ce y MaTeMaTHIKO)]
MPaKCH IUPOKO U Ha clokeHuje cTpykType. Konkpetro, map cucrema (T4, T,) ca ycinosuma DP1-DP3ce
MOY€E ITOCMAaTpaTH Kao KOH3UCTEHTaH CKYI YCIIOBa y OroBapajyhem Mera-TeopHjcKoM je3uKy, Ha IpuMep. y
Z, umu ZFC, y koMe je XEeHKUHOB MPHUHIIAI AUPEKTHO MPUMEHIBUB. Y TOM OKBHPY, MOCTOjalkbe CTPYKTYpE
Koja 3amoBospaBa DP1-DP3cnenu cranmapaanm myrem. [loTnyHa Bepudukamnuja oBor kopaka 6uhe name
00e30ehena eKCIITMIMTHOM KOHCTPYKIHjoM y Tpehem pamy oBe Tpujaze.

5.2 Teopema o nocrojamy

Cazia MO’KeMO KOHaYHO (DOPMYJIMCATH LIEHTPATHU PE3YIITAT O MOCTOjarby KOJH CIIEAN U3 AKCHOMA JIOTHYKE
moryhHocTr u Hamie aHanu3e GH-nmapoBa.

5.2T'naBHa Teopema (ITocTtojame GH-mapoBa kpo3 ALP).

ITox ALP, GH-napoBu nocToje y mpocTopy MaTeMaTHYKHX CTpyKTypa [6, 23].

Joxka3 1 (ITocTojame Kpo3 JTOTHYKY CEKBEHILY):

(1) Mpeunsna nepununuja: GH-mapoBu cy puroposHo aepunucanu kpo3 yciaose DP1-DP3([edun.2.3)
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[2, 29]. Jedunnmja je MaTeMaTHYKK OpEIU3HA U YKIbYUY]e:

 MeljycobHy nokasusoct konsucrentHocT: T1 - Conf™(T,) u T, + Conf™}(T))

o Tojemumuaune lexenose orpannuerocti: Tq i Conf™(T) u T, i Conf™(T,) [13, 32]

» HeymopeauBocCT: HHjeaH CUCTEM HHje mojcucTeM apyror [25, 27, 28]
(2) Yuyrpamma kon3ucrentHoct aepunnnuje: Ycinosu DP1-DP3cy melycoOHO koH3ucTeHTHH. Hema
JIOTMYKE IPOTUBPEYHOCTH Y HCTOBPEMEHOM 3aXTEBY 3a:
MelycoOne nokase kousucteHtHOCTH (DP1) — cuntakcuuku oxHocH usMel)y paznuuntux cucrema [2, 29].
[Mojenunaune ['enenose orpanndeHoctu (DP2) — cnene u3 I'enena Il 3a cBaku cuctem mocedno [13, 32].
OBa KOH3UCTEHTHOCT C€ OJIHOCH Ha (popMalTHy KOMIATHOMITHOCT yCJIOBa, a HE Ha JJOKAa3 MIOCTOjaka MOJIeNa.
Heynopenusoct (DP3) — penaiioHo cBojcTBO I0Ka3HO-TeOpHjcKe nHKIy3mje [25, 27, 28].
(3) OncycrBo 3a6pane: ITo Teopemu 3.1, He MOCTOjU MO3HATA TEOPEMa Y MATEMAaTHYKOj JIOTHIIM KOja TBPIX
na cy GH-naposu vemoryhu [13, 29].KonkpeTHo:

« ['ezienoBe TeopeMe 0 HEMOTIIYHOCTH 3a0pamyjy camopedepeHiujy anu He uukiayce [13, 32]

» Hujenan Ipunuun acumerpuune nyxuoctd (PAN) Huje nokasan [7, 25, 29]

e Hujenan apyru TeMesbHU pe3yiaTaT He uekibyuyje GH-mapose [23]
(4) ALP ce npumemyje: GH-mapoBu 3a10B0baBajy yciose 3a ALP [6, 23]:

» JloBoJbHO OOrata cTpykTypa (opMasHu CHCTEMH ca apUTMETHYKOM cHarom) [7]

o Jlo6po nedunrcanu (Mperr3Hu aKCHOMH U ceMaHTHuKa) [2, 29]

 Huje moruuku 3abparmeHo (o kopaky 3) [13, 29]
(5) MocTojame caemu: [To ALP, cBe OHO IITO je KOH3UCTEHTHO JAe(DUHUOMITHO U HHUje 3a0parbeHO MOCTOjU Y
MaTeMaTU4KoOM mpoctopy [6,23].
dopmanna mema: GH-nmapoBu jecy n106po nedunucanu (1) dedunuimja je yHyTpaiime KOH3UCTCHTHA (2)
—Provablypyossible(GHPairs)(3) ALP ce mpumMemyje Ha takse ctpykrype (4), (5)
e 3( T1, Tz): GHPair(T1, Tz)
IMon ALP, GH-mapoBu nocroje kao MaTeMaTH4YKe CTPYKTYpe y pocTopy ¢opmasne Jjoruke [6, 23].0

MeTtonoaomka HanomeHna: OBaj J0Ka3 Cieau UCTH 00pa3all Kao JOKa3! MOCTOjarmba 3a:
0 KOMIUIEKCHE OpojeBe (0e3 mpoTHBpeUja ca peaqTHOM apUTMETHKOM — KOMIUICKCHH
OpojeBu noctoje) [23],
0 TpaHchuHuTHE opauHane (0e3 mpoTuBpeyHOCTH ca ZF— TpaHCHUHUTHU OpAUHAIIH
nocroje) [25, 27, 28],
0 Benuke KapauHaie (KOH3UCTEHTHOCT ca ZFC— WM BeNMKH KapJHHAIUA MOPajy
MOCTOjaTu y MPOIIUPEHUM TeopHjama cKymosa) [23].
VY cBakoM citydajy, KOH3UCTEHTHA Je()UHHOMIHOCT + 0JCYCTBO 3a0paHe yTBphyje MareMaTH4Ko ImocTojame
[6, 23].

Joka3 2 (Kpo3 Teopemy o nocrojamy mojeJia):
I[To XenknHoBoj Teopemu o nocrojamy Mozena [16], koHsucrenran ckym Gpopmyia MpBOr peaa uMa MOJEI.
GH-napoBu ce mMory ¢popmanu3oBaTi Kao cKyn yciosa I' y je3auxy npBor peaa Kpo3 apuTMeTH3alujy:
0o Iy Ty Conf™(T,)
o I Tz - Con{ﬁ“}(T1)
0 TIs: Ty Con{finy(T))
0 T4 T, i Conifink(T,)
0 [I's: HeymopeauBocT
Joxazanu cmo (Teopema 3.1)na I' He cagpiku IPOTUBPEYHOCT | J1a HUje/HA [T03HATA TeopeMa He 3a0pamyje
OBAaj CKYII yCJIOBa.
ITo ALP npunmuny [6, 23], KOH3UCTCHTHA Ae)UHUOMITHOCT UMIUTUIINPA MaTEMAaTHUKO MOCTojame. Jlakie,
MOCTOjH CTPYKTYypa (MoJiel) Koju 3am10Bosbasa I
Ta cTpykTypa je ynpaBo GH-nap.
Hoxka3 3 (Kpo3 TpaHCHEHIEHTATHH apTryMEeHT):
[MpernocTaBumo, paau kouTpaauknmje, 1a GH-maposu HE mocToje.
Tana, no ALP nmpunnumny (BaauaupaHoM HCTOPUjCKOM IPAKCOM), MOpa MOCTOjaTH JIOrMYKa 3a0paHa Koja ux
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UCKJBYYY]e.
Amu Teopema 3.1 nerasbho mokasyje [13, 29]na TakBa 3abpana He mocToju jep Hu ['enen, Hu ['eHIeH, HUTH
NpUHIHNHN pedIIeKcHje je He T03B0JbaBajy.
Jla 6rcMo oZIprKa XUTIOTE3y HEMOCTOjamba, MOpalil OMCMO HIIH:
(a) onbarmti ALP [6, 23] ([To moapuBa OHTOJIOIIKO YIIOPHUILTE eJIe MOJCPHE MATEMAaTHKE)
(6) oTkpuTH HOBY, CKPUBEHY TeopeMy Koja 3abpamyje GH-napose.
[TomTo HUjegHO OX TOTA HHjE TOTKPEIJBEHO OKAa3MMa, a M HAIll METOJIOJIONIKH OKBUP OCTaje KOXEPEHTaH,
JeIVHU palMoHAIIHK 3aKJbydak jecte. GH-mapoBu mocroje.
Hanomena: 3akspyuak Teopeme 5.2je ycnoBibeH npuxBaTameM ALP kao Bakeher mpuHImma MmareMaTHaKe
OHTOJIOTH]E
5.2.1"HTepnpeTanuja U UMIIHKALMjaA
IIta Teopema 5.2yrBphyje: Teopema nokasyje na cy GH-mapoBu JIerHTHMHA MaTeMaTHIKUA 00jEKTH.
OHH 1ocToje y HCTOM CMUCIY Y KOM:
» Komriekcau 6pojeBu mocToje (KOH3UCTEHTHO MPOIIHPEme peaannx) [23]
o TpaHCPHUHUTHHU OPAUHAIH MMOCTOje (KOH3UCTEHTHO MPOIIMPEH-E KOHAYHUX opanHaia) [25, 27, 28]
» Benuku kapauHanu nmocroje (konsucteHTHU ca ZFC, 6e3 eKCIUTMIIMTHE KOHCTPYKITHje 3a cBe) [23]
IITa Teopema 5.2HE TtBpau: Teopema He TBPIH:
0 /la IMaMoO eKCIUTMIUTHY KOHCTPYKIH]jy (HEMamo, jOII yBeK)
0 /[la cBaku opmanHu cucteM uMa cBor GH-napTHepa (Heno3Harto)
0 /[lacy GH-mapoBwu ,uecti” wiu ce ,J1ako npoHaiase” (Aeinyjy peTKH U JeTHUKaTHH)
Pazauka: Ilocrojame y npuHimiy je (IUIATOHOBCKU JOMEH) HACYIPOT MOCTOjalby Y MPaKcH (SKCIUTUIIMTAH
npumep) [6,23].
Ananoruja: OcHOBHA TeopeMma ainredpe Kaxke 1a CBaKd MOJIMHOM cTereHa N uma TayHo N kopeHa y C [7].
OBo rapaHnTyje nocrojame 0e3 naBama popmyina (mraBuie, Aden—Pydunn 1okasyje Aa He MOCTOjH OMINTA
dopmyna 3a N>5). Unak, kopeuu nocroje. Ciuuno Tome, Teopema 5.2 rapantyje 1a GH-nmapoBu nocroje u
0e3 maBarba eKCIUIMIMTHUX puMepa [2, 29].
Kputuuno nojammeme o npupoau nocrojama; Mmak, TBpama ,GH-nmapoBu moctoje y MmareMaTnakom
IpOCTOPY* 4eCTO ce MOTPELIHO pa3yMe. 3aTo pa3jallbaBaMo TPU CMHCIA MaTEMaTHYKOT ITOCTOjamba:
» [TocTojame Ka0 KOH3UCTEHTHA IEPUHUOMITHOCT: OCTOjH4 aKO C€ MOYKE KOH3HCTEHTHO nedunucatu [23].
» [TocTojame Kao TEOPHjCKa HY)KHOCT: MOCTOjU, aKo cieau u3 npuxBahenux npuniwna (kao ALP) [6, 23].
* [TocTojame Ka0 EKCIUTMIUTHA KOHCTPYKIHja: MOCTOjH3 aKO IMaMO 1 HEKaKaB eKCIUTHIIUTAH IPUMeEp HITH
anropuram [5, 34].
Teopema 5.2 ytBphyje noctojame, — GH-nmapoBu moctoje kao Teopujcka HyxkHocT mox ALP, Banuaupanu
0JICYyCTBOM 3a0paHe U uCTOpujckuM obpacuuma [6, 23]. To je uctu cmMucao y KOM KaxxeMo ,, [IOCTOjH peaaH
6poj X TakaB [a X2 = 2" npe KOHCTPYKIHje V2, M , TTOCTOje MOJCIH HeeYKIHACKE reoMeTprje” KOju Cy Tpe
KiajuoBux excrmmmutaux mojena [33]. [Toctojames 0cTaje 0OTBOPEHO, ajli je cajia MPaBUiIHO (hOPMYITHUCAHO
Kao mpo0JieM IpeTpare, a He Kao MUTake MOCTOjamba.
IIpurosop: ,,Anu Bu camo JiepUHHIIIETE CTBApH Y TIOcTOjambe!”
Oxarosop: He. ALP Huje no3Bona a ce mpou3BOJHHO MPOTrJiacu moctojame. OH 3aXxTeBa:
(a) Puroposuy nedununujy [2, 29]
(6) Yuytparumwy KoH3uctenTHoct [13, 32]
(B) Criospaimy KoH3ucTeHTHOCT [13, 29]
(r) JoBospHy Goratoct [23]
GH-napoBu 3a10BoJpaBajy cBa yetupH ycioBa. OBo HHje n1eduHHCcame Y MocTojame Beh mpenosHaBame
MOCTOjama Kpo3 yTBpl)eHy MaTeMaTuuky Metopoorujy [6, 10].
Jonatnu apryment (Tpancuenaenranna nyxHoct). [Topen mupextae aeaykumje u3 ALP -a, mocrojame
GH-napoBa mMoxe ce BUACTH U Ka0 TPAHCUEHAeHTATHA HYKHOCT, Hy>)KHOCT YHYTap Haller MaTeMaTHIKOT
yHuBep3yMa. [IpeTmocraBumo, caMo pamu KoHTpaauknuje, 1a GH-nmapoBu He mocToje Ka0 MaTeMaTHUKE
crpykrype. Taga, no ALP -y (koju je BaauaupaH UCTOPH]CKOM MPAKCOM), MOpa MOCTOjaTH JOTUYKa 3a0paHa
Koja To uckipyuyje. Mehyrum, Teopema 3.1 netaspHO moka3syje 1a TakBa 3a0paHa He MOCTOjU, HE Y OKBHPY
no3HaTte Jioruke; Hu [eaen, Hu ['eHIleH, HU NpUHITUIH pedUieKcHje He najy je. Jla Ou oapkaiu OBy XHITOTE3Y
HETIOCTOjarbka, MOpaii OMCMO HITH:
(a) ombartu ALP (o Ou ona Beh moapHBaIo OHTOJOIIKO YIOPHUIITE HETOKYITHE MOJCPHE MaTEMATHKE),
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(6) oTkpuTH HOBY, J0 cala CKpUBEHY, TEOpeMy, OHY Koja 3a0pamyje GH-mapoBe — mmiTo je y CyIITHHH
TBpAMA J1a je Hallla TPEHYTHA JIOTHKA HETOTIyHa y (yHIaMEHTAIIHOM cMHucy. [lomTo HU jenHO HHU APYTO
HUje TPYXWIO EBUACHIM]Y, a HAll METOMOJIOMIKM OKBHP OCTajeé CAaCBUM KOXEpPEHTaH W IUIOJAH, jeIHHU
palroHa HM 3aKJby4aK je oHaj n3BeneH: GH-mapoBu mocroje. Taj aprymMeHT He caMo 1a jada Be3y usMelhy
T3.1u T5.2, Beh u nozummonnpa GH-napoBe kao Hen30eskHe KaHIUWAATE 32 HCIYHABAKE TYAINCTHIKOT
XwunbeproBor nporpama [2, 6, 29].
5.2.2Kopoaapu
Kopoaap 5.2.1 {IpeodimkoBame neHTpagaHor npoodsuema). LientpanHo nurame Huje ,Jla 1u GH-naposu
noctoje?” Beh ,, Koju popmanuu cucremu unne GH-napose?”
Hoxa3 1 (ITocrojame yrepheno Teopemom 5.2)[6, 23]. Ono mrTo npeocraje je mpodiaeM uaeHTUHUKALHT]EC:
KapakTepu3aluja 1 MpoHaJaKehe eKCIUIMIMTHUX HHCTAHIH. O
Joka3 2 (Kpo3 enncreMu4Ky TPaH3ULH)Y):
[Ipe Teopeme 3.1u Teopeme 5.2, nurame ,/la mu GH-mapoBu nocrtoje?" 610 je 0TBOPEHO eMIUPHjCKO
MUTa-€e - MOIJIM CY M HE IOCTOjaTu.
Teopema 3.1 noka3syje: Hema Jiormuke 3aépane [13, 29]. Anmu Teopema 5.2 mokasyje: ALP umminmupa
nocrojame [6, 23].
OBe n1Be TeopeMe 3ajE€IHO BpIIC eMUCTEMHUYKY TPAH3HLHU]Y:

= [JIpe: ,Moxnaa nocroje, Moxaa He"

= TJlocae: ,IlocToje y mpUHIUILY, TUTakbE j€ KOjU KOHKPETHO"
OBO je HCTH THN TPAH3HIIKjE KAa0 Y UCTOPUjU MaTEMATHKE!

= JIpe Kanropa: ,/la i mocroje pa3nuinrte BeIudnHe OECKOHAYHOCTH?"

= TJlocae Kantopa: ,ITocroje, murame je kiacudpuxamnmja’
JlakJjie, IeHTpaIHu MPoOIeM je HaeHTH(PUKALKja, He mocTojame [6, 23]. m
Hoka3 3 (Kpo3 aHa/IOTHjy ca BeJIMKHM KapIMHAJUMA):
VY Teopuju CKyIoBa, BEIUKU KapIuHAIU (HEIOCTHXKHU, MEPJBHBHU, UTI.) CY MPBO MOCTYJIUPAHH HA OCHOBY
KOH3UCTEHTHOCTH, T1a TEK OH/Ia KOHCTPYMCAHHU U KJIaCH(UKOBAHM.
Penocnen je 6uo:

1. Joxa3 KkoH3WCTeHTHOCTH (HeMa 3abpane)

2. Tpunun npuxsarama (ALP exkBuBanenr y teopuju ckyrnosa)

3. HCTpa)KI/IBaHae KOHKPETHHUX MHCTAHIIU
GH-napoBu mpare uctu obpasar:

1. V Teopema 3.1 (Hema 3a0paHe)

2. v Teopema 5.2 ALP ummuimpa nocrojame)

3. — UcrtpaxuBame konkpeTHux uHctanim (Pax 3 oe Tpujaze)
[MTurame ,,Jla a1 moctoje?" je onroopeno. [Ipeocraje ,,Koju?" [23]. m
Kopoaap 5.2.2 [eper noka3a). Tepet nokasa Jie:)ku Ha OHEMA KOju Ou nopuiaiu nocrojame GH-maposa.
Onu Mopajy uim:

(@) Moxasatu Provably;y,possible (GH-Pairs), unme 6u onospriu Teopemy 3.1 [13, 29]
(6) Ombamutu ALP kao Baxxehu IpUHITMIT 32 MATEMAaTHYKO MTOCTOjabe [6, 23].

Hoxa3s 1. JTata je Teopema 3.1 (Hema 3abpane) u ALP (mpuxBahien npuHIui), moapa3yMeBaHa MO3MIIHja je
nocrojame. Herupame 3axteBa je moOujame jeHe 0]l OBUX IpeMuca. 0
Joxka3 2 (Kpo3 BayesianenucrtemoJiorujy):
Heka P(GH) Oyne enmmcremuuka BepoBatHoha nocrojama GH-nmaposa.

= TlIpe Teopema 3.1u 5.2:P(GH) = 0.5 (aeyrpanasn prior)

» Tlocae Teopeme 3.1:OncyctBo 3abpane nosehasa: P(GH) > 0.5

* ITocae Teopeme 5.2: ALPapryment naswe nosehasa: P(GH) » 0.5
[To Bayesiamxypupamy [8], Teper nokasa ce momepa: oHaj ko TBpau ~(GH) Mopa mpyxutu jak noka3s
(jauu ox komOuHatmje Teopeme 3.1 +ALP) na Bpatu P(GH) ucnon 0.5.
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(a) IIponahwu ckpuseny 3abpany (modutu Teopemy 3.1)
(6) Onoarutu ALP (modutu Teopemy 5.2)
O6e cy jaku 3axTeBu [6, 13, 23, 29]m
Hoxa3 3 (Kpo3 aHa/iorujy ca HAy4HOM MeTOT0JI0THjOM):
VY Hayuu, Kaja Xunoresa:
= Hewma no3HaTe KOHTPAJAUKIHMje ca mocTojehnM Teopujama
* lIma MO3UTHBHY TEOPHUjCKY MOAPIIKY
= Jom HeMa TUPEKTHE eMITUPHjCKe BepupHUKaIHje
OH/Ia CC MPUBPEMEHO MPUXBATA JI0 CBEHTYATHOT IOOHjamba.
GH-napoBu 3a10BosbaBajy (1) u (2):
(1) v Teopema 3.1 -HeMa KOHTPAIUKIIH]E
(2) v Teopema 5.2 -ALP mnoapika
(3) Jour Hema excrumuitHe KoHCTpyKIHje (Pax 3)
[To crangapaHOj HAYYHO] METOIOJIOTHjH, PAllAOHATIAH CTAB j¢ MPUBPEMEHO NMPUXBaTambe MOCTOjamba.
Tepet 10Ka3a je Ha OHUMa KOju Ou oxbammiM oBy xumnoresy ynpkoc (1) u (2) [6, 23].m
Kopoaap 5.2.3 OnpaBaame ucrpaxuBavykor nporpama). [lotpara 3a ekcrumunutaumM GH-napoBuma je
OlpaB/iaHa Kao MCTPaKUBame MOTBpleHe MaTeMaTH4Ke TEPUTOpHje, a He Kao CreKyianuja o moryhHoctn

[23].

Hoxa3 1 (ITo Teopemu 5.2, GHnapoBu nocroje) [6,23]:
3aT0 je 0BO HCTPAXKUBAKE KOj€ MX TPAXKU aHAJIOTHO TPaXewy CeM(DUIHUX BETUKHX KapauHaia (3a Koje ce
3Ha JIa OCTOje MO Pe3yaTaTUMa KOH3UCTEHTHOCTH) [23] uin ce 3Ha MO MPOHAIAXKEHY 3aTBOPECHHUX PEIICHa
audepeHInjaTHuX jeHauYnHa (3a Koje je MO3HATO Jla MOCToje 1Mo TeopeMaMa o moctojamy) [7]. m
Hoxka3 2 (Kpo3 pasauky u3mel)y criekyJiaiuje i HCTPAKUBAHA):
0 Chekyaanmja = Tpara 3a HEUUM YHje TIOCTOjarbe j€ HEYTPATHO WIH CYyMEIHBO
0 MHcrpaxkuBame = Tpara 3a HSYMM YHj€ TIOCTOjarbe j€ TEOPHjCKH MOAPKAHO
IIpumepn cnekynanuje:
0 Tparame 3a perpetuum mobil@abpameno TepMOTHHAMHKOM)
0 Tparame 3a KBaapaTypoM Kpyra (3abparmeHo JInHIeMaHOBOM TEOPEMOM)
IMpumepu ucTpaKuBama:
0 Tparame 3a XurcoBum 6030H0M (mpeasuhen CtaHaapIHUM MOAEIOM, mpoHaheH
2012)
0 Tparame 3a rpaBuraionum tanacuma (mpeasuhern OTP, netekroBanu 2015)
GH-napoBu cniafiajy y ucTpaxuBame:
0 Teopema 3.1:Hema 3abpane (3a pasnuky oa perpetuum mobibe
0 Teopema 5.2: Teopujcku moapxanu ALP-om (kao Xurcos 6030u CtaHmapIHum
MOJIEIIOM)
Jlakje, MCTpakuBauKy MPOrpam je onpasaas [6, 23]. m
Joka3 3 (Kpo3 enncreMu4Ku cTaryc):
MoxeMo KITacu(pUKOBATH MaTeMAaTHIKe 00jEKTe 10 eMUCTEMUIKOM CTaTyCy:
e Huso 0: [Tokazano He mocToje (Hp. HajBehu mpocT 6poj)
e Huso 1: Heno3uar craryc, Hema TeopHujcke NoApInke (HIp. ,MarudHu’ 00jekTr 0e3 MOTHBAIIH]e)
e Huso 2: Heno3uar craryc, anu Teopujcku MoTuBucanu (Hrp. ['onmgbdaxoBa xumnoresa)
e Huso 3: Jloka3aHo noCToje y NPUHIIKITY, TPaXKe ce KOHKpeTHH (HIp. peniewa HennHeapuux I1J)
e HuBo 4: EKCIUIMIIMTHO KOHCTPYUCAHH (HIIP. IPUPOTHU OPOjeBH)
Ipe Tpujane: GH-napoBu cy 6rm HuBo 1-2I1ocie Teopema 3.1u 5.2: GH-naposu cy nocranu Huso 3.
HcrpaxuBauku nporpamu Ha HuBoy 3 cy cranaap/Ho onpaBaanu y matemaruuu [7, 23]. m
5.2.4®unocodpcku 3Hauaj
Teopema 5.2npencraBiba METOIOJIOMIKH TIOMAK y TEMEJBHUM UCTPAKUBAUMA!
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TpagunmoHaTHH NPHUCTYIL:
= [Ipennoxxutu CIpyKTypy —
* JlokymaTi KOHCTPYKIH]y —
= AKO je yCremiHa: moctoju v/
= AKO HHje: MOXK/a He ITOCTOjH?
Ham npucrtyn:
0 Ilpemioxkuru cTpykTypy — JlokazaTu ojcycTBo 3a0pane — Ilpumenutu ALP —
0 Ilocrojame yrBphero v — Tpakutu ekcIutMiuTHe npumMepe [6, 23]
OBoO onpakaBa UCTOPUjCKU Pa3BOj MAaTEMATHIKHUX KOHIIETIATa!
0 HeraruBau OpojeBu: y moyeTKy 00HjeHH, Ha Kpajy nmpuxBaheHn Kpo3
KOH3UCTEHTHOCT [23]
0 Wmarunapuu OpojeBu: ,,HeMoryhun” cBe TOK HUje TIOKa3aHa KOH3UCTEHTHOCT [23]
0 beckonauHm CKymoBU: KOHTPOBEP3HU CBE JOK KaHTOp HUje moka3zao KOH3UCTEHTHOCT
[23]
0 GH-napoBu criezne ucru odpasar [2, 29]
3axsbyuak: Teopema 5.2 mocraBira GH-nmapoBe y moTBpheHy OHTONOTHjy MaTeMaTuke, momepajyhu Ttako
UCTPaXHMBAILE Ca MUTakba ,,J1a JIK OHU TI0CToje?” Ha MUTamkbe , rae ¢y oHu?” [6, 23].

5.3Pe3ume. EnncremMoJiomka op:;KuBOCT H NMOCTOjamb€
GH-napoBu cy u enucTeMONONIKY OIP)KUBH U MaTeMaTU4KH nocTojehu:
EnucreMo/101IKH TeMeJbH:
0 HesaBucHo onpaBzambe 3a 00a cucrema (EMITUPHjCKH yCIIeX, 10CaJallbi Pe3yITaTh)
[7, 33]
0 MeljycobHu g0Ka3u 3aucta aomaajy norsphyjyhu gokas [2, 29]
0 IlemokynHa cTpyKTypa noctuke pediiekcuBHy paBHoTexy [30]
0 Hewma GeckoHauHor perpeca, nomrtyjy I'egenoBa orpannyesa [13, 32]
MojaJiHH U OHTOJIOIIKH TeMeJbH:
0 Jlornuka moryhnoct yrBphena (Teopema 3.1:Hema nokaszaHe 3abpane) [13, 29]
0 ALP npunnun (Cekuuja 5.1: MoryhHOCT moapazyMeBa MaTeMaTUiKoO MMOCTojame) [6,
23]
0 Ilocrojame mokaszano (Teopema 5.2: GH-napoBu nocroje) [6, 23]
0 MUcropujcku o00Opa3al; moapkaBa KOHAYHO TMpHXBaTambe (KOMIUIGKCHH OpOjeBH,
OeckoHauHM cKymnosu) [23, 25, 27, 28]
TpenyTHH cTartyc:
0 TIlocrojame y npunnuny: Ytepheno (Teopema 5.2) v [6, 23]
0 Ilocrojame y npakcu: OTBOpeH mpodieM (MoTpedHa eKCIUTUIIMTHA KOHCTPYKIIH]ja)
[25,27,28]
Konauna npouena: GH-nmapoBu mnocroje y mpoctopy marematuukux crpykrypa (Teopema 5.2) [6, 23].
Enucremornomko nurame je penieHo. [Ipeoctany 13a30B jecte KOHCTPYKTHBaH, He er3ucteHnujanad. CBoau
ce Ha uAeHTUHUKALN]Y SKCIUTHIMTHUX MpuMepa (peHoMeHa 3a Koju cMo Beh qokasanu aa moctoje [2, 29].

6. IMIIJIMKAILINJE

Haxkon mTo cMo yTBpaniu (opMaHO-IOTHYKY MOTYNHOCT M JOKa3aly OHTOJIOIIKO NocTojamke GH-naposa,
HEOIIXO/IHO j€ carjielaTi MoceInle Koje OBakaB MOEJ OCTaBJba Ha IINPY apXUTEKTypy 3Hama. [loctrojame
MelycoOHo Banuanpajyhux cuctemMa AUPEKTHO M3a3uBa TPaAULMOHAIHU (HOHJALMOHATHY MOHHM3aM U HYAU
n3na3 u3 'egenoBor hopcokaka. Y 0BOj CEKLMjU UCTPaKyjeMO U KaKO JYaIUCTHUKU HPUCTYH MEHa TeMeJbe
MaTeMaTHKe, peeuHulle BeKoBHE puiocodceke aedaTe U HyIu METOJO0JIO0TH]y 3a MaTeMaTHUKy Mpakcy U
BELITAYKy UHTEIUICHLH]Y.

6.13a Temesbe MaTeMaTHKE
[Tocrojame GH-mapoBa mim yak camo JIorndka MOTYhHOCT nMa TyOOKe MMIUTHKAIIH]jE 32 Hallle pa3yMeBambe
MaTEeMaTHYKUX TEMEJha.
6.1.1TlnypanucTHYKH TeMebH
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Tpaauuuonaauu norJen: MaremaTtuka 3axTeBa jeJUHCTBCHU TEMEJb, IPUBHICTOBAHU (DOPMATHU CHCTEM
(ucTopujcku: Teopuja cKynoBa, KOHKpeTHO ZFC) U3 Kora ce Moke M3BECTH MareMaTuka y 1enoctu [7, 23].
MoTuBanuja 3a MOHM3aM:
= JeAMHCTBO MaTeMaTH4YKEe HCTUHE
= JKespa 3a anicomyTHOM M3BecHOIIhY
*  PeayKUMOHUCTHYKH MPOrpaM (CBECTH CBE HA jeZIHYy OCHOBY)
IIpo6aem: I'enenoBe Teopeme O6am To moTkonasajy. Hujenan cuctem He MOke OMTH HCTOBPEMEHO U TIOTITYH
u konsucreHrtad [13, 32].CaH 0 jeJHOM CaBPIICHOM TeMeJby je HeMoryh.
GH-napoBu cyrepunry: ®oHmanmoHamIHy IUTypain3aM; MaTeMaTHKa He TI0YHBa CaMo Ha jeIHO] arlCOIyTHO)
ocHoBH Beh Ha Buiie, Mel)ycoOHo moapskaBajyhux crybosa [23].
IMaypanucTuyka tesa:
1. Buire popMasHHX CHCTEMA MOTY CIIY)KHUTH Kao TeMesbu [23]
2. Tu cuctemu He MOpajy OMTH CBeACHH jeaaH Ha apyru [23]
3. Ibuxosa melycoOHa KOXEpEHTHOCT MpysKa onpasaame [7, 21, 26]
4. MaremaTHuKa UCTHHA j€ MHBApHjaHTHA KPO3 TeMeJbe (HcTe TeopeMe nokasuse) [23]
duiiocodcku npeceganu:
0 KapHamnoBo Havesno ToJepaHIyje: BHIIE je3HYKUX OKBUPA je JIETUTUMHO [6, 15]
0 MeaujuH MaTeMaTHYKKA HATYpaIU3aM: BHIIIE METOJIOJIOTH]ja je BasbaHo [23]
0 Ilnypanusam y Teopuju ckymnoBa (XaMKHHC): BHIlIE YHUBEpP3yMa TeopHje cKynosa [14,
23]
GH-napoBu 61 (opmann3oBaiy 0Baj IIypain3aM Ha (pOHIANMOHATHOM HUBOY [23].
6.1.2 PerarnBm3anmja komsucrentHocTH Tpamuimonanan kouuent: Confi™(T) je ancomyTHo cBojcTBO
— CHCTEM j€ WM KOH3UCTEHTaH W HUje, TauKa.
GH-napoBu cyrepumry: Con{fi“}(T) MoKa3yje ce Kao PesIalldOHO CBOjCTBO: KOH3MCTEHTHOCT j¢& pellaTUBHA
y OJIHOCY Ha CMUCTEMHUYKHU OKBHD [7, 26].
Nvnumkanmje:
= Jloka3u KOH3UCTEHTHOCTH CY YBEK YCIOBHH (pelaTHBHH Ha mpernocraske) [13, 32]
» Hewma ,moriena HIOTKyAa” Ha KOH3UCTEHTHOCT [23]
=  MareMaTu4Ko ONpaBIabe j& XOIUCTUYKO, @ HE AaTOMUCTHYKO [7, 26]
6.1.3HoBa kaacupukanuja ¢popmannnx cucrema I[lopen cranmapHe TUXOTOMH]jE ,jadyn/cnaduju,” oBze
GH-napoBu yBoae HoBe qumensuje [2, 29]:
Crannapana knacudukanuja:
» T,<T,(T2jaun: qoKa3yje BHIIIC)
= T,>T, (T1 ja‘lI/I)
» T,=T, (cKBUBaJICHTHO HHTEPIIPETAOUITHH)
Hoge kateropuje:
= Kommnemenrapuu VS. Hekommementapau [23]
= MehycobHo noka3uBu VS. Acumerpuunu [2, 29]
» GH-naprtaepu Vs. He3asuchu [2, 29]
OBo o6orahyje Harry TakcoHOMH]jY popmanHux cuctema [23].
6.1.4 Jloka3HO-Te€OPHjCKH OPAUHAJIMN MOHOBO pasMorpeHu Cranmapanu mories je: Jloka3HO-TeopujcKu
opmuman Ord(T) mepu crary. Ako je Ord(T4) < Ord(T,), ouna je T, cmaGuju u T, ¥ Conifin}(T,) [25, 27,
28, 29].
Cnexynatusna moryhnocer: Ord(T4) = Ord(T2) = @
»  Anu Ty goctmke o mytem Py (HIp. apurMeTnuka HHAyKIHja) [25]
= AT, noctmxe o mytem P, (HOp. reomeTpujcka KOHTHHYHTETHOCT) [33]
* PasznuuuTtH myTeBH, McTa BUCHHA, Mel)ycoOHO nmpu3HaBame [23]
OBo Ou 3axTeBajo MPEUU3HUje Pa3yMEBamke JOKa3HO-TEOPH]CKIX OpAMHANIA — HE CaMO HHXOBE BEIHUYHMHE,
Beh u came ctpykrype [25, 27, 28, 29].

6.23a ¢punocodujy maremaTuke

6.2.1MoaupukoBaHN NJIATOHU3AM
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Knacuunm niiatoun3am: MatemMaTndku 00jeKTH TOCTOje Y allCTPAKTHOM JJOMEHY; UCTHHE CY 00jeKTHBHE U
JjEeAMHCTBEHE; JbY/ICKU MPHUCTYI KPO3 PALMOHATHY UHTYHLH]Y [6].
Ipob6aem:
= Kako 3Hamo J1a i MPUCTyNamo ,, IPaBoM” TUIATOHCKOM JIOMEHY?
= Kako onpaBnaBamo Haie akcuome [23]?
Moaudukoanu miaaronnsam kpo3 GH-napose:
* MaremaTuike UCTHHE 0CTajy 00jekTuBHE (M1aToHn3am) [6, 23]
*  AJIM npucTyn je CYITHHCKH NepcreKkTuBan (Buile okBupa) [23]
»  Paznuuutu GopMaHU CHCTEMH Cy PA3IHYHTH ,, IPO30pU” Y UCTY cTBApHOCT [23]
»  KommieMeHTapHU cucTeMH TIpyxajy Mel)ycoOHy kamubparmjy [2, 29]
Pesyarar: [Inaronuzam 6e3 poHmanmoHor MOHM3MA jecTe 00jeKTUBHA UCTHHA Ca CBOjUM €IMHMCTEMOJIOIIKUM
wiypanusmom [23].
6.2.2KoncTpykTnBu3aM u uHTynnuonn3am KoHcTpyktuBuzam: JlaTn MaTeMaTH4KH 00jeKTH MOPajy OUTH
e(eKTUBHO KOHCTPYUCAHH; JI0Ka3H MOpajy NpYy>KaTh KOHCTPYKLH]je; 0a0allyjy HEeKOHCTPYKTUBHE IPHHIUIIE
(amp. LEM) [5, 34].
Moryhnocr:
o HWurynumonucrtuuka teopuja tunosa (ITT ) ¢ Konctpykrusna Teopuja ckynosa (CZF) [5, 34]
e O0a KOHCTPYKTHBHA, Pa3INYUTH TEMEJbHU (THII VS. CKYII)
e MorJe 6u ce Mel)ycOOHO BaMaANpPATH aKo Cy MPaBUIHO KanuOpucaHe [5, 34]
Mmnumkanuja: Yak u KOHCTPYKTUBUCTH, KOjH 0A0allyjy KJIACHYHY JOTHUKY, MOTJIM O MMaTh KOPUCTH O
MmelhycoOHe Banmuaanuje Kpo3 pasinduTe KOHCTPYKTUBHE OKBHpE [34].
®unocodeka nmoenra: GH-mapoBu Hucy Besanu 3a 1ebaTy KJIACHYHO VS. KOHCTPYKTHBHO, OHH CYy jeTHA
CTPYKTYpHa MOTYRHOCT yHyTap GHJIO KOT, JOBOJBHO 6OraTor, JIOTHUKor oKBHUpa [23].

6.2.3®opmamm3zam Ctporu popmanmsam (XunbepToBa OpurrHaIHa BH3Hja): MaTeMaTnKa jecTe jeHa MaHHITyJIaIluja
OeCMHUCIICHUM CHMOONMMA MO MPAaBUIIMMA, BaKHA je caMO KOH3HMCTEHTHOCT; HeMa IUIaTOHCKHX ofOjekata [17].
Ienenos u3a3oB: He Moxke ce moka3aTh KOH3UCTEHTHOCT came opmanue urpe [13, 32].
GH-napoBu — oarosop:

= QOcrajy HOpMATUCTHYKH Y MOTJIENy TI0jequHAYHUX cucTema [17]

= Jlomajy MeTa-HHUBO: 1Be (hopMaitHe urpe ce meljycobHo Banmuaupajy [2, 29]

= KOH3HUCTEHTHOCT CBake Urpe notephyje apyra [13, 29]

» Hema no3uBama Ha MIATOHCKH JoMeH [23)]
Pesyarar: @opmanuszam caceH Ha MeTa-HUBOY Kpo3 MeljycoOHy Banuaanujy — jecte Hajonmxke 1yxy XuioepToBOr
nporpama [17].
6.2.4Crpykrypanu3am: Maremaruka je 0 CTpyKTypaMma, a He 0 00jeKTuMa; OUTHH Cy CTPYKTYPHH OJIHOCH,
a He yHyTpalllika Nprpoja enemeHara [6, 23].
GH-napoBu ce npupoaHo ykiaanajy:

* T,u T, onuuaBajy pasnuuute CTpyKType [2, 29]

»  Tbuxos ognoc (GH-yHuja) je cam mo cebu MeTa-cTpykTypa [23]

»  KOH3HMCTEHTHOCT je CTPYKTYpPHO CBOjCTBO MeTa-CTpyKType [23]
Kareropujcko-Teopujcka nepcnekTupa:

=  CucTeMu Kao 00jekTH y KaTeropuju [1]

*  HWurepnperanuje kao Mmopdusmu [1]
GH-napoBu kao noce6Ha cuMeTpuja (M30Mopdu3aM y IpoCTOpy KOH3UCTEHTHOCTH?) [1, 23]
6.2.5M3Ban MaTeMaTHKe. Ha3HAKA YHUBep3aaHocTu Mako ce oBaj paa ctporo ¢okycupa Ha GopMaHe
CHUCTEME YHyTap MaTeMaTHJKe JIoTHKe, npuMehyjemMo u jean 3aBoJIJbUB 00pasall: CTPYKType Koje ToKa3yjy
MelycoOny Banmumanmjy 0e3 XujepapXujcKe TOMUHAIN]E jaBJbajy C€ y Pa3IMIUTHM JOMEHHIMA.
[IpeanMuHapHa 3anmaxama:

»  @usuka: TanacHo—4yectuuna ayanHocT (bopos kommiemenrapurer) [6]

* TIpaBo: YcTaBHH CHUCTEMH MOKa3yjy Xujepapxujcke HuBoe [23]

*  Buoaoruja: CumMOMOTCKH OfHOCH (PUMEpH CY:MHTOXOHIpHUja-eyKaproTcka hemnmja,

MUKpoOnoM—opranuzam) [23]
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OtBopeHo nuTame: /la 1 oBU (eHOMEHH NPEICTaBIbajy jeJaH OCHOBHU MPHUHIUIT — OIMIITH ,, [IpuHImIT
MmehycoOne crabmmnoctn”? Ako GH-napoBu y MareMaTn4koj JIOTHIN MPEICTAaBIbajy jelaH MPUMEp TaKBOT
MIPUHIINIA, TO OM YKa3UBaJlo Ha JyOOKe CTPYKTYpHE 3ajeTHHUYKE €JIeMEHTE Y HAaUMHY Ha KOjU CE CIOXKCHU U
CTaOWJIHU CHCTEMH OpPTraHu3yjy Kpo3 cTBapHoCT [23].

YuyTpaummbe npumMene y matematuuu: Tu noreniujanan GH-napoBu Mory ce T0jaBUTH KPO3 pa3iIHyuTe
rpane — aiureOpa U TOIMOJOrHja, aHaIu3a ¥ KOMOMHATOPUKA, WM JIOTHKA M KaTeropujcka teopuja [1, 23].
Ha mpumep, map koju ce cactoju o1 ¢pparmenra ZF u kaTeropujcke JOTHKe MOXKe TMOTITYHO pedIeKTOBaTH U
KOH3HMCTEHTHOCT jeJlaH APyror 0e3 MHTepIpeTaTUBHOT Koarca [1, 23].

3axibyyak: GH-okBHp mo3uBa ¥ Ha TIOHOBHO pa3MaTpame MaTeMaTHKe Kao caMOpe(IEeKCUBHOT CHCTEMa
YHje ce YHyTpallbhe JyaJTHOCTH MOTY (hOpPMaJTHO YCKIIAJAUTH KPO3 JIOTHKY KOja UX je HeKaja pas3aBajana [23].

6.3 Xu10epToB NPOrpamM MOHOBO pa3MOTpPeH

Cana moxxemo mporieant GH-napoBe y onHocy Ha XwiOepToBe OpUTHHAIHE 3aXTeBE MTO heMo naT y
TabenapHOj GopMH.

Opurunagaan XuwioeproB nporpam (oxo 1920ux):

AcnekTt s Craryc nocje I'egena

dopma MomnucTtnuku (jenau cucrem) | Hemoryhe (Hemormynoct) [13, 32]
IMoTmyHocT CBe HCTHHE JTOKa3WBE Hewmoryhe (I'emen 1) [13]

Konsucrentanoct | CaMomoKasuBame Hemoryhe (I'enen 11) [13, 32]

Ony4anBocT Mexanunuka nponenypa 3a cee | Hemoryhe (Yepu—Tjypunr) [18]
duHUTH3aM Camo ¢unutuctuuke meroge | I[lpecna6o (Cenrtiieny motpedHO £o) [25, 27]

Ipecyna: Xunbepros nporpam Hemoryh y opurunantoj popmu [13, 32].
MoaudurxoBanu Xuubepros nporpam (kpo3 GH-napose):

AcnekT MoaudukoBaHu b Craryc ca GH-napoBuma

dopma Jyanuctuyku (IBa cucTemMa) Jlornuku moryhe v/ [2, 29]

[Tormynoct Huje motpeOHa ITpuxsaheno kao Hemoryhe [13]
KonsucrentHoct | MeljycoOHO nokasuBame Moryhe ako maposu nocroje v’ [2, 29]
Ony4anBocT Huje morpeOHa ITpuxsaheno kao Hemoryhe [18]

DuHUTH3AM Penakcupan Ha kOHCTpYKTHBHU | DiekcuOwiHuje MeToie 103BoJbeHe [25, 27]

IIpecyna: XunbGepToB mporpam je OCTBapvB y IyaquCTHUYKOj GOpMH, HE Kao jellaH caBplileH cucTeM Beh Kao
melhycobno moapskasajyhu map [2, 29].

®unocopeku 3Hauaj. OcHOBHY yBUA XHUIOEPTOBOT Mporpama jecT ooe3doehuBame TeMesba Kpo3 popMaliHu
JI0Ka3 — NpeKHBIbaBa [ eeoBe TeopeMe ako HAIlyCTHMO MOHU3aM Y KOPHUCT ayanu3ma [23].

Hurat xoju xBata ayx: ,,OHO IITO jeJ]aH CUCTEM HE MOKE BUICTH y ceOu, Bunu y ceom GH-nmapTHepy— u
TaKO — 3aje/IHO alld OJIBOjEHH, TEMEJbU MaTeMaTHKe ce MelycobHo moapikasajy.” [2, 29]

6.4 UMnimkanmje 3a MaTeMaTHYKY NpaKcy
6.4.1 Acucrentn 3a qokase u ¢popmanusanuja TpenyTHa npakca: AcucteHTH 3a nokase (Lean, Isabelle,
Coq) popmanu3zyjy MaTeMaTuKy y jeJIHOM TeMeby (TUunu4yHo Teopuja Tunosa win HOL) [23].
IMoTenuujanna uHoBanuja: Buie-reMesbHI aCUCTEHTH 3a JIOKa3e:

0 OunpixaBajy napanense popmanusaimjey T1u T2 [2, 29]

0 AyTomarcku npoBepaBajy Mel)ycoOHy KOH3UCTEHTHOCT [2, 29]

0 HckopuurhaBajy koMIuieMeHTapHe cHare (apuTMETHYKa VS. TeOMETPHjCKa HHTYHIIH]a)

[33]

IIpexnocru:

0 [Ilosehana noy3znanoct (nBe He3aBUCHE TpoBepe) [23]

0 boraruje pasymeBame (rcta Teopema, pa3inuuTH gokasu) [23]

0 OrtkpuBambe HOBUX Be3sa [23]
6.4.2MaremaTnuka KoMyHnkanmja TpeHyTHo: Marematnuapu pajae HedopMaHO, oclamajyhu ce uecto
Ha HHTYHIH]Y; Gopmanusanmja je petka [23].
Ca GH-mapoBuma: Moryio Ou ce eKCIUTMIMTHO TOKA3aTi MYyJITHIICPCIIEKTUBHA IIPHPOIa MATEMATHKE:

0 ApwurMmeTnyka nepcrekTusa [7]
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0 Teomerpujcka nepcnektusa [33]
0 Kareropujcko-teopujcka nepcrekTrsa [1]
utn. CBaka MepcreKTrBa Bajauaupa Apyre, yHanpelyjyhu komynukanujy usmel)y cnenujanaoctu [23].
6.4.300pa3oBame [lenaromka uMIIMKanmja: Y9uTH MaTeMaTHKy Kao BHIIE-TEMEJbHY O] CAMOT TIOYeTKa!
» PaHo moka3aTu apuTMETHYKO-TEOMETPH]CKY AyaTHOCT (KoopauHaTHa reomerpuja) [33]
» Harnacurtu pasnuuurte BasbaHe npuctyne [23]
e TloxcTuiiaTu pa3ymMeBarme J1a HUjeIHa IepPCIICKTHBA HUje moTyHa [7, 26]
OBO ce CynpOTCTaB/ba MATEMATHYKOM ayTOPUTAPHU3MY (,TOCTOjH jelaH UCTIpaBaH HaYMH") alu U oXpabpyje
[UTyPaTMCTHYKO pasMUIllybame [23].

Konauno, nmmumkanuje GH-napoBa Haaunase yucty (popMaiHy JOTHKY; OHE YKa3yjy Ha TO J1a je H3BECHOCT
YHyTap CJIIOKEHUX CHCTeMa IPOU3BOJ] IMHAMUYUKE PAaBHOTEKE U capajbe, He HeKe N30JI0BaHEe aKCHOMATHKeE.
[Tpenazak ca MOHHCTHYKOT HA ILTYPaIUCTUYKH MOJIET TeMeJba He caMo aa ,Bpaha y sxuBoT* XundeproB ayx
puroposHocty, Beh oTBapa u BpaTa 3a HOBY €py MaTeMaTHYKHX HCTPAXUBamba y KOjOj KOH3UCTEHTHOCT HUje
Bulle ,Bepcku qormat” Beh mokasuBa penanja u3Mel)y mapTHepa y 3HaBY.

7.0OTBOPEHA IIUTAIBA

Teopujcku okBup GH-mapoBa, pa3BujeH y OBOM pajy, MOCTaBJha YBPCTE TEMEIHE 32 HOBY CHMHUCTEMOJIONIKY
napagurmy. Melyytum, cBaku (GpyHIaMEHTATHHA MIOMAaK Y MaTEMAaTHI OTBAapa BUIIE MUTamka HETO MITO HYIH
KOHAYHHUX ojaroBopa. OBa cekiMja Mpe/ICTaBiba KaTaIOTH3AlM]y KJbYYHUX HEPENICHUX MpodJieMa — CBE OJ1
TEXHUYKHUX M3a30Ba CKCIUIMIUTHE KOHCTPYKIMjE 10 TyOOKUX OHTOJIONIKUX CICKYJalHja O CaMoj TPUPOIH
MaTeMaTHYKe CTBApHOCTH. PemaBame 0BUX MuTama Acunucahe gabu pa3Boj IyaTuCTHYKOT XHIOSPTOBOT
nporpama.

7.11leHTpaTHN KOHCTPYKTHBHH nmpoo6JeM Ilntame 1 (mocTojame):
Ja mu GH-mapoBu 3arcra mocroje? MoxeMo Jid eKCIUTMIMTHO KOHCTpyrcaT 0ap jema map (T,, T2), koju
3agoBosbaBa DP1-DP3® Cratyc: OtBopeHo. OBo je neHTpaiHu HepeuieHu npobiem [2, 29].
Hpucrynnu:
A. MonudukoBatu PA-GEO
o PAcsaba, (orpaHnnucHa HHAYKIMja) + KOHTHHYHUTET [7]
o GEOgmckpernay (pamrioHanHa reoMeTprja) + AUCKpeTHA HHAYKIHja [33]
3axTeBa JeTajbHy JOKA3HO-TEOPHjCKY aHammu3y [25, 27, 28]
Bb. UcTpaKuTH KOHCTPYKTHBHE TeMelbe:
o VIHTYUIIMOHUCTUYKA TEOPHja THIIOBA HACYIPOT KOHCTPYKTHBHO] TEOPHjH CKymoBa [5, 34]
 BuionoBa KOHCTPYKTHBHA MaTeMaTHKa HACYIPOT PYCKOM KOHCTPYKTHBU3MY [34]
B. Kareropujcko-Teopujcku KaHIMIATH:
» EnemeHTapHH TOMOCH Ca Pa3IHMYUTUM JIoruKama [1]
e Pasnuunre kareropuje ca melycoOHHM HYHKTOPCKUM opHOCHMA [1]
I'. HecrangapaHu cHCTeMH:
 [lapaHKOCHCTEHTHE JIOTUKE (TOJNEpUCAEE IPOTHUBPEYHOCTH?) [24]
o Temesbu KBaHTHE JOTHKE [6)]
» He-BynoBu antepuatusu [23]
HcTpaxxkuBayka cTparermja:
0 WneHTnudukoBaTH KaHIUIATE Ca MAKCUMAJIHOM KOHIICTITYATHOM
KoMmIuieMeHTapHoiihy [23]
0 IlpenwmsHo u3padyHaTH A0Ka3HO-TeOpHjcKe opauHaie [25, 27, 28, 29]
0 Tlokymiatu eKCIUTMIIMTHE HHTEpIpeTaluje y 006a cmepa [2, 29]
0 Crporo nposeputt DP1-DP3[13, 32]

7.2JenuHcTBEeHOCT U MHOKHHA [TuTame 2 (jeTMHCTBEHOCT):
Axko GH-napoBu noctoje, KOIMKO UX UMa?
IMox-nutama:;

0 Jla nu cBaku cuctem T uma HajBuie jennor GH-nmapruepa?
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0 Moske i T, Outn y mapy u ca T, u ca T; (1Ba paznmuuura GH-napa)?

0 Jla v moCTOju jeTMHCTBEHH ,onTUMaHu” GH-map, nin ux uMa Burie?
Cunekynanuje:
Xunore3a 2a (JeamHcTBeHH mapTHepH): 3a cBakd T MOCTOju HajBuine jeaad T' - takaB ga (T, T') ynHuU
GH-nap [23].
Xunore3a 2b (Bumectpyku napraepu): Heku cucremu mory umaru Buiie GH-napruepa [23].
HcrpaxkuBauky npasaim;

0 Axo GH-mapoBu mocToje, IpOy4YuTH BUXOB MpocTop/kareropujy [1, 23]

0 VYTBpIOWTH Aa JIK OJHOC ,,<” UMa jeMHCTBeHY (akropusaimjy [2, 29]

0 Kiacudukosaru ce moryhe GH-napose [23]

7.3 TpaH3uTHBHOCT U BHIle cTPYKType [TuTame 3 (rpaH3MTHUBHOCT):
Axo Baxu Tq ¢ T2 u T2 ¢ T3, kakaB je omqHoc mmely Tq1 1 T3? Onaa 3HaMo 12 HA ¢ HUje TPaH3UTHBAH
(dedunummja 2.4) [2, 29].
Hoa-nurama:
0 Moske s Bakutr T1 ¢ T3 (bopmupajyhu ,, Tpoyrao”)?
0 Wmu mopajy Ty u T3 6utn ,HekoMnaTuoumH"?
0 Koja orpannyema nocroje?
IMuramwe (GH-tpojke u N-ropke): Moxemo ysiu umatu GH-tpojke (T, T2, Ts) rae:
0 Tik Con'f™(T,), T, - Con!fi™(Ts), T5 - Con'fi™(T,) (mxmiano) [13, 29]
Caakn T;i # Con'fi™}(T)) [13, 32]
Wnu 3Be3na kongurypanmje: To Kao uentap, Ty, ..., T,
Kao Kpar, TJg je:
To F Con'f™}(T;) 3a cee i
Cpaku T; - Con'fi™}(T,)
* T u Tjcynesapucnu 3a i#j [23]
Cnexynanuja: Bumie-pesHe cTpykType Moriie O Mpy»XHUTH jou poOycHuje GpoHmanmone Mpexe [23].
HM3a30B: Kako N pacre, oapkaBame HEYIOPEAUBOCTH MOCTaje €KCIIOHCHITH]aTHo Texe [25, 27, 28].

= OO0OO

7.40nnyuuBoct u koMiuiekcHOCT Iurame 4 (oanyunBoct GH-napoBama):
Ha nu je ognoc ,,6utn GH-nmap” onnyuus? ®@opmanno: Jlate konauHe mpe3eHTanuje 11 U T2, MOKEMO JIH
Ty anropuTaMcku oapeantu aa i (Tq, T2) unaun GH-nmap?
Hoa-npodJemu:
e TIlposepa DP1: lamm je , T + Conf™(T,)” omnyunBo? (Yormureno e, Heomtyunso) [13, 32]
o TIlposepa DP2: la mm je , T1 ¢+ Con™(T,)" omnyunso? (la, ako je kousucrentan, mo Iexeny) [13]
o IIposepa DP3: /la nu je HeynopeauBocT omtyunBa? (KomriekcHo, 3aBucu o1 cuctema) [25, 27, 28]
BepoBaran oarosop: HeomtyunBo (Hacielyje HEOATydnBOCT KOH3UCTEHTHOCTH) [13, 32].
IMurame (KJaca KOMIUIEKCHOCTH): AKO HHj€ OIY4HBO, KOjO] KJIaCH KOMILICKCHOCTH NpUaaa?
= ¥;-KOMIUIETHO? (DEeKyp3uBHO HaOpojuBo) [23]
» Hugo apurmernuke xujepapxuje? [25]
» U3Bau aputmetuukor? [27, 28]
HcTpaxuBauku npasan: [I[puMeHUTH TeopHjy padyHapCKe KOMIUIEKCHOCTH Ha HeKa (OHJAlMOHA MHTAka
0 GH-napoBuma [23].

7.5Pob6ycHocT 1 cradouiaHocT [IuTame 5 (cTadnaHoCT MpH mepTypoanmju):
Axo (T4, T;) unau GH-nap, mira ce femaBa kajaa 0J1aro K3MEHUMO aKCHOME?
= Ako poaamo akcuoM A 'y Ty, na im (T4 + A, T2) ocraje GH-map?
= AKO yKJIIOHIMO aKCHOM, 11a iu ryoumo GH-nmapoBame?
» Tlocroju u ,,pernon” GH-mapoBa oko (T4, T2)?
Anajioruja: Y ¢usuiyg, crabuiiHa paBHOTEXa 0/10JieBa MaiuM Teprypoarjama [6]. [a au cy GH-naposu
CTaOUITHY UK KPXKH?
3nauaj: Ako cy GH-nmapoBu n3y3eTHO KpXKH, OHJIa CY U Mame punocopcku 3Ha4ajHU. AKO Cy poOycHH,
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OHJIA TIPEJICTaBJba]y HCTHHCKE CTPYKTYPHE KapakTepucTuke [23].

7.6 MuHuMaTHA KoMILIeKcHOCT IuTame 6 (MHHMMAIHA CHara):
Konmko cHaxkan cuctem Mopa Outh 1a 6u yuectBoBao y GH-napy?
0 [la nmu oba cuctema Mopajy OuTH HajMame jaku kao PA?
Moryhe na mopajy, paau popmanuszanuje cuHTaKce, ainu ¢y moryha u usnenalhema) [7]
0 Mosxe nu PobrHCOHOBa apuTMeTnKa Q yuecTBOBAaTH WM je cyBuiie cinaba? [23, 31]
(Mo a ce ynpaBo OHa MOKaxke Kao H3HEeHal)eme jep 0ueKyjeMo Jia IOMymeHa MoXKe?)
0 Koju je MuHMMaHN 10Ka3HO-TeopHjcku opaunan? (Od > &0?) [25, 27, 28, 29]
Konjekrypa 6a: O0a cucrema MOpajy UMaTi JOKa3HO-TEOPHjCKU OPIHHAI = € [25, 27].
Konjexrypa 66: Iloctoju ,I'enenoB npar” — MUHHMaHA KOMIDIEKCHOCT ucnof koje GH-napoBu aucy Hu
moryhu, a u3Haa koje Mory noctojatu [13, 32].
HcrpaxuBauku npaBan: CUCTEMATCKU MPOyYaBaTH ciiadbe cUcTeMe, openTH rpanuie [23].

7.7 CemanTuka VS. cuarakca [lutame 7 (MoesI-TeOpHjcKa mepcrneKTuBa):
Mory i ce GH-napoBu xapaktepucati MOJEI-TEOPH]CKH YMECTO JOKAa3HO-TCOPHjCKH?
0 Vwmecto, Ta+ ConT™(T,)”, pasmorpuru: Ty uma Mozen y kom moctoje Ta-Mogeu
[16].
0 ToOMepame ca CHHTaKce (1oKas3u) Ha ceMaHTuky (Moaenu) [23].
Ipennoct: Mosxe 3a00utin HeKe TEXHUUYKE MPENPEKe CHHTAKTUYKOT npucTtyna [23].
H3a3o0B: [TorpebHa je TOBOJFHO CHa)KHA METa-TEOPHja Jia TOBOPH 0 MojeauMma [16].

7.8IIpakTnune npumene Iurame 8 (MpuMemeHa BpeIHOCT):

[Topen ¢ponnanmonor uHTepeca, nMajy mu GH-napoBu npakTudHe npuMeHe?

[HoTenuujaane odJacTu:

A. ®opMmaJjiHa Bepudukanuja:

VHakpcHa Banualyja okas3a y oBa ABa cucteMa; nosehana nmoysganoct 3a kpuruyan codraep [23].
Bb. Ayromartcko 10ka3uBam-€e TeopeMa:

HckoprcTHTH KOMILUIEMEHTapHE cHare (apuTMeTHuKe VS. reoMetpujcke xeypuctuke) [33].

B. Bemitauka HHTeJIUIeHIMja M MAIIMHCKO YYere:

MynTH-TIPEICTaBIbauKO yUCHE; CUCTEMH KOjH ce ,, Mel)ycoOHOo mpoBepaBajy” [23].

I'. Kpunrorpadmuja:

[MpoTokonu 3acHOBaHM Ha Mel)ycoOHO] Banumanuju ¢y ABOCTPAHO pauyHame ca MaTEeMaTHYKAM TeMeJbhMa
[23].

. Mpexa GH-napoBa kao cTpyKTypa YHUBep3yMa:

Moxna camo (puKIHMja TIaBHOT ayTopa OBOT pajia aj ce He Tpeba N3HEHAIUTH aKo Ce IMOKake TagHOM!
HcTpaxknBayku npasam;

Yaxk u 6e3 nornyHux GH-mapoBa, HCTpaXuT KOPUCTH BUIIIS-TEMEJbHUX TpUcTyma [23].

7.9 Ucropujcku u coumosiomiku acnekt Iurame 9 (McTopujcka aHaan3a):
Jla nu cy MmateMaTHYapy IMILTHIUTHO KopucT GH-mapeko pe3oHoBame?
IIpumepn 3a McTpaKUBam€:
0 Aunrebapcku VS.reoMeTpHjcku qokasu ucte Teopeme ([Turaropuna teopema) [33]
0 AHanuTHYKa VS.CHUHTETHYKa reoMeTpuja [33]
0 KOHCTpYKTHBHH VS. KIaCH4HH J10Ka3u [5, 34]
Xumnorte3a: MatemaTnuka mpakca Beh nmokasyje GH-nmapcky ctpykrypy HedopMaiHO, 4ak ¥ aKo HUje CKPO3
dopmanuzoBana [23].
HcrpaxkuBauku npasai: Vicropujcke cTyauje ciydajeBa KOMITIEMEHTApHUX T0Ka3a [23].

7.10®uaocodeka nyouna [urame 10 (pyHaamMeHTaIHE TPAHUILE):

Ha mu GH-napoBu npenctasibajy QyHAaMEeHTAIHY TPAaHUILY 3HAHKa, UK Cy CTETICHUIIA Ka HedeMy TyOihem?
CuekyJauuje:

IMornen A (Konauna crpykrypa): GH-nmapoBu cy Hajaabe 10 yera MOXeMo cTHNH — HeMa BHIIE HEKOT

arcoJyTHOT TeMesba [23].
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IMornen b (IlpuBpeMeHa cTPYKTypa):

GH-napoBu cy unrepmenujapHn — Mox/aa ux Oynyha meta-MaTeMaTrka npepasmiasu [23].

MMornex B (Miny3uja): GH-napoBu ce Mory nokasatu kao HeMoryhin — TPEeHYTHO OZICYCTBO 3a0paHe Ty He
rapantyje Moryhnoct [13, 25].

duirocodeko nutame: Ilta Ou 3HAUMIO 32 MaTeMaTuky ako cy GH-mapoBu HajayOspa cTpykTypa? [a mm
Ou To OmIo 3a10BOJbaBajyhe wiu pasouapasajyhe [6, 11, 23]?

8.3AK/bYUYAK

8.1Pe3ume pesyarara

Pa3Bunm cmo cBeoOyxBaTHy Teopujy GH-mapoBa — nBa ¢opmanHa cucrteMa Koju MehycoOHO mokasyjy
KOH3HMCTEHTHOCT je[laH APYror, JOK Cy IOjeNHAaYHO MOAJO0XHHU ['enenoBuM TeopeMama O HEMOTIYHOCTH
[13, 32].

Hauu rjiaBHM JONPHHOCH CY:

Teopujcku qonpuHOCH:

1. OncycrBo 3a6pane (Teopema 3.1): Jlokazanu cMo Ja HHje[HA TO3HATA TEOPEMa y MaTEMaTHYKO]
noruim He 3abpamyje GH-nmapose [13, 29].T'enenosa [Ipyra TeopemMa 0 HEMOTIYHOCTH 3a0pambyje
camopedepermmjy (T = Confi™}(T)), anu we tpermpa mmkmyce mehycobuux pedepenmm [13, 32].
Hujenan ,[Ipunimn acumerpudHe Hy)KHOCTH HUje yTBpheH [7, 25].

2. HyxHnoct neynopeauBoctu (Teopema 3.2): Panuje cmo Beh mokaszanu 1a GH-napoBu Mopajy 6utn
HEYIOPENBH Yy IOKa3HO-TCOPHUjCKOj cHasu [25, 27, 28, 29]Hujenan cucteM HHje, HUTH MOXe OHMTH,
MOJICUCTEM JIPYTOT; MOPajy OUTH ,,jaud y pa3INuuTUM JIUMEH3HjaMa.”

3. Teopuja KoMmiIeMeHTApHOCTH: Pa3BuiiM cMO M pUropo3aH MojaM KOMILIEMEHTApHHUX HU3pa)ajHUuX
Mohu — cucrtema koju Mory Mel)ycoOHO mpeno3HaBaTH CTPYKTYpPE jeiaH IpYror U To 0e3 caapikama
akcroma oHor apyror [23].

EnncremMosomko onpapaame:

4. KoxepenTucTHukH okBHUP: [lokazamu cmo 1a GH-mapoBu jecy enmucTeMOJIOMKN OPKHUBU YHYTap
KoxepeHTUCcTHUKe enucTemonoruje (KBajH, bomxkyp, peduiekcuBHa paBHOTEXka) [6, 26]. [Iprrosop o
KPY)KHOCTH MOJXKe ce mpeBa3uhu Mmperno3HaBambeM HE3aBHCHOT €MITMPH]CKOT ONpaB/ama 3a 00a jaTa
cuctema [7,33]u pasymeBamem MelhycoOHOr nokaza kao nmotephyjyher, a He ponpannonor [23].

5. Komnapatusna npouena: [lokazamu cmo na GH-nmapoBu Hyze BHIIECTpyKe MPEIHOCTH y OJHOCY
Ha aJNTepHATUBE!

0 KonauHa cTpykTypa (3a pa3nuky o OecKOHa4YHUX xujepapxuja) [23]

0 VY ckiany ca ['enenom (3a pasnuky on Hemoryher camookasuBama) [13, 32]

0 dunocodcku KOXepeHTHH (32 pa3IuKy O/ MPOU3BOJFHHX 3ayCTaBHHX Tayaka) [23)]
dunocopcke UMILTHKALAjE:

6. @onpauuoHu miaypaausam: GH-mapoBu cyrepumry na 6 MaTeMaTHKa MOTJIA TIOYMBATH HA BHIIE
melycoOHo nmoaprkaBajyhinx Temesba, a HE Ha jeIHOj MOHOJIUTHO] OCHOBH [23].

7. MonuduxoBanu XujadepToB nmporpam: XmiOepToB MPOrpaM je OCTBAPUB y AYAIUCTHUIKO] HopMu
— He jenaH caBpiieH cucteM Beh MeljycoOHO Bamuaupajyhn koMImieMeHTapHu cuctemu [2, 29].

8. OTBoOpeHH MCTPAKUBAYKH Mporpam: MeHTnHKOBAIN CMO HEKHX JIBAaHAECT TJIABHUX OTBOPEHUX
nuTama, AehuHuIyhn Tako MOKaa u AelieHrje Oyayhux uctpaxuBama [23].

8.21lenTpajina TeH3Hja
Pan otkpuBa dyHnameHTanHy TeH3Ujy y cpku koHuenta GH-naposa:
IIpodaem paBHoTe:xke: Ja 6u Mel)ycoOHO MoKa3anu KOH3UCTEHTHOCT, CHCTEMH MOPajy OHUTH:

0 JIoBOJBHO jaKu J1a MHTEPIIPETHPA]jy jedan apyror (u3paxajHa moh) [25, 27, 28]

0 JIoBOJBHO CiTabM Ja He JOMUHHPA]y jefaH Haa ApyruM (Heymopeansoct) [29]

0 KowmrmiemeHTapHu Ha peLH3HO KanubpucaHe HaunHe (opToroHanHe aumensuje) [23]
OBo je u3y3eTHo Tewiko noctihu. Huje 10Bo/bHO Aa cucteMu Oyay KOHIENTYalHO KOMIUIEMEHTapHH (Kao
apuTMeTHKa U reomeTpuja) [7, 33] — oHM MOpajy OUTH Ta4HO YPABHOTEKECHHU y TOKA3HO-TEOPH]CKOj CHA3U
Kpo3 BHIlIe AuMeH3uja [25, 27, 28].
Amnanoruja: M3rpajma caBpilieHO YPaBHOTEKCHOT JIyKa TJIe /IBa KaMeHa TO/Ip)KaBajy je[iaH APyror u To 6e3
nomuHanuje. Mmkemepeka Npenu3HocT Koja je moTpedHa 1a ce TO U 0CTBapH je orpomHa [23].
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8.31ITa cMo moka3anu
Heratuuu pe3yataru (IITa CMO I0KA3aJI4 12 Ce He MOKe HCK/bYYUTH):
v He nocroju nornuka 3abpana (Teopema 3.1) [13, 29]
v T'enenoBe Teopeme He 3a0pamyjy nukiayce [13, 32]
v Huje yrBphen [punnun acumetpuune Hyxuoctu (PAN) [7, 25]
IMo3uTHBHE CTPYKTYPHHU pe3yJITATH:
v Heynopenusocrt je neonxoana (Teopema 3.2) [25, 27, 28, 29]
v KomrieMeHTapHOCT ce Moke puroposto aedunucatu [23]
v Enucremororika oapKuBocT yTBpheHa (koxepentusam) [7, 6, 21, 26]
v' Mopanuu temess kpo3 ALP (Cekuuja 5) [6, 23]
v TIOCTOJARE JJOKA3AHO (Teopema 5.2) [6, 23]
IIIta Teopema 5.2yTBphyje:
v' GH-nmapoBu noctoje y MaTemMatuakom mpocropy (mox ALP) [6, 23]
v Teper mokasa npebaueH Ha CKenTUKe (MU qoKazaTh HemoryhuocT win ogbanut ALP) [13, 29]
v/ HctpaxuBame je MpaBUiIHO (GOPMYJIHCAHO: MPOOIeM HICHTU(HKAIIH]jE, a HE TUTabe MOCTOjama
v/ ALP BanuaupaH ka0 MOCTHHU MpHHIHMI (METa-T0ruka — 00jeKkT-noruka) [6, 23]
IlITa HECMO MOKa3aJIH:
X ExcrivuuTHY KOHCTPYKIHU]Y Makap jeJHOr mapa (mocrojame y npakcu) [25, 27, 28]
X Jlokas na PA(c1aday GEOymckpeTHa) Wik HEeKH APYTH Map KOHKPETHO GyHKImoHuie [7, 33]

X JletasbHy JOKa3HO-TEOPUjCKY aHATIHM3y OpJAKHAJA KOja MOTBphyje paBHOTEXKY [25, 27, 28, 29]
Kputnuna paziaunka:
0 MNMOCTOJAILE Y IPUHIMUITY (Teopema 5.2): v/ lokazano mog ALP [6, 23]
0 MOCTOJABE Y ITIPAKCH (xouctpykimja): X OtBopen nmpobnem [25, 27, 28]
OBo oapakaBa Ipyre MaTeMaTH4YKe TeopeMe 0 NMOCTOjamy:
0 OcHoBHA TeopeMa ajredpe: CBaku MOJMHOM CTEIIEHA h MMa TAYHO N KOMIUICKCHUX
KopeHa (oka3zaHo mocrojame) [7].
0 Aoea—Pydunmu Teopema: 3a MoOJIMHOME cTereHa N = 5 He MOCTOjU jeJHA OIIITa
dopmyia y paaukaauMa (HeMoryhHOCT eKCIUTUIITHE KOHCTPYKItHje) [23].
0 Teopema o uMNIIMUHMTHOj (PYHKIHUjU: TapaHTyje TIOCTOjambe pellieka y oapeheHnM
ycaoBuMa (10Ka3aHo mocrojame) [23].
0 [IIpakTHyHO pauyyHame pellera. 3aXTeBa MOCEOHE METOJIE M YECTO CE paaH CIIydaj
0 CIIy4aj; He MOCTOoju omuTa opmyia 3a cBe ciaydajese [23].
Ham pe3yarar: GH-napoBu nocroje (1okazano) VS. uaeHtuukanyja npumepa (Tekyha ucTpaxupama).
OBaj pe3ynTar mocrasjba TEMEJb 32 HACTaBaK OBE TeopHujcke Tpujazae. Apyru pax tpujane he mpeTBoputu Ty
J0Ka3aHy MOTYRHOCT y JIOTWYKY HYKHOCT, Moka3yjyhu u ga mocrojame GH-mapoBa Huje caMo BEpOBaTHO,
Beh Hy)XHO 32 KOXEPEHTHOCT oJpeleHnX MeTa-MaTeMaTHUKUX okBupa. Konauno, Tpehu pag oBy ABOCTpYKY
rapaHnyjy —MoryhHoOCT u Hy)XHOCT — he Beh MaTepujann3oBaTu Kpo3 eKCIUTMIUTHY KOHCTPYKIIH]Y, YAME Ce
Xwunbepros mporpam [17] y cB0joj nyanucTudkoj GopMu U KOHAYHO OCTBapyje.
O yao03u ALP: Hexu mory npuroBoputn na Teopema 5.2 ,camo mpernoctaBiba” ALP ymecto ma mokasyje
NOCTOjabe M TO Oe3ycinoBHO. Mmak, oBakaB MPUroBop OM MOTao JaTu caMO HEKO KO je MOTPELIHO CXBaTHO
MaTeMaTU4Ky METO/IOJIOTH]Y:
ALP ce Moxe ¢hopMann3oBaT Kao MOJAITHU IPUHIIUI MOTYRHOCTH — €T3UCTEHIIH]E.
HcTopujcka mapanena:
¢ KommiiexkcHu OpojeBu:
0 (a) koH3UCTEHTHA Ae(HUHUOMITHOCT,
0 (0) oaCyCcTBO MPOTHUBPEYHOCTH,
0 (B) mmoxnocr [23].
» Heeykimnacka reomerpuja:
0 (a) KOH3UCTCHTHA aKCHOMAaTHU3AIH]a,
0 (b) mocTojame MoJieNIa y jaUUM TEOpHjama,
0 (B) Hema nporuBpeuHocTH ca EykiumoBom reomerpujom [33].
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ALP je ¢popmannzoBao oBaj odopa3an: Axo je X KOH3UCTEHTHO NeUHHOMIAH U HHje 3a0pameH, oHna X
nocToju Marematuuku [6, 23]. Tako je MaTeMaTHKa yBeK MPOIIMPHBaa CBOjy OHTOJIOTH]Y [23].
CxenTuunu u3za3os: , llta ako cy GH-mapoBu 3anpaBo Hemoryhu, caMo Mu jorr HICMO Hanu| 3a0pany?”
Onrosop: Oxma OMCMO HAYyYWIIM HEIITO BeoMa AyOOKO: J1a TIOCTOjU CKPUBEHO CTPYKTYPHO OTPaHUYCH:E Ha
JI0Ka3¢ KOH3UCTEHTHOCTH KOje joil HuKo Huje oTkpuo [13, 29].To O6u camo no ceOu O6HO BETHKH PE3ylTar y
TeMeJbUMa MaTeMaTHKe. AJIH JIOK ce TakBO orpaHuyewe He npoHahe u ALP u Teopema 5.2Baxe [6, 23].
Pe3ume: YTBpheHo je mocTojame Kpo3 pUropo3aH JIOTHYKH apryMeHT 1o npuHnunoM ALP, Bamumaupanum
MareMaTuikoM npakcoM [6, 23]. KoHcTpykTuBHE Mpo0iieM — Hako 3HavajaH — cajia je MpaBuiIHO cxBalieH
Kao Tparame 3a He4eM 3a IITa 3HaMO Jia MOCTOjH, a He T0Ka3uBame ja Ou Moriio nocrojaru [25, 27, 28].

8.4 IBe moryhe 0ynyhnoctu
Cuenapuo A: GH-napoBu nocroje
e Ao O6ynyha ucrpaxxkuBama KoOHCTpyniy ekcmmmnutan GH-map:
0 Benuku nmpo6oj y Temespuma MaTeMatuke [23]
0 IlorBpaa ponmanmonor mwiypanusma [23]
0 HogBo pa3symMmeBame KOH3UCTEHTHOCTH U JoKa3a [13, 29]
0 IlpakTuyne nprMeHe (BHIIE-TEMEJbHH ACHCTCHTH 3a Jokase) [23, 33]
0 dunocodcka BepuduKaija KOXepeHTUCTHYUKE enucTemonoruje [6, 26]
Cuenapuo b: GH-napoBu noka3ano nemoryhu
e Axo Oyayha ucTpakuBama qoKkaxy HeMoryhHocT (0OTKpHjy CKpHBeHY 3a0paHy):
0 W naspe Bpenan HeratuBaH pesyntar [13, 29]
0 Jly6spe pasymeBame ['enenoBux teopema [13, 32]
0 Pazjammemne rpanuia mel)ycobnor onpasnama [23]
0 IlotBpaa aa je dhonmanrona xujepapxuja Heonxoaua [25, 27, 28]
0 ®unoco(cku yBUAU Y CTPYKTYPY MaTeMaTu4kor onpasjaama [6, 23]
VY 06a oBa cIyuaja HCTpa:KHBambe je BPeAHO. Pa3jacHWIN CMO KOHIENITYaIHH MPOCTOP, HACHTH()UKOBAIH
TEXHUYKE MPENPeKe U pa3BUIIM HOBE Teopujcke anate [23].

8.5MetonoJiomka pedJiekcuja
OBaj paj mpejcTaBsba crieuGpuIHy METOIOJIOTH]Y Y TEMeJbUMa MaTeMaTHKe:
ExcrutopatiBHE TeMeJbH: YMECTO J1a 0IMax TPaXKMMO T0Ka3e, MU CMO:

0 MWaentudukoBanu koHuentyanHy Mmoryhuoct (MelycoOHHU JOKa3u KOH3UCTEHTHOCTH)

[2, 29]

0 PuroposHo je hopmanuzoBanu (I'exes—Xuadept maposu, 'enen—XuiaéepT yHuja)
[23]
Hctpaxuian Teopujcka orpaHnyueba (HeymopeauBoCT, KOMILIEMEHTapHoCT) [25, 27,
28]
[Mpennoxunu KoHKpeTHY KOHCTpYKIHMjy (PA(caada—GEOmuckperHa,) [7, 33]
JlnjarHocTHKOBAIH mpenpeke (MpobaeMu KOHTUHYUTETa, HHAYKIH]je) [33]
Pa3Buiin emUCTEMOIIONIKO OnpaBaame (koxepeHtusam) [6, 26]

0 WnentndukoBaau oTBOpeHa MuTama (MOCTOjarmbe, jeAMHCTBEHOCT, UT/.) [23]
3aksbydyak: OBa METOJOJIOTHja — PUTOPO3HA CIEKyJalija — Bpe/Ha je Yyak i 0e3 HeMOCPEeJHOT Peliekha.
Ona marupa 1ej3ax, uaeHTu(uKyje Te mpenpeke Jiexe u cyrepuiie ooehasajyhe npasie [23].

o

O OO

8.63aBpmHa ¢puiiocodpcka pediexkcuja
[MToTpara 3a ancosyTHUM TeMesbuMa Oria je obenexje marematrke jour o Eykmuna [23]. Jasbe, XunbepTos
nporpam MpeacTaBsbao je KyJIMUHAIM]Y Te moTpare y MoaepHoj epu [17]. ['exen je mokas3ao ja OpUrHHAIHH
CaH — jelaH caBpliieH, camonpas/ajyhu cucrem — uHuje moryh [13, 32].
GH-napoBu cyrepuiy apyrauujy Busujy: MelycoOHO moapkaBajyhnx KOMIUIEMEHTAPHHUX CTPYKTYpa, O
KOjUX CBaka IMpeBa3uiia3u CBOja MHAMBUIyaJIHA OTPaHWYCHa KPO3 BAJHIAIN]Y CII0Jba, Al 0e3 OECKOHAYHOT
perpeca Wi Mpou3BOJbHE 3aycTaBHE Tauke [23].
OBa BU3Mja ojeKyje MNPUM MHTEJEKTYATHUM MOKpPEeTHMA!

0 Ilnypanu3am y emUCTEMOJIOTHjH: BUILIC HAYMHA 3Hama [6, 26]

0 KomMmuieMeHTapHOCT Y (DH3HIH: TATACHO—YECTUYHA TyaTHOCT [6]
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0 IlepcrektrBu3aM y puino3o¢uju: uCTUHA U3 BHIIE yrioBa [23]

0 XonuzaM y KOTHUTUBHHM HayKaMa: MPEXacTe CTPYKType 3Hama [23]
MeTon0101IKH 3HAYA]:
Kana je Kanrop nokaszao HerpeOpojuBocT R, nocrojame je mpeTXoauio eKCIUTMIUTHUM pumMepuMa [23].
Kana je I'emen 10ka3a0 HEMOTIIYHOCT, MON TEOpeME JISKH Y TIOCTOjarby, a He Y KOHKpeTHOM mpumepy [13].
Hama Teopema 5.2cnenu oBaj oOpa3ail: HocTojame je yrBpheHo; npumepu he ycieauru [6, 23].
Iutame Bume Huje: Moxe nmu XmibeptoB nporpam npexkusetn [ enena? seh: Kako Xunbepros nporpam
NpEeKUBIbaBa — KPO3 AyanucTHuky MelycoOny Banunanmjy [2, 29]?0Baj paj, kao NpBH ACO TpUjazae, 1aje u
OJIrOBOP HA KaKO KPO3 JIOTHYKY MOTYhHOCT 1 OHTOJIOMIKO TTocTojame. Crenehn kopamu oBe Tpujane nahe my
MOTHYHY HY>KHOCT M KOHKPETHY (OpMy.
3aBpmHa Mucao: OHO IITO jeJaH CUCTEM HEe MOXe BUJCTH y ceOH, Moxke BUIeTH y cBoM GH-mapTHepy u
TaKo, 3ajeIHO ajH OJIBOjeHH, TeMeJbU MaTemaTuke ce MelycobHo moapxasajy [23]. [la u TakBu mapTHEpH
3alCTa MOCTOje OCTaje BEIUKO OTBOPEHO MHTame [2, 29], anu U camMa KOHIENTyanHa MOryhHOCT OCBET/baBa
NPUPOy MaTeMaTHUKE HCTHHE U ompaBaama [6, 23].
Pe3yarar o mocrojamy: Teopema 5.2 pyHaaMeHTaTIHO MEHba CTATYC OBOT HCTpaXkuBamba [6, 23]. Buiie u He
uctpaxyjemo aa 11 GH-mapoBu Mory MocTojaTH; YTBPAMIN CMO J1a OHU TocToje moa ALP — npuniiunom
yTeMeJbEHUM y MaTeMaTH4KO] PaKCH M UCTOPHjCcKOM rmpecenany [6, 23]. 1 u3a30B ce Tako aajbe moMepa ca
er3UCTEHIIMjaTHe HeM3BECHOCTH Ha KOHCTPYKTHBHY MaeHTuuKanujy [25, 27, 28].

NPUJIOI" A: AITEPHATUBHU KAHIAUJATHU 3A GH-IAPOBE

A.1 UHTYHIMOHHUCTHYKA Teopuja TunoBa VS. Teopuja ckynosa (ITT—-ZF map)
Wurynnnonuctudka teopuja tunosa (Maptun-Jled) win Lepmeno—DpenkenoBa Teoprja CKymoBa, caBaka
3a ce0e MpeaCcTaBbajy PATUKAIHO PA3THUUTY (POHAAMOHY (GUIOCOPH]Y - KOHCTPYKTHBH3AM VS. KIIACHIHU
peanuzam — anu o0e TBp/e Ja NPYXkajy CBEOOyXBaTHE TeMeJbe 3a MaTeMatuky [5, 23, 34].
A.1.1 UaTynuuonucTuyka teopuja tunosa (1TT)
e Je3MK: 3aBHCHU THIIOBH, A-pauyH ca THIICKMM aHoTarmjama [5, 24, 34]
e KibyuyHe KapaKTepHCTHKE:
*TunoBu 3aBuce o Tepmona: II-Tunosu, X-TUNOBU
*KouctpykTuBHa noruka (6e3 LEM , 6e3 AC, 6e3 nokasa) [5, 34]
*Kapu—XayapmoB uzoMopduzam: Mporno3uiinje Kao TUIOBH, J0Ka3u Kao nporpamu [5, 34]
*TUNOBY UACHTHUTETA 32 jEHAKOCT
*Xwujepapxuja yausepsyma Uo, Uy, U,, ...
e MW3paxkajHa moh:
» ®opmanu3zyje apuTMETUKY npexo Tuna N
» KoHcTpykTHBHO AeduHHUIIEe PYHKIIH]E
* IHyKIIMOHY MIPUHIKIK yrpal)eHHu y CTPYKTYpY THIIOBA
* CBe (yHKIHje cy U3padyHsbuBe (jako HOpMann3oBame) [5, 34]
Cuara: ynopenusa ca PA uiu HelTo jaya, aii KOHCTPYKTUBHA a He KiacuvHa [23)].
A.1.2 Ilepmeno—@peHKe0oBa Teopuja ckynosa (ZF)
e Je3uk: noruka npsor pefa ca € [23]
e Kibyunu akcuomu (ZF1-ZF9) jecy: eKCTEH3MOHAITHOCT, Mapekhe, YHHU]ja, CKYIl CBUX MOJICKYIIOBA,
uH()UHUTHOCT, cenapalyja, 3aMeHa, honaanuja, (onroHo: akcuom u3bopa — ZFC) [23].
e MH3zpaxajua moh:
* JlebuHuiie cBe KIacCUYHE MaTeMaTHIKE CTPYKType
* [Tyna knacuuna jgoruka (LEM , uraupexthu qokas) [23]
* imnpenukatuBHe AeUHUIM]E T03BOJCHE
* Jloka3syje MocTojame He-u3pauyH/bUBUX QyHKIHja [23]
Cuara: MHOTO jaya o1 PA; ca akcnoMrMa BEJTMKUX KapauHaia, MpOu3BOJbHO jaka [25, 27, 28].
A.1.3 Ananuza: Mory ju ¢popmupatu GH-nap?
Moxymaj ITT + Con'fin(ZF):
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e Crparernja: ITT 6u Mopao na koHcTpyuiie Mojaen ZF KoHCTpyKTHBHEM MeToaama [5, 34].
e IIpodaemu:
*Kiracuuna noruka: ZF kopuct LEM cByna; ITT ne moxe nokasatu LEM [5, 34].
sImnpenukaTuBHOCT: ZF no3BosbaBa nMnpenukatusHe nedununmje; ITT je npeaukatusan [23].
*Cuara: ZF noka3syje OeckonauHocTu u3BaH pecypcea ITT [25, 27, 28].
e THpecyna: ITT ¥ Conf™(ZF) (cranmapamm ZF cyBume jax n kmacnuan).
Moxymaj ZF - Conf™M(ITT):
e Crparernja: ZF xorctpyuiie mozen I TT medununryhu THmoBe Kao ckymnoBe, 3aBUCHE (DYHKIH]jE Kao
CKYIOBHO-TeOpHjcKe GyHKImje uta. [23].
o M3BombuBoCT: ZF nma n0BoJbHO cHare na hopmanmsyje ITT [23].
Mpecyna: ZF + Conf™(ITT) v (nosmaro 1a je moryhe).

A.l.43axmyuak: Acumerpuuno |ITT—ZF nap je acumerpuyan kao PA(ciaada)—GEOuckperHa,:
e ZF (jaum, k1acuuan) Mmoxe Baauaupatd ITT (cnabuju, koHcTpykTHBaH) [23].
e ITT He moxe Banuaupatu nynu ZF (cyBuiie jak, cyBuiie kinacuyan) [5, 34].
e Huje GH-nap.
e Moryha moaudukanuja:
0 Ocnabutu ZF va CZF (Koncrpykrusuu Liepmeno—®Dpenken) [34].
0 Ojavaru ITT kmacuyHuM npuHOUIEMA u3bopa [5, 34].
0 [loctuhm paBHOTEKY Ha HEKO] CPEAEHOj TAUKH.
Craryc: 3axTeBa 3HayajHe MOIU(HKaIKje; HUje ounurieano odehasajyhe [23].

A.2 IloncucremMun 00pHYTE MaTeMaTHKe
O6puyra MatemaTuka (Opunman, CHMIICOH) MpOy4YaBa KOjH aKCHOMHU Cy MOTpeOHHU 3a Koje Teopeme. OHa
UICHTU(DHKY]E HEKOJHKO , BEIMKUX MET’ MOJCHCTEMa apUTMETHKE APYTor pejia ca MPUPOTHUM rpaHHIamMa
[23].
A.2.1 Beaukux net nojacucremMa

* RCA( (AkcHOM peKyp3MBHe KOMILIETHOCTH): BeoMa ciaba 0CHOBA; opuHal ~®° [23].

* WKL ( (Cnaba Kenurosa Jiema): J10/1aje KOMIAKTHOCT 3a cTabma; opaunan ~w® [23].

* ACA( (AKkcHOM apUTMETHYKE KOMIUIETHOCTH): OBJIC JI0/Iaj€ MyHY apUTMETHUYKY KOMIUIETHOCT;

opauHan ~g [25, 27].
* ATR (ApuTMeTHYKA TPaHCUHHUTHA PeKYp3HUja). 101aje TPAaHCHUHUTHY PEKYpP3HUjy; OpAUHAT
~T'o [25, 27, 28].

o I1%;-CA, (IT';-KOMILIETHOCT): 10/1aje MMIIPEAUKATHBHY KOMIUIETHOCT; OpuHan muoro sehu [28].
A.2.2 Ananuza: Mory ju paautu cycennu naposu? [lpumep: WKL o u ACA,.

e WKL o & ACA, (ctpora unkiysuja) [23].

o ACA ¢ nokasyje teopeme koje WKL o ne moxe [25].

e ACAo I Con'fi™ (WKL o) (1o onmrrem Ceneny) [13, 32].

e Tlo Teopemu 3.2:TTomrro je WKL o & ACA,, ouu He Mory 6utn GH-nap [29].
Onutu npodJiem: Ceu o1 ,,BenuKKX TeT” jecy auHeapro nopehanu 1o unknysuju: RCAo & WKL ¢ € ACA, &
ATRo € I4-CAq [23]. — Hujenan nap us ose xujepapxuje ne moxe o6uru GH-map (auje moryhe jep xpum ycnos
HeymopenuBocTn) [29].
A.2.3 Oproronasnu noacucremu? [Murame: [locToje 1 HEYMOPEUBH TOJICUCTEMH OOPHYTE MaTeMaTHKE,
KOjH Cy TaKBH Jia HUjelaH He caapxu Apyru? [23]
MoryhnocT:

0 TIloacucrem ca KOHCTPYKTHBHHM TpHHIMNUMa (Hip. Yepuosa tesa) [34].
0 Iloacucrem ca KIaCHYHUM IpUHIUIHMA (HIp. u3dop) [23].

HM3a30B: BehuHa npupoHUX MOICKCTEMA CIIa/Ia Y IMHEAPHY XUjepapXujy; TOK OHU HEYIOPEIUBU 3aXTEBajy
BEIITAYKy KOHCTPYKUH]jy [23].
Ipecyna: [Togcucremu 0OpHYyTE MaTeMaTuKe MpupoaHo He aajy GH-nmapose [23].
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A.3 XejTunrosa apurmernuka Vs. [leanoBa apurmeruka (HA—PA)
HA je koHcTpykTHBHA Bep3uja PA — ucTH jesuk, pasnuunra joruka [5, 34].
A.3.1Tlopeheme
* Xejrunrosa apurmeruka (HA):
» Muryunmonuctryka joruka (6e3 LEM , 6e3 enumunanuje aBoctpyke Heramwmje) [5, 34].
* Mctu akcuomu kao PA (emMa HHAYKIHMjE YKIbYUEHA).
* Cnabuja: e moxe nokazatu V X (X=0V X£0) 6e3 koHcTpyKImje cBemoka [5, 34].
o IleanoBa aputmernka (PA):
» Knacuuna noruka [23].
* Moxe nokazatu cee HA teopeme u Buile.
* lokasHo-teopujcku: HA & PA[25, 27].
A.3.2 Ananmnza
 HA & PA (ctpora unkiysuja y gokasuBoctu) [25, 27].
¢ PAF Conf™(HA) (o ommrem Ieneny) [13, 32].
« HA i Con™}(PA) (sexoBosbha cuara) [5, 34].
o [lo Teopemu 3.2:HA c PA 3nauu na e mory outu GH-map [29].
Ipecyna: HA—PA je acumetpuuan, Huje GH-map [23].

A.4 Teopuja kateropuja vs. Teopuja ckynoBa
Teopwuja kaTeropuja (peKo TOMOCa) U TEOPHja CKyMmoBa 0be TBp/E /a MpyKajy yHUBep3aiHe Temesbe [1,23].
A.4.1 EnemenTapuu Tonocu Tonoc: kareropuja ca:
o KoHauHMM JTUMUTHMA U KOTUMUTHMA
o EkcrnioHeHIjaaHuM objekTrMa (pocTopu GpyHKIHja)
» Kiacugpukaropom nomodjexara Q (objexar uctune) [1]
Mpumepn:
 Set: kateropuja ckynosa (knacuyau ZF yuHuBep3ym) [23]
e Sh(X): cHOIOBH Ha TOMOJIONIKOM MPOCTOPY (MHTYHIIMOHUCTUYKA JioTHKa) [1]
o Eff: edextuBnu Tomoc (peanuzabuaHOCT, U3padyHIbUBA MaTeMaTHKa) [34]
A.4.2T1opeheme ca ZF - [IpeqnocTu Teopuje Tomoca:
o CtpykTrypanHa (Hema penaiyje IpuiaaHoCTH, caMo crpenuie) [1]
o dnexcubuinHa (pa3nuynTe yHyTpalime joruke) [1, 34]
 ['eomerpujcka (mpupo/Ha 3a mpocTopHe aprymente) [33]
Hpeanoctu ZF:
» MarepujanHa (CTBapHU CKYIMOBH ca elieMeHTHMa) [23]
» Kunacuuna (LEM cByna) [23]
= Jlo6po npoyueHa (Bek pa3goja) [23]
A.4.3 Ananu3za: Illorennujanau GH-nap?
Moxymaj Topost Con'fim(ZF):
* [Ipo6JieM: TomocH OOUYHO 3aXTEBajy MO3aJMHCKY TEOPH]y cKymoBa (ZF wiu ciabujy) 3a CBOjy
bopmanuzanmjy [23].
* Moryhnocr: kopuctutd ETCS (EnemenTapHa TeopHja KaTeropuje CKymoBa) — Kao MpBOpeIHa
akcroMaTm3aiija Setromoca [1].
* Anu: ETCS je cnabuja ox mysor ZF; HemocTaje CKyI CBUX TOACKYIOBa Y IMyHO] omiTocTH [23].
« IIpecyna: ETCS i Con'fin}(ZF).
Moxymaj ZF - Con{™(Topos):
* M3BoasbuBoOCT: ZF nako ¢opmanmsyje TEOpHjy TOIoca — KaTeropHje Cy CKYIOBH, CTPEIUIIE jeCy
CKYIOBH, Kommo3uija je Gpynkuuja [23].
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« IIpecyna: ZF + Con™(ETCS) v
3aksbydyak: AcumerpuuHo — ZF Bajuampa Toroce, ajau Tornocu (Kako ce oO0uyHO (HOpMYIIHINY) HE MOTY
Banuaupaty nyau ZF [23].
A.4.4Er3ornyna MoryhHocT: cMHTeTHYKA reoMeTpHja
o Cniekynanuja: cuHTeTHuKa qudepeniujainna reomerpuja (SDG) y Tonocy; rinaTka nHGUHUTE3UMATHA
ananmsa (SIA) [18, 33].
 Heknacuuna joruka (6e3 LEM Ha unduauTesumanuma) [34].
Hneja: SDG tomoc vS. ZF Mory uMaTi OpTOroHasiHe cHare (MHGHUHATE3UMAITH VS. TUCKPETHH CKYTIOBH)?
Ipo6aem: SDG Tonocu 06uuHO UMajy cnabujy opauHainy cHary ox ZF [25, 27, 28].
Craryc: Beoma criekynatuBHO, Hema jacHor myta ka GH-napy [23].

A.5 KoncrpykTuBHa matematuka: bumon vs. bpayep
Paznuunre mkoie KOHCTPYKTHBHEC MAaTCMAaTHUKE HMajy HEKOMITATHOUIIHE IPpUHIOMIIC.
Mory nu ¢popmupatt GH-nap? [5, 34]

A.5.1 Bumonosa koHcTpyKTHBHA MaTemaTuka (BISH) [Tpunuunmnu:
e Arnoctuuad npema LEM (Hu He mpernocTaBiba HU He oxdaiyje) [5, 34]
o dyHkIWje cy u3pauyHsprse [5, 34]
o DoKyc Ha aJrOPUTMHUMA U KOHCTpYKIHjama [5, 34]
o KomnaruOuiHa u ca KIIaCHYHOM U Ca HHTYUIIMOHHCTHYKOM MaTeMaTukom [23]

A.5.2 BpayepoB uaryunmonusam (INT) TIpunimmnu:
o Excrutunuto oxdamyje LEM [5, 34]
o TIpuxsaTa npunmun kouTHHYHTETa (cBe BynKnHje NN > N xontnnyamme) [34]
o [lpuxBara Gap unaykuujy (jak npuHIUN uHIyKIUje) [5, 34]
» Cekseniie uzdopa (kourposepsue) [34]

A.5.3 Ananuza
e BISH < INT (Bumomn je 3ajennuuka ocHoBa, bpayep noaaje npunnune) [5, 34].
» Huje OTIIYHA nHKITy3Hja, anmu otnprinke: bpayep je jaun [23].
IIpecyna: BepoBatHo oniet acumerpuuno. bpayeposu nonatau npunnunu yuHe INT jauum ox BISH [23].

A.6 KBanTHa joruka vs. Knacuuna jgoruka
KBanTHa soruka (QL):
* 3acHoBaHa Ha He-ByoBoj perretku (opromoaysapHa peiierka) [4, 6]
* Mopenupa KBaHTHY MeXaHUKYy (moanpocropu Xunbeprosor mpoctopa) [6]
* Hema auctpubytrBHor 3akoHa: aA(bve)#(aAb)v(aac) [6]
Kaacuuna joruka (CL):
* Bynosa anre6pa [23]
* JluctpuOyTUBHH 3aKOH Baku [23]
* Cranmap/aHa mateMaTrka [23]
Hneja: QL u CL cy HeymopeanBe — pa3InvuTe JOTHYKE CTPYKTYpE, HUjeqHa He o0yxBaTa aApyry [6, 23].
I[IpobGaemu:
0 Kako unrepnperupatu apur™MeTrky/reometprjy y QL ? Beoma nejacHo [6].
0 QL je mMHOrO ciabuja y u3paskajHOCTH (TEHIKO je hOopManIn30BaTH MaTeMaTuky) [6].
Ipecyna: ®unocodcku 3aHUMIBUBO, AJIH MPAKTHYHO BeoMma Teiko [6, 23].

A.7 PAcnada) — GEOuuckperHa)

MortuBanuja: [leaHoBa apuTMETHKa ca OrpaHUYEHOM MHIYKIHJOM M JUCKPETHA E€yKIUACKAa reOMeTpuja Hall
palMoOHaIHUM KOOpJHMHATaMa IpPEeJCTaBbajy /Ba JOMEHA ca KOMIUIEMEHTapHUM H3pakajHUM Mohuma —
IUCKpETHAa HyMEepUUYKa CTPYKTYpa HaclpaM IPOCTOPHUX OJJHOCAa — Y3 YPAaBHOTEKEHY JOKa3HY CHary.
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A.7.1 PAcaaba
Cucrem PA(caaba) je Bep3uja lleanoBe apuTMeTHKe ca MHAYKIIMOHOM IIIEMOM, KOja j€ OTpaHHUYeHa Ha X4
dbopmyne:
0 Jesuk: {0, S, +, X, <Jca moruKom mpBor penaa
0 Axcuome: Pobunconose akcuome Q [31] mnyc Xi-unaykimja
0 MH3spaxkajua moh: ¢popmanu3zyje IpUMUTHBHO peKyp3uBHe pyHKIH]je, ['enenoBo
HYMEpHCAkhe U IPEAUKAT JTOKA3UBOCTH
0 Prf-theoretic opannan: w® (ucmox €o)
A.7.2 GEQuuckpeTHa,
Cuctem GEO(uckpeTHa) je eykIuacka reoOMeTpHja HaJl palliOHATHAM KOOpIMHATaMA:
0 Jesux: {P, L, |, B, C} (rauke, nmpaBe, unuuacHuuja, betweennessourpyenimuja)
0 Axcuome: XWIOepToBe aKCUOME UHITMJICHITU]E ¥ KOHTPYCHIIHje 0e3 akcuoMe
KOHTUHYHTETA, IUTYC aKCHOMa PAI[MOHATHOCTH (CBE TaYKe UMajy PalliOHATHE
KOOp/IMHATE)
0 M3paxajna Moh: OCHOBHE €yKIIHJICKE KOHCTPYKIIUj€, PallIOHAIHA TeOMeTpHja
0 Prf-theoretic opaunan: ynopenus ca PAc;1a6a,

A.7.3Ananu3a

Moxymaj PAcaada) - COn{ﬁn}(GEO(I{I/ICerTHa)): PA(caa6a) moxxe koHcTpyHucatu Mojienl GEOuckperna,
y Q2 (paliioHaIIHH TAPOBHU KAo TauyKe, JINHEApHE jeIHAYMHE Ca PALMOHATHAM KOe(HUIIMjSeHTHMA Kao Mpase).
X -MHAYKIHFja je J0BOJbHA 32 BepuHKaIHjy cBUX akcnoma cucrema GEOuckperHa,).

Ipecyna: u3Bo/bHBO v/

Moxymaj GEOyuckperna) - ConfiM(PAci1a6a)): GEOucekperHa) MoXe IPeCTABUTH CBE IPUPOIHE
OpojeBe Kao KoJIMHEeapHe Tauke Ha OpOjeBHO] MPaBoj, TOK apUTMETHYKE OMEepaIije MOKe Kao T€OMETPHjCKe
KOHCTpyKuuje. MHIyKIMja Ha CerMEHTHMA CUMYIIUPA Xq-HHIYKIH]Y.

IIpecyna: n3BOABHMBO O MO/ MPETIOCTABKOM MOCTOjaba HHTEpIpeTaluja y 06a cMepa. v/
HeynopenuBoct: PA(ci1a6a) He MOXke OKa3aTH TeOpeMe YHCTe reoMeTprje (Kao HIIp. MOCTOjambe OIHUCAHEe
KPY)KHHUIIE 32 TPU Ta4yKe y OMIITEM NOJ0kajy). GEOmucKpeTHA) HE MOXKE TOKA3aTH apUTMETHIKE TEOPEME
U3BaH JoMeTa reomerpujcke penpeseHranmje (unp. Yajua (Kunecka) reopema o ocrauuma [7, 33].).
Ipecyna: Heynopeausu v/

3akmpyuak: PAcnada-GEOpmuckperna) je 030mban GH-kanguaar, 6ivcko cpogan ca Q*—Go. I'maBHa
pasnuKa je y cHasu uHaykimje: PAciaada) kopuctu Xqy-uHayKuujy (opauHan w®) Hacnpam Ao-HHIAYKIHjE Y
Q* (opmunan ®?). [Map Q*—Ge je MUHUMAITHHjH M CTOTA TEPCIICKTUBHHjH 32 €KCIUTUIIUTHY KOHCTPYKIIH]Y.

[7, 33] (Boolos et akBa PA, Tarskiza reometpujy)

A.8 PRA —/Iuckperna reomerpuja Tapckor
MortuBanuja: [IpuMUTHBHO peKyp3MBHA apUTMETHKA U TUCKPETHA reoMeTpHja TapcKor HaJ parHoOHATHUM
KOOpJIMHAaTaMa MpeaCcTaB/bajy GUHUTAPHO MOTIYHO NPUXBATIEUBY KOMOMHALM]Y /IBa pa3iIM4yUTa JOMEHA ca
OpPTOTOHATTHUM M3paxkajHUM MohuMa.
A.8.1 PRA
= Jesuk: {0, S, +, X, <}ca morukom 6e3 KBAaHTUPHUKATOPA Y HHAYKIH]jH
= Akcuome: PoOuHcoHoBe akcuome Q mpolupeHe 3a 1eUHULUje CBUX PUMUTUBHO
peKyp3uBHEX (DyHKIHja UTyCc HHAYKIMja 0e3 KkBaHTH(HKaTopa [31]
= MH3paxajua moh: cBe mpuMHUTHBHO peKyp3uBHe (yHKIHje, ['efiennoBo Hymepucame,
(buHMTapHA apUTMETU3AlMja CUHTAKCe
= Prf-theoretic opmunax: w®
=  @uiocopcku crarye: XunbepToB opurnHanau ¢punutnzam — PRA je ympaBo oHO
3a mTa je XwioepT cMaTpao aa je ,CurypHo”
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A.8.2 luckpeTHa reOMeTpu]a Tapckor (TARo)

Jesuk: {B, C} (betweenness koHrpyeHiuja) ca JOrHKOM IPBOT peaa

= AkcHoMe: MUHHMAaITHH CKYIl aKCHOMa SYKJIUJICKe reomeTpuje Tapckor miyc akcHom
JMCKPETHOCTH (CBE Tauke MMajy palroHaiHe koopaunare) [33].

* MH3paxkajHa moh: eykimuacke KoHCTpyKiuje Haa Q2, palnoHaaIHa METPHUKA, OCHOBHA
MPOjeKTHBHA TeOMETpHja

= Prf-theoretic opaunan: ynopenus ca PRA

* Kibyuyna ocodmHa: Tapcku jecte J0Ka3ao Ja je eIeMeHTapHa SyKIUICKa reoMeTpHja
OJITyuMBa — CBaKa TBP/iba j€ WIN JOKa3MBa WIN OMIOBPIIbUBA

A.8.3Ananu3za

Mokymaj PRA + Con™(TAR,): PRA koHcTpymie Mones TAR o y Q2 — Tauke cy kao ypeheHu naposu
paioHanHUX OpojeBa, betweenness: konrpyennuja, a AeHUHICAHN CY MPEKO PALOHAIHE apPUTMETHUKE.
[TpuMHUTHBHO peKyp3uBHA Bepu(HKalija aKCHOMa je W3BO/JbUBA.

Ipecyna: u3BoabHBO v/

Mokymaj TAR, + Con™(PRA): TAR, IpeJcTaB/ba NMPUPOJHE OpojeBe Kao KOJUMHEApHE Tauyke, a CBE
apuUTMETHYKE omnepaluje kao KoHcTpykimje. PuantapHa npupona PRA oxrosapa muckpeTHOM KapakTepy
TARG.

Ilpecyna: n3BOABHBO MO NPETIOCTABKOM [IOCTOjarhba HHTEpIIpETalnja y 00a cMepa. v/

Heynopexusocr: PRA He MOXXe J0Ka3aTH 'eOMETPHjCKe TeopeMe O MPOCTOPHUM opHocuMma (Hmp. Ilami-oBa
akcuoMa y myHoM ooumy). TAR ¢ He JoKa3yje apuTMETHIKE TEOpeMe U3BaH F€OMETPH]CKE PEeIpe3eHTaLH]e.
OmnyuuBoct TAR ¢ (Tapcku) Hactipam HeomtyurBocTd PRA 101aTHO MOTBplyje OPTOrOHAIHOCT.

IIpecyna: neynopenusu v/

3aribyuak: PRA-TAR, je nocta commnan GH-kanauaar ca punocodckn 3anumibuBoM ocodnaom: PRA
je XunbeproB ¢punuTH3aM, a TAR je XmnbeproBa akcnomarcka reomerpuja. [lap O6u Tako mpeacraBibao
JTUPEKTHY peanu3aiujy XuiOepToBor mporpama y ayanuctudkoj ¢opmu. Cnabuja Tauka je HemTo Beha
TEXHUYKa CI0XeHOCT y opehemy ca Q*—Geo.

[12, 25, 33] (Gentzesa PRA, Pohlersa opaunane, Tarskiza reomerpujy)

A.9 ZFo, — CAT,

MortuBanuja: OcnabspeHa TeopHja CKYNOBa M MHUHUMAJIHA TEOpHja KaTeropuja yrnpaBo IMPEICTaBIbajy JBE
(dyHIaMEHTalIHEe OHTOJIOUIKE MEePCIEKTHBE Ha MaTeMaTHKy — MaTepHjayiHy (CKyMmoBH ca eleMEHTUMA) U
CTPYKTYpHY (KaTeropuje ca MopdpuzMiMa) — y3 MaKJbUBO YPABHOTEIKEHY CHarYy.

A9.17Zk
0 Je3HuK: JIOTHKA MPBOT penia ca €
0 AKCHOMe. €KCTEH3MOHAJHOCT, MapoBame, yHUja, GoHnanuja, MHQUHUTHOCT, Ka0 U
cemapanyja ca orpaHHueHeM Ha Ao-(hopMysie, akcHOMa CKyma CBHUX IOJCKYIOBa ca
orpaHuuemheM Ha Ao-(hopMmysie — Oe3 IyHe aKCHOMe 3aMeHe
0 MH3paxkajua moh: xoHauHH 1 OPOjUBHM CKYIIOBH, OCHOBHA apUTMeTHKa, [ enen-
HyMEpHCahe
0 Prf-theoretic opaunan: ucniox I'o, yopeaus ca ACAo
0 KibyuHa ocodmHa: JJOBOJHHO jaK 3a apUTMETH3AIINjy CUHTAKCe, anu 0e3 myHe Mohu
ZF
A.9.2 CATo

0 Je3uk: yoruka mpsor pejaa ca koncrantama Ob, Mor u dynkmjama dom, cod, id,o
0 AkcHOMe: acOIMjaTHBHOCT KOMIIO3UIIUj€, 3aKOHU HICHTHTETA, TocTojarke dom u cod
3a cBe Mop(¢u3Me, aKCHOMa MaJluX KaTeropuja
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0 MH3spaxkajua moh: wmame xareropuje, (QyHKTOpPH, NpHUpOIHE TpaHchopMmalmje,
KaTeropujcka anredpa (ocHOBHa)

0 Prf-theoretic opannan: ynopenus ca ZF,

0 Kimyuna oco0mHA: CTpyKTypajdHa OHTOJIOTHja-00jeKTH HeEMajy VyHYTpaIlby
CTPYKTYPY, CaMO CHOJBAIIbE Pealiyje

A.9.3Ananu3za

Moxymaj ZF, - Conf™(CAT,): ZF, xoncrpynime momen CAT o medummmryhn kateropuje kKao CKymose
ca CTpykTypoM. Maie kateropuje cy cKymoBu mMopduzama ca ¢pyHKIHMjama KoMmosuimje — ZFo ux mako
tdhopmanmuzyje 6e3 myHe akCHOME 3aMeHe.

Ipecyna: u3BoabHUBO v/

Moxymaj CAT, F Con{fi™(ZF,): CAT o moske npeacTaBuTH CKymoBe W Kao JUCKPETHE KaTeropuje (camo
UJICHTUTETHH MOPGH3MH), a E-pellalinjy MoXke Kao mocedHy kinacy mopdusama. Akcuome ZF o npeBosie ce y
KaTeropHjCcKe yCIIOBe.

IIpecyna: u3BOABHBO MO NPETIOCTABKOM MOCTOjaba HHTEpIIpEeTalyja y 00a cmepa. v/

HeynopenuBoct: ZF, nokasyje nocrojame crnemuduunux ckymnosa koje CAT o He MOXe H3pasuTu (HIIp.
KOHKpeTHe KapauHaiaHe ocooute). CAT o 10Ka3yje yHUBEp3aJIHEe KOHCTPYKIMje (TMMHTH, KOJIUMHUTH) KOje
ZF ¢ HE MOKe TIPUPOTHO (hopmynHcaTH.

Ipecyna: veynopenusu v/

3akibyuak: ZF o—CAT je koHmenTyamHo Beoma 6orat GH-kanauaar jep onugaBa TeMeJbHY QHIOCOPCKY
MOJIeNTy Y MaTeMaTHUI — ,,[IITa TIOCTOjU" HACTIpaM ,,KaKo ce CTBapu ofHoce." [1aBHA TEXHWYKA TpETpeKa je
npenu3Ho Kanubpucame cHare: nynu ZF tpuBujanHo gnomunupa CAT o, na ocnabibuBame Ha ZF o mocTaje
HEONXOHO Ay JenuKaTHo. Vnak, map je mepcreKTUBHUJU 32 GUIOCO(PCKY aHAIU3y HEro 3a CKCILIMLHUTHY
KOHCTpYyKIHjy. [1, 23] (AczeBa teopujy Tunosa/ckynosa, Maddysa miypanusam u kateropuje)

A10Q -Go

MortuBanuja: Hakon aHanuze cBUX MpeTXoaHuX Kanauaara, Q*—Ge ce n3aBaja kao HajIepCIEKTUBHU]U Map
3a eKCIUTMIUTHY KOHCTpYKIHMjy GH-nmapa. MunumanHoct 06a cuctema omoryhasa nperusny KOHTPOITy Hal
JIOKa3HOM CHAroM, & OPTOTOHAHOCT OHTOJIOTHja (IMCKPETHO—IPOCTOPHO) OCHIYpaBa HEyMOPEAUBOCT.
A.10.1 @ (IAo)

0 Jesuk: {0, S, +, X, =}Jca IOrHKOM IIPBOT penia

0 Axcuome: PobuncoHoBe akcuome Q [31] miyc Ao-MHAYKIMOHA IIeMa

0 M3spaxajua moh: ['esesioBo HymMepuHcambe, MPeaUKaT 1oka3uBoct Prf,,

NPUMHUTHBHO PEKyp3uBHE (QDyHKIMjEe y OTpaHUYEHOM 00UMY

0 Prf-theoretic opannan: ®?

0 Kibyuyna oco0uHA: MUHHMMAHH CHCTEM CIOCOOAH 3a MOTIYHY apHTMETH3alUjy
CHHTaKce

A.10.2 G

o Jesux: {P, L, |, B, C} (tauke, nmpaBe, unuuaeHuuja, betweennessonrpyenumuja)

0 Akxcuome: XuiIOepToBe akCHOME arcoiyTHe reomerpuje [17, 33]
(0e3 mocTynara mapajieiHOCTH) ca JI0JaTOM aKCHOMOM JHCKPETHOCTH

0 M3paxajna mMoh: panyoHagHe KOOpAMHATE, OCHOBHE I'€OMETPHUjCKE KOHCTPYKIIH]E,
npenukar qokasuBocti Prfa

0 Prf-theoretic opannan: ®

0 Kibyuyna oco0uHA: NpOCTOpHA OHTOJIOTHja TOTIYHO OPTOTOHAIIHA HYMEPHUKO]
onronoruju Q*

A.10.3AHann3a

Mokymaj Q* - Con!fin(G,): Q* xoucTpymre Moaen Go y Q2 — Tauke Kao ypeljeHr mapoBy paIoOHATHIX
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OpojeBa. Ao-MHIYKIH]ja j€ TOBOJbHA 32 Bepu]HKaIHjy cBUX akcnoma cuctema Go ykipydyjyhu Ty u akcuomy
aMCKpeTHOCTH. Soundnessreopema oTBphyje 1a je moaen ucnpasan. [lox soundnessom (kopektHorhy)
MOJIpa3yMeBaMo Jla aK0 CUCTeM | j10Ka3yje (opMyiy ¢, OHJA je () ICTHHUTA y CBUM MOJETNMa cucTtema T .
Ipecyna: u3BoabHuBO v/
Moxymaj Go - Con™(Q*): G, npencrasma npupoame GpojeBe ka0 KoNTMHEApHE TauKe, 4 CAOUPArbe Kao
KOHKATEeHAIM]y CerMeHaTa U MHOXEHE Ka0 KOHCTPYKIIHM]y TPaBOYTaOHUKA. Ao-WHAYKIIMja je CUMYJIHpaHa ca
MHIYKIIHjOM Ha CErMEHTUMA.
Ipecyna: u3BoA/bUBO y3 oxrosapajyhe unrepnperammie I: G o—Q* nJ: Q*—G,. v/
HeynopeauBoct: Q* He MOXXe JOKa3aTH TeOpEME YHCTE TEOMETPHje, Kao IITO Cy MOCTYJaT MapajieTHOCTH U
TeopeMa O CIOJbAIIHEM YIITy Y XUIEepOoIndKoj reoMeTpuju, a Go HE MOXKE TOKa3aTH apPUTMETHIKE TEOpeMe
0e3 reomeTpujcke penpeseHtanuje (Hop. JlarpamkoBa TeopemMa 0 YETHPU KBajapaTa). PaznuuuT opauHau
(2 Hactpam ®) hopMaHO MOTBPhYjy HEYIOPEAUMBOCT Y BHIIICTUMEH3HOHATHOM cMmucity [Ipomnosummje 3.3.
IIpecyna: neynopeausu v/
IIpeanocTu HAJ OCTAIMM KAHIMIATHMA!

o MuHMMAJTHOCT. 00a cucTeMa Cy HajciaaOuju y CBOjoj KIIaCH CIIOCOOHHM 3a apUTMETHU3AIH]y CHHTAaKCe

o IIpenu3HOCT: OPIMHAIN M2 U @ CY TIO3HATH U 100PO MPOyUEHH

* KoOHCTPYKTHBHOCT: HHTEpIIPETaIije y 00a cMepa Cy eKCIUTMIUTHO KOHCTPYKTHBHE

o ®unocodeka jacnoha: UCKpeTHO HACTIPaM MPOCTOPHOT j€ HAjYUCTHja MOryha OpTOroHaITHOCT
3aribyuak: Q*—Go je mpuMapHU KaHIUAAT 32 eKCIDTMIUTHY KOHCTpYKIHj)y GH-mapa. OBa Giun ananmsa, y
tekyhem paay To nokaszyje. Ycnosu DP1-DP3cy BepudukaOuiny, MHTEpIpETaIije cy KOHCTPYKTHBHE, a
MHUHHMAJTHOCT CHCTEMa OCHTYpaBa Jla CBaka JIOJaTHA CHara Kojy Ou map 3axTeBao Oyze BUAJbMBA H J0OPO
aHanm3abwiHa. Mmak, mpe Hero mTo MPUCTYIHMO eKCIUTHIUTHO] KOHCTpyKuuju GH-napa ypanuhemo mano
JeTajbHHjy aHanm3y y cineaehem pamy Tpujaze, y kojem heMo 10HETH KOHauaH 3aKJbydak KOjeM KaHIHIATY
hemo maTi MpHOPUTET y MOKYIIAjy eKCIUTMIUTHE KOHCTPYKIIH]E.
[5, 6, 9, 23, 33] (Boolos, BonJour, Feferman, Maddyski)

A.11 Pe3ume Ilpuiora A

Wcnmranu cMo eceT anTepHATHBHUX KaHAW/IATa:

ITap Komnuementapuu? | HeynopeauBu? | Melhycoonu goxaz? Ilpecyna

Jla (KOHCTPYKTHBHO . X Huje GH

ITT-ZF VS KacHuHo) He (ZF jaun) He (acumerpuuno) (5.34.23]

[Moacucremu odpuyte | He (nmuueapua X Huje GH

MaTeMaTuKe XHjepapxuja) He (ypehenu) He [23,25,27,28]

HA—PA He (ncru noven) | He (HA S PA) | He [’é 2H5HJ267%Z]

Kareropuja—Cxkyn JlemMMHI9IHO MaprusaiHo He (acumetpuyno) [)](_ é{:g]e GH

g Ha (pa3muuutu . X Huje GH

bumon—bpayep KoHCTpYKTHBHH) He (Bpayep jaun) | He (5.23.34]

Ksantna—Knacuuna Mla (pasmnre Ha Hejacno X Bpo [6,23]
JIOTHKE) CIICKYJIATHBHO

PAcna6a, — Ha (aputmernka VS | la (pa3nuuure Ha

GEOumuckperna, reoMeTpuja) JIUMeH3Hje cHare) | (y3 ¢<>-unTepn.) v Kanpmnar

PRA — TARo muckp. | [da (apurmeruxa Vs | a (paznuuure Ha

reomerpuja Tapckor | reomMerpuja) IuMeH3Hje cHare) | (y3 €<>-uHTepn.) v Kanpmnar
Ja (Matepujanto VS | Jla (pasmuumre Ha

ZFo = CATo CTPYKTYPHO) OHTOJIOTHj€E) (y3 €>-nnTepn.) v Kannunat
Ja (muckperHo VS Ha (optoroHanuun | [la

t_
Q"-Go HPOCTOPHO) opAunHanu) (y3 €>-nnTepn.) v Kannunat
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Onmra Jekuuja:
CraHAapIH MaTeMaTUYKU CUCTEMH MMajy TEHICHLM]y na Oydy JrHeapHO mopeaanu (jenan aa Oyne jaun
OJI IPYTOT) WK Ja jelaH jaCHO JOMHHHPA.
[TpoHanaxeme 3aucTa HEYNOPEMBUX CHCTEMa Ca YPAaBHOTESIKEHOM CHArOM je M3y3eTHO peTko [23].
HajnepcniekTHBHUjU MpaBUM:
1. Taxseuso uzabpane moaudukanuje (PA—GEQ), (PRA-TAR ,) (ZFo—CATo), (Q*-Go) [7, 33]
2. ErsoTHYHH CHCTEMH M3 HECTaHIApAHUX TeMesba [6, 24]
3. MynruauMen3noHanHu npoduin cHare (OPTOrOHAJIHY y BHIIE aclieKaTa HCTOBpeMeHO) [23]
3akspyuak: [Torpara 3a GH-mapoBuma 3axTeBa Tpaxemne W3BaH J00po yrabaHux crasa y Temesbuma [23].

IMPUJIOT b: BOAUY KPO3 JIOI'MYKY HOTAIINJY

OBaj npuiior npy»a KpaTak Iperyiel Joruukux cuMm0oia u Hotanuje kopuirhene y pagy.HamemeH je oHum
YUTAOLMMa KOjU HUCY CHELMjaIu30BaHH 32 MaTeMaTHUKY JIOTHKY, pajiy JIAKIIEeT pa3yMeBama.

b.1 OCHOBHU JIOTHYKH ONIEPATOPH

Cumboa Haszus UYwura ce IIpumep | 3naueme

- Heranwmja L He" S »HUje ucTuHa na "

A KomyHkimja La OAVY »@ ¥y cy 00a uctuHuTa"

\% Jlucjyakumja o FITH ovVy » @ Wi  (uu 06a)"”

— Nmnnukanmja »aKo...oama" Qo— »aK0 @, oHma "

VN ExBuBanenmnmja ,AKO M CaMo ako" | ¢ <>\ |, @ Ba)KH aKO U CaMO aKO BaXH "

IIpumepn unTama:
* (¢ A W) = ,HHje UCTHHA J]a BaXKe U () U Y HCTOBPEMEHO"
" (¢ —y)A(y— @) =,ako ¢ OHIA ¥, X aKO Y OH/A "

b.2 KBanTtudgukaropu

Cumboa Haszus IIpumep 3Haveme
\4 YHuBep3aHu Yura ce »3a cBe X Baxu Q(X)"
3 Ersucrenuujannu ,nocroju”’ | ,moctoju” |, MOCTOjU X TAKBO Ja Baku @(X)"

IIpumepn ynTama:
0 VX (X€N— x>0)=,,3acBaku X, aK0 X PUIajia CKyIy IPUPOIHHUX OpojeBa, oA
jex=>0"
0 3X (@(X) A y(X)) = ,moctoju X 3a koju Baxke 1 (X) u y(X)"
0 Vx3y (X <y)=,3aCcBaKy X MMOCTOjU Y TakBo jaa je X < Y"

b.3 Mopnananu oneparopu

Cumoboa1 | Ha3us Yura ce 3Haveme

0 Bokc (Hy>KHOCT) »HY)KHO je", ,Mopa" | 00" = ,HyxkHO je 1a ¢"

& Jujamant (Moryhroct) | ,moryhe je" ,<@" = ,moryhe je na @"

O; WNupexcupanu 60kc »HYXKHO y cuctemy I" | 01¢" = ,HyXHO je y cuctemy T4 1a ¢"

Besa: <@ je ekBuBajIeHTHO ca ~[0-¢ (, HHje HYKHO J1a He Baxu ")
IIpumepn ynTama:

e yn021 = ,HYXHO je y cUCTeMy T4 Ja HUje Hy’KHAa KOHTpPaJAUKLUja y cUCcTeMy T 2"
o O A O = Moryhe je 1a ¢ u Moryhe je 1a He-@"

b.4 Jloka3na HoTaumja

Horanmja | Ywura ce 3Haveme

Tro » | JIOKazyje " VY cucremy T nocToju popMarHu goka3 Gopmye ¢
THo » | HE J0oKazyje @" VY cuctemy T He mocToju Gpopmanau gokas popmyie @
Con(T) » | j& KOH3UCTEHTaH" Cucrem T He 0Ka3yje KOHTPAIUKIIU]Y

Con™}(T) | , T je gunnrapno konsucrentan” | Y T He MOCTOjH KOHAYAH JOKA3 KOHTPA/MKLIH]E
Pr(X) ,Xje mokazy T" Ipenukar Koju TBPAH 1A je X KOAUPAHH J0Ka3 y CHCTEMY |
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IIpumepn ynTama:
e T1t+ Con'fi™}(T,) = cucrem T, JI0Ka3yje pUHUTapHY KOH3UCTEHTHOCT cucTema T 2"
e T I+ Con(T) = ,cucrem T He MOe 10Ka3aTH corncTBeHy konzucteHTHOCT" (['enenosa Il Teopema)
e VX (Prp(X," @ ) — @) = ,3a cBe X, aKko je X joka3 @ y T, oHJa ¢ Baxu"

b.5 GH-cnennguyna Horanuja

Horanmja | Yura ce 3Haveme
" Cucremu Tq 1 T2 3am0BosbaBajy ycinose [ 'enen-XundeproBor
T4 T, » 111 T2 unne GH-map napa
Pr,om,) .mpeBoguz T,y T," dynkurja koja npesoau popmyie/mokaze u3 T1y T,
J(T4, Ty) , MHTep-pedaekcuBHo nosbe” | Ckyn popmyna koje oba cucrema mel)ycoOHO BepupUKYjy

IIpumepn unTama:
o @ 1,3(9) =y = ,0pesoa popmyne ¢ u3z T1y T, naje popmyy y"
o @€ J(Ty, T2) =, opmyrna ¢ npunana uTep-pedIeKCUBHOM MOJBbY chcTeMa T1 1 T2"

b.6 TunuyHu odpacum y paay
Oopa3zan 1: Mel)ycoOHa 10Ka3UBOCT KOH3MCTEHTHOCTH

T1 - Con{fin}(Tz) A Tz - Con{ﬁ“}(T1)
Yura ce: , T1 1oka3yje GUHUTAPHY KOH3UCTEHTHOCT T 2, M T2 TOKa3yje GUHUTAPHY KOH3UCTEHTHOCT T 1"
Oopa3zan 2: I'enenoBa 3a6pana

T # Conf™(T)
YuTa ce: ,cucteM T HE MOXKE JJOKa3aTH CONCTBEHY pUHUTAPHY KOH3UCTEHTHOCT"
Oopa3zan 3: HeynopeauBoct

TiH# @ A Tz - ¢ (3a Heky hopmyity @)
Yura ce: , T1 He q0Ka3yje @, anu T2 gokasyje @" (pa3nnuuTa A0Ka3Ha CHara)
Oopa3zan 4: Monaana peduekcuja

01 (020 — @)
Uura ce: ,HyXHO je y T1 /12 aKo je ¢ HyXHO y T2, OHJIa () Baxku'"

b.7 Teopujcko-MHOKHHCKA HOTALIM]a

CumoOoa1 | Ha3us Yura ce Ilpumep | 3Haueme

€ [Tpumagxoct ~npunama” X EA »X je eneMeHT ckyna A"

¢ Henpunagaoct »He mpumnana” X&A »X HUje eleMeHT ckyma A"

c IMonckyn »TIOZICKYT je on1" AcCB »CBaKu exeMeHT A mpunana u B"

C IMpaBu noackyn | ,mpaBu nojackyn” |A c B ,LACBamA#B"

V] VYHuja ~yHuja" AUB »CKYII CBHX eneMeHaTa u3 A unu B"

N [Ipecex »pecek” ANB ,»CKYTI eJleMeHaTa Koju npumnanajy u A u B"
0] [Ipazan ckyn »Tpasa” ckym" [0) ckyn 0e3 HjesIHOT eleMeHTa

IIpumepn unTama:

" VX (XEA — XE B) =,3acBako X, ako X npumnaaa A, onaa X npunaia u B"
= ANB=0=,mpecek ckynoBa A u B je npazan" (Hemajy 3ajeJTHUYKHX €IEMEHATA)

b.8 CnenmjasHu cum060.11

Cumobo0a 3Haveme

1 KonTpaaukimja (axxaa popmysa, ,,1HO")

T Tayronoruja (uctunura popmyna, ,Bpx")

O I'enenos 6poj hopmyiie @ (HyMepUYKH KOJI)

[T Pri-theoreticopaunan cucrema T

€ ITpBu epsilonopoj (opaunan)

= Wzomopduzam

= Mera-uMiunkanyja (Ha HUBOy TBPJIEbH O CHCTEMUMA)
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IIpumepn ynTama:
* Tk L=,cucrem T nokasyje konrpaaukiujy" (T je HEKOH3UCTEHTaH)
= Pry(n,” @ 7) = ,6poj N komupa no0ka3 popmyse ¢ y cucremy T
= |PA| =g = ,prf-theoreticopaunan [TeanoBe apuT™MeTHKE je €0

b.9 KonBeHnuje yntama ci1okeHux gopmyia
IMpuopuTeT onepaTopa (0] HAjBHIICT 10 HAJHUKET):

* - (Herauuja)

" A,V (KOBYHKIIHja, THUCjyHKIIH]ja)

" —, < (MMIUIMKALH]ja, CKBUBAJICHIIN)A)
Ipumep:

= @ Ay — yuuta ce kao ((me) Ay) — g

" @ yAyuutacekao @ — (WA Y)
Caget: Kaya cte HecurypHH, 3arpajie yBeK I0jallibaBajy CTPyKTypy.

IMPUJIOI" B: HOTEHIIUJAJIHA TIPUTOBOPU U OJITOBOPH
Y oBOM mpMIIOTY pa3MaTpamMo HEKOJIMKO OCHOBHUX €BEHTYaJHHX MPHUroBopa Aajyhu npumanajyhe oarosope
Ha OBE IIPUTOBOPE.

IMpurosop 1: ,Koxepentusam je mpepumie nomyctibiB. CBaku Mel)yCOOHO KOH3MCTEHTaH CKYIl yBepema
mocTaje omnpasjiaH.”
Onrosop 1: KoxepeHTH3aM yKJbydyje OrpaHHYCHa U3BaH caMe KOH3UCTEHTHOCTH:

»  (O6jammasajyha moh [7, 21, 26]

» JemHocraBHOCT/MapcuMoHuja [6]

» Emnupujcka ajekBaTHOCT (3a eMnupujcke qomene) [23]

»  Jlocamammbu ycmnex [7, 33]
GH-naposu 3anoBosbaBajy ose ycinose: 1 PA u GEO cy o6jammaajyhu, jecy penaTUBHO jeJHOCTaBHU U
eMIIMPHUjCKH Cy afieKkBaTHH (y MPUMEHEHHM KOHTEKCTUMA) ¥ UMajy OJIMYaH Aocaaaiimby yenex [7, 33].
IIpurosop 2: ,3amro ctaTi Ha NapoBUMa? 3alITo HE TPOjKe, YETBOPKE, OeckoHauHe Mpexe?”
Onrosop 2:
[TapoBu cy HajjeJHOCTAaBHUjU HETPUBHjAIHU citydaj [2, 29]
Behe mpeske Mory nocrojati (3aHUMIBMBO nHTame!) [23]
[Tap je moBosbaH qa u3berne Oeckonauan perpec [25, 27, 28]
Munumanusam: npedepupaTi HajjeIHOCTABHU]Y CTPYKTYPY KOja MOCTHKE 1B [6)]
Mpurosop 3: ,,0Bo camo nmomepa npobiem yraszan. Kako ga 3namo na cy PA u GEO nojeaunavno yormTe
KOH3UCTEHTHU?"
Onrosop 3: Hemamo anconytHy u3BecHocT ([emen To uckipyuyje) [13, 32].Mmamo:

»  Emmupujcke nokase (Huje nponahena npotuspeunocr) [7, 33]

=  Mera-matemaTHuko pasymeBame [10, 25, 27, 28, 29]

» [Iparmatiuku ycnex [23]
GH-napoBu He cTBapajy u3BecHocT €X Nihilo- oHu npyxkajy onTHMalHy €MUCTEMUYKY CTPYKTYPY Y AaTHM
I'enenoBuM orpannuemuMa [2, 29].

PobdPE

Ipurosop 4: ,MehycoOHu 10Ka3 Aeiyje MCUXOJIOUIKH YMUPYjyhe anu enucTeMOJIOUIKY Mpas3Ho.”
Onrosop 4: OBo MelIa IICUXOJIOIIKO U JIorHuKko. Mel)ycoOHu nokasu cy:

» Jlornuku Basbauu (popmante nepusaitije) [2, 29]

» HetpuBujanuu (3axTeBajy CYIITHHCKY HuHTEpnpeTanyjy) [10, 16]

»  HWudopmaTuBHu (OTKPHUBAjy CTPYKTypHE oxHOCe) [23, 26]

= OHH HUCY CaMo IICUXOJIOMIKA yTexa Beh HCTHHCKU MaTeMaTH4Ku pesyaratu [2, 29].
Ipurosop 5: ,ALP je npeBuiiie cHakaH U J0Ka3ao O MOCTOjame OMIIO Yera MITO Ce MOXKe KOH3UCTEHTHO
OTHCAaTH, YKJbYTYjyhn U Heke ancypaHoCTH.”
Onrosop 5: ALP je orpanuuen camo Ha ,, JOBOJBHO OoraTe u 100po nedunancane crpykrype.” Hejacan wim
HEJIOBOJBHO CHECHU(PUKOBAHU KOHIETITH ce He KBaUu(uKyjy. GH-napoBu cy npeuusso nepunucann (DP1—
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DP3), mto ux ynHM noroaHuM Kanmunatuma [2, 29). lllTaBuiie, KOH3UCTEHTHE allCypAHOCTH HUCY 3aHCTa
arncypiHe — OHE Cy caMO KOHTPaWHTYyHTHBHE. MaTeMaTHKa je IyHa KOHTPaMHTYHUTUBHHUX McTHHA (BaHax—
Tapcku, na u came ['enenose Teopeme o HenoTmyHoctH [13, 32]).
Ipurosop 6: ,Y MaTeMaTHIM, TOCTOjabe 3aXTeBa KOHCTPYKIH]Y (KOHCTPYKTHBUCTHYKA KPUTHKA).”
OnroBop 6: Yak 1 KOHCTPYKTUBUCTH NMPUXBATAjy JOKa3e IMOCTOjarba KPO3 HHANPEKTHE METO/IE Kaja je HeKa
KOHCTpyKuuja y npunnumny Moryha [5, 34]. ALP tBpau 1a oacycTBo 3abpaHe UMILTUIMPA KOHCTPYKTUBHOCT
y npuHimny. Cama KOHCTpYKIHja Moxe OutH Temka (kao kox GH-mapoBa), anu He u Hemoryha. [1ItaBuie
KJIacu4Ha MaTeMaTuka (Kojy BelinHa Maremarnyapa MpakTHKYje) He 3aXTeBa EKCIUTUIUTHY KOHCTPYKIIH]Y 32
TBP/EbE 0 TIocTojamy [7, 23].
Ipurosop 7: ,ALP menra goruuky MoryhHOCT ca MaTeMaTHYKOM aKkTyeJHomhy.”
Oarosop 7: Y ¢uznukuMm goMeHUMa, oBa KoHGY3Hja Ou Ouna norpentHa. Anu caMu GyHJaMEHTH JTOTHYKUX
CTPYKTYpa Cy ApYradyMju U 3a BUX BaXKe Jpyrayrja npaBuia. 3a MaTeMaTudke o0jexTe, JJoruuka MmoryhHoct
JE akryenHoct (y MateMaTuukoM cmuciy). OBO je CyIITHHCKY IUTATOHUCTUYKU YBH[ J1a CY ¥ MaTeMaTHUKe
UCTHHE HEOMXOHe ucTHHe [6, 23, 26].
Ipurosop 8: ,ALP 4naM MaTeMaTHKy TPUBHjaTHOM — camMo JeUHHIIN OUIIO IITa U OHO mocToju!”
Oxarosop 8: ALP 3axteBa:

» [lpeuusny nepununujy (He HejacCHO Maxame pykom) [7]

*  VHyTpauimby KOH3UCTEHTHOCT (0e3 HemocpeaHe npoTuBpednocty) [13, 32]

»  Cnospaliky KOH3UCTEHTHOCT (0e3 3a0pane u3 yrBpheHux teopema) [2, 29]
OBo cy ctporu ycnoBu. Behnna ,, moBpiHo nedunancannx” CTpykTypa najaa Beh Ha jeZHOM 01 OBHX TECTOBA

[23].

EITAUJIOI

OBaj pax je moka3ao J1a yHyTap CTpOrUX rpaHuIa [ enenoBux Teopema UIak MoCTOju HEKH MPOCTOp 32 HOBY
cumetpujy. Konnent GH-mapoBa ve pymu nocrojehe pesynrare, caMo UX IpeoOIrKyje jep: yMecTo jeHOT
TeMeJba KOjH ce caM coOoM MoTBphyje, modujamo ABOjUIy MapTHEPaA Koju ce MeljycobHo moaprkasajy. OBaj
MOMaK OJ1 aCHMETpHje Ka PaBHOTEKU HUj€ CaMO TEXHWYKH, Beh 1 GMUI0COPCKH — OH CyrepuIe Aa UCTHHA Y
MaTeMaTHIIM HUje HY’KHO MOHOJIMTHA, Beh MOo)ke OUTH ITypasiHa u koonepatuBHa. Tako Hu GH-oxkBup HUje
Kpaj jeaHe norpare, Beh mouerak HOBe: Tparama 3a CUCTEMHMA KOjU HUCY JIMHEAPHO Mopeaanu. TH cucteMu
Ce YKpIITajy y BUILE JTUMEH3HUja CHare. YIpaBo Ty, Y THM IpecelrMa, JISKH MOTyhHOCT a ce HeMOTITyHOCT
Y KOH3UCTEHTHOCT NMOMHUPE Y KOHCTPYKTHBHO] XapMOHHjU. Axo Xuinbept Beh jecTe Tpakno U3BECHOCT KPO3
KOHCTPYKIH]jy, a ['eien oTKpro meHe rpaHuiie Kpo3 HenoTnyHoct, GH-0KBHp cyrepuiie 1a KOXepeHTHOCT
— a He KOHCTPYKIIMja — MOKE€ KOHAYHO J]a UX TIOMHUPH.

VY cnenehem pany name GH-Tpujane Bume hemo ce mocBeTuTr Kanauaatuma u3 npuiora A.11kako 6ucmo
n3a0dpaiu HajIepcleKTUBHU]ET KaHAuaTa 3a eKCIUTMIIUTHY KOHCTPYKIH]jy. M3abpanu map hemo mokymaTu
KoHCTpyHcatu y TpeheM paay Tpujasie. AKO OBy KOHCTPYKIIM]Y YCIIEITHO 3aBPIINMO, OHAA T00HjaMo jeTHY
J0/IaTHY MOTBPY 32 CBe AeUHMIMje, aKCHOMe, TEOpEeME, JIeMe U CBE JPYro IITO je MPE3EHTOBAHO Y OBOM H
cieaehem pany. To 6u omoryhmno na GH-okBup yhe ,Ha Benmka BpaTa“ y MaTtemMaTuuky JIoruky. Mmak,
aKo OBa KOHCTPYKIIMja HE yCIie, TO joIl yBeK He Ou 3Haumio na GH-nmapoBu He moctoje Beh mpe na HucMo
OWIM TOBOJHHO BEILTH J1a MX KOHCTpyHIeMo. Moxaa ce y OyayhHOCTH jaBU M HEKO YCHEITHHjH O HaC, aln
HEeMa pasJiora Ja BepyjeMo y Heyclex jep Ma Ko Ja npeu koHcTpyniie GH-map Huje ox 3Hadaja. butHo je
camo J1a KOHCTPYKIIHMja ycIie, MTO ¢ NCKpeHo Haxamo jaa he ce n mecurn!
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THE GODEL-HILBERT PAIR AND RELATIONAL UNION

Truth and proof meet not in
domination, but in reflection.

ABSTRACT

We introduce the concept &fH-pairs — two formal systems that mutually prove each igheonsistency,
while individually remaining subject to G6del's ampleteness theorems. The notiorGéi-union enables

a dualistic realization of Hilbert's program. Werdmstrate the absence of any principled logicahipiton
against such pairs, develop a theory of incomphbiyabds a necessary condition, and analyze the
possibilities of various constructions, which reveaep structural challenges. We examine alteraativ
candidates through reverse mathematics and cotisguoundations, while further developing detailed
epistemological justifications through coherentiameworks and the Axiom of Logical Possibilit4L(P).

Our central result (Theorem 5.2): under theP principle — that what is not logically forbidden is
mathematically realizable — it follows th&H-pairs exist in mathematical space. This existence proof
combines the absence of logical prohibition witmadal-logical principle confirmed by historical pans

in mathematics. Thus the remaining challenge besomdentification, not existence: finding explicit
examples of a phenomenon whose existence we hawerpr The framework fully respects Goédel's
incompleteness theorems: it does not propose arsy8iat proves its own consistency, but ratheria pa
whose mutual consistency is externally definedthedefore logically uncontested.

Keywords: Godel's incompleteness theorems, Hilbert's prograntual interpretability, complementarity,
proof-theoretic ordinals, epistemology of mathewmtiaxiom of logical possibility, existence theosem
consistency proofs,

AMS Classification (2020):

03F25 (Relative consistency and interpretations);

03F40 (Gddel numbering and incompleteness questions
03A05 (Philosophical and critical).

Paper Review: Human supervision of Al reviews: ChasPT, Claude, Copilot, Gemini, DeepSeek

Novi Sad Scientific Journal
06.01.2026. "POLIHISTOR"

54



